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Consider the random quadratic form 7, = Y"1 <, < y<y duv Xu Xy, Where
((auv))1<u,v<n is a {0, 1}-valued symmetric matrix with zeros on the diago-
nal, and X1, X», ..., X, are i.i.d. Ber(py), with p,, € (0, 1). In this paper, we
prove various characterization theorems about the limiting distribution of 7;,,
in the sparse regime, where p, — 0 such that E(7;;) = O(1). The main re-
sult is a decomposition theorem showing that distributional limits of 7, is the
sum of three components: a mixture which consists of a quadratic function
of independent Poisson variables; a linear Poisson mixture, where the mean
of the mixture is itself a (possibly infinite) linear combination of indepen-
dent Poisson random variables; and another independent Poisson component.
This is accompanied with a universality result which allows us to replace
the Bernoulli distribution with a large class of other discrete distributions.
Another consequence of the general theorem is a necessary and sufficient
condition for Poisson convergence, where an interesting second moment phe-
nomenon emerges.

1. Introduction. Let X{, X, ..., X, bei.i.d. Ber(p,), with 0 < p, < 1, where a,, < b,
for any two positive sequences {a,},>1 and {b,},>] of real numbers means a, = o(b,). The
well-known Poisson approximation to the Binomial distribution shows that, given a {0, 1}-
valued sequence ay, as, ..., a,, the linear statistic

n
L, =Y aiX; 3 Pois(h),
i=1

whenever the mean EL, = p, >} ;a; — A. Conversely, if 0 < p, < 1 is such that
Pn 2_i—yai = O(1), then whenever L, converges in distribution to a finite random variable,
there exists A > 0, such that L, converges to Pois(}). In other words, in the sparse regime,
where 0 < p, < 1 is chosen such that E(L,) = O(1), the Poisson distribution characterizes
the limiting distribution of linear forms in Bernoulli variables.

In this paper we address the analogous question for quadratic forms in Bernoulli random
variables: Given a {0, 1}-valued symmetric matrix ((a,y))1<u,v<n With zeros on the diagonal,

consider the Bernoulli quadratic form,

(1.1) T, = Z Ay XuXy,
1<u<v<n
where, as before, X1, X5, ..., X,, are i.i.d. Ber(p,). In this case, the sparse regime corre-
sponds to choosing 0 < p, < 1, such that
(1.2) E(T)=p; Y. aw=0().
1<u<v<n
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In this regime the random variable 7, = Op(1), therefore, it has distributional limits along
subsequences. In fact, using Stein’s method for Poisson approximation [2—4, 11], it is
easy to obtain various sufficient conditions on the matrix ((ayy))1<u,v<n for which 7}, is
asymptotically Poisson. However, unlike in the linear case, it is easy to construct matrices
((auv))1<u,v<n for which T, has a non-Poisson limit:

(1) Take ayy =1, for all 1 <u # v <n, and choose p, = A/n (for some A > 0). Then
Sp=Y"_, X, 3 N ~Pois(%), and
1 S:\ b (N
(1.3) Tn=§ > XMXU:(;)+(2>,
I<u#v<n

which is a quadratic function of a Poisson random variable.
(2) Take b, = |4/n] and let ayy = ay, =1, for 1 <u < b, and ub, + 1 <v <ub, + b,.
Then

by uby+b,
L=y X > X
u=1 v=ub,+1

Here, choosing p, = A/+/n (for some A > 0) ensures E(7,,) — A2. Then the random variables

J, = Z;‘i’ﬁf’;l Xy ~ Bin(|4/n], %), are independent for 1 < u < b,,. This implies,

by b,
(1.4) To=3 XuJu 2 Bin(l_ﬁj 3 Xu, B poisuN),
u=1 u=1

A
N
where N ~ Pois(A) (because Zz”: 1 Xu £> Pois(A)). In this case, the limit is a Poisson dis-

tribution with a random mean, that is, it is a Poisson mixture [23]. (Given a discrete random
variable X, a Poisson mixture with mean X is denoted by Z ~ Pois(X). More precisely, for

z2€{0,1,....}, P(Z = z) = E[¢2X%])

z!

The different limits obtained in the examples above raise the question: What are the pos-
sible limiting distributions of the Bernoulli quadratic form T, in the sparse regime (1.2)? In
this paper, we prove a general decomposition theorem which allows us to express the limiting
distribution of 7,, as the sum of three components: a “quadratic component”, which is a mix-
ture driven by a bivariate Poisson stochastic integral; a “linear component” which is a Poisson
mixture, where the mean of the mixture is itself a univariate Poisson stochastic integral; and
an independent Poisson component (Theorem 1.1). Moreover, any distributional limit of 7},
must belong to the closure of the class defined by the above decomposition (Theorem 1.2).
This general result has several interesting consequences, such as a characterization theorem
for dense matrices (Corollary 1.3), a second moment phenomenon for Poisson convergence
(Corollary 1.4), and a universality phenomenon which allows us to replace the Bernoulli dis-
tribution with other discrete distributions (Corollary 1.5). In Section 2 we use these results to
compute the limit of 7;, in various natural examples.

1.1. Asymptotic notation. For positive sequences {a,},>1 and {bp},>1, an = O(by)
means a, < C1b, and a, = ©(b,) means Cb, < a, < C1b,, for all n large enough and
positive constants C, C,. Similarly, for positive sequences {a,},>1 and {by}n>1, an < by
means a, < C1b, and a, = b, means a, > Crb,, for all n large enough and positive con-

~

stants C, C3. Moreover, subscripts in the above notation, for example, <., denote that the

hidden constants may depend on the subscripted parameters. Finally, a, < b, and a, > b,
will mean a,, = o(b,) and b,, = o(ay,), respectively.
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1.2. Limiting distribution of Bernoulli quadratic forms. Hereafter, without loss of gen-
erality, we adopt the language of graph theory, and think of the matrix ((a,v))1<u,v<n as the
adjacency matrix of an undirected simple graph on n vertices. To this end, let &, denote the
space of all simple undirected graphs on n vertices labeled by [n] := {1, 2, ..., n}. Given a
graph G, € ¢, with adjacency matrix A(G,) = ((a,v(Gn)))1<u,v<n, denote by V (G) the set
of vertices, and by E(G,,) the set of edges of G, respectively. Then the Bernoulli quadratic
form (1.1) (indexed by the graph G,) becomes

1 1,
(1.5) Th=3 > @ (G XuXy =5 X'A(GX,

1<u,v<n

where X1, X2, ..., X, are i.i.d. Ber(p,) and X = (X1, X, ..., X,,). The sparse regime (1.2)
translates to 0 < p, < 1 such that

(1.6) E[T,]=|E(Gy)|p2 = O(1).

(Note thatif IE[T,,] = o(1), then T,, —P> 0, hence, to obtain nondegenerate limiting distributions
it suffices to consider the case E[7,,] = ©(1).)

REMARK 1.1. The statistic (1.5) arises naturally in several contexts, such as nonparamet-
ric two-sample tests [17], understanding coincidences [14], and motif frequency estimation
in large networks [20]. For instance, in the study of coincidences 7, arises as a generaliza-
tion of the birthday paradox [10, 12, 13], where the matrix ((a,y))1<u,v<n corresponds to the
adjacency matrix of a friendship-network graph G,, and one wishes to estimate the prob-
ability that there are two friends with birthday on a particular day (say January 31). Then
taking X1, X», ..., X, i.i.d. Ber(1/365) (assuming birthdays are uniformly distributed over
the year), 7,, counts the number of pairs of friends with birthdays on January 31. This statis-
tic also arises in the problem of estimating frequencies of motifs (small subgraphs) in large
graphs [20, 25]. Here, given a large graph G, the goal is to efficiently estimate (without stor-
ing or searching over the entire graph) global characteristics, such as, the number of edges
of G,, by making local queries on G,. In the subgraph sampling model [20, 29], where one
has access to the random induced subgraph obtained by sampling each vertex of G, inde-
pendently with probability p,, the statistic 7,/ p%, by (1.6), is an unbiased estimate of the
number of edges in G,,.

Hereafter, we denote r, = 1/p,, and assume that the vertices of G, are labelled in the
nonincreasing order of the degrees dy > d» > - -- > d,,, where d,, denotes the degree of the
vertex labelled v. To describe the limiting distribution of 7,, we need to consider limits of the
sequence of matrices ((a,y))1<u,v<n- This can be done using the framework of graph limit
theory [8, 9, 24]. To this end, let WV be the space of all symmetric measurable functions from
[0, 00)2 — [0, 1]. Given a graph G, (and a sequence r,, — 00), define the function Wg, € W
as follows:

n 2
Y (Txr,]1, [yral) € E(Gn)} forx,ye |:0, —} ,

I'n

(1.7) We,(x,y) =
0 otherwise.

Moreover, for a graph G, define the normalized degree-function as dw,, (x) = fooo We, (x,
y)dy. Note that

1 & n
— > axr,)j(Gy) forx e [0, —},
(1.8) dwg, (x):={"n st Y

0 otherwise.
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DEFINITION 1.1 ([24]). For K > 0, the cut-distance between two functions Wi, W, €
W, restricted to the domain [0, K ]2, is defined as,

||Wl - W2|||]([0,K]2)
(1.9)
= su
f.8:10,K]1—[—1,1]

f[o K]Z(Wl (x,y) = Walx, »)) f(x)g(y) dx dy|.

The cut-metric between two functions Wy, Wo € W, restricted to the domain [0, K12, is de-
fined as,

(1.10) 5D([0,K]2)(W1’ W2) = iﬁf” Wll// - W ||EI([O,K]2)’

with the infimum taken over all measure-preserving bijections v : [0, K] — [0, K], and
WY (x, y) = Wi (¥ (), ¥ (). for x, y € [0, K].

Equipped with the definitions above we can now state our main theorem. To this end,
for p > 1 and a Borel set K C R4 denote by L,(K) the set of all measurable func-
tions from K — R such that [i- | f(x)|” dx < co. Also, given a function f € L{([0, 00)9),
[ fx1,x2, ..., xq) ]_[2:1 dN(x,), will denote the multiple It6 stochastic integral of f with
respect to the homogeneous Poisson process of rate 1, {N(t), ¢ > 0}. The precise definition
of stochastic integration with respect to a Poisson process and methods for computing them
are given in Appendix B.

THEOREM 1.1. Let X1, X2, ..., X, bei.id. Ber(p,) and suppose {G,},>1 is a sequence
of graphs such that (1.6) is satisfied. Assume that the vertices of G, are labelled {1,2, ..., n}
in nonincreasing order of the degrees and the following hold:

(@) limg o0 limys 00 5 [ [& Wa, (x, y) dx dy = Ao.
(b) There exists a function W € W, such that, for K > 0 large enough,

(¢) There exists a function d : [0, 00) — [0, 00) in L1([0, 00)), such that, for K, M > 0
large enough,

K
(1.12) nli)rrolo_/o \dwy, )W dw, (x) <M} —d(x)1{d(x) < M}|dx =0.
Then
1 D
(1.13) Tpi=3 Y aw(G) XXy = Q1+ 02+ 03,
1<u,v<n
where

— Q3 ~ Pois(rg) and Q3 is independent of (Q1, Q2).
— The joint moment generating function of (Q1, Q») is given by: For t;,tp > 0,

Eexp{—t1 01 — 120>}
(1.14) { oo poo oo
=Eexp{5 fo /0 Sw.ry . ) AN (D) AN () — B /0 A(x)dN(x)},

with
— b= (1—e™),
— Ji0.002 W(x, y)dx dy < oo,
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- AW):=dx) = [g° W(x,y)dy,
- {N(),t = 0} is a homogenous Poisson process of rate 1, and
- ¢W,l‘1 (-x’ y) = log(l - W(xa }’) + W(-x5 y)eitl)'

The proof of this result is given in Section 3. The proof proceeds by decomposing the graph
into three components based on the degree of the vertices (as explained below), and then
approximating each of the components in moments by an appropriately constructed random
variable with more independence structure, for which the joint asymptotic distribution can
be explicitly computed. (A detailed overview of the proof of Theorem 1.1 is given in the
beginning of Section 3.) The three components give rise to the following three terms in the
limiting distribution of 7},:

e A quadratic component 1 whose moment generating function is given in terms of a
bivariate stochastic integral. This is the contribution to 7;, from the “dense core” of the
graph, that is, edges between the “high-degree” vertices (degree greater than %”) of G,.

e A linear component Q, which is the contribution to 7,, from the edges between the “high-
degree” and “low-degree” vertices (degree less than %) of G,. Note that the marginal
moment generating function of Q> is

(1.15) Eexp{—t03} = Eexp{—(l —e ) /Ooo A(x) dN(x)}.

By comparing moment generating functions, it is easy to see that Q> ~ Pois(R»),
where Ry = fooo A(x)dN (x) is a univariate Poisson stochastic integral. This shows that
marginally Q- is a Poisson mixture, where the mixing distribution is a (possibly) infinite
linear combination of independent Poisson random variables.

e An independent Poisson component 3, which is the contribution from the edges between
the “low-degree” vertices of G,.

REMARK 1.2. Even though (1.14) often characterizes the limit of 7;, (as shown in The-
orem 1.2, Corollary 1.3, and Corollary 1.4 below), the conditions in Theorem 1.1 can be
slightly relaxed in a few ways:

(1) It will be evident from the proof of Theorem 1.1 that it suffices to assume (1.11) holds,
not for all K large enough, but along any diverging sequence K; — oo. Similarly, condition
(1.12) only needs to hold along diverging sequences of K and M. In fact, we show later in
Observation 3.2 that an easy sufficient condition for (1.12) to hold along a certain diverging
sequence of M is

Jim_lldwg, —dllz,0.x1) =0

We will often use the condition above to verify (1.12). However, the truncated condition in
(1.12) is, in general, necessary to include graphs with a few high-degree vertices.

(2) Another relaxation, which will again be clear from the proof of Theorem 1.1, is to
assume (1.11) and (1.12) hold along a common bijection (permutation of the vertices) from
[0, K] — [0, K] (see Lemma 3.5 for a precise statement). Marginally, this allows one to re-
place the cut-distance | - |50, x2) in (1.11) with the cut-metric 8o g2)- This generalization
will be important for establishing the necessity of the conditions and characterizing the limits
of T, (in Theorem 1.2 and Corollary 1.3 below). Nevertheless, to avoid notational clutter, we
present Theorem 1.1 under the slightly weaker condition, and discuss this generalization as
part of the proof in Section 3.4.
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Given the above discussion, it is natural to wonder whether the conditions (1.11) and (1.12)
are necessary for the convergence of 7,. More generally, one can ask what are the possible
limiting distributions of 7,? It is easy to construct examples where 7,, does not converge in
distribution, when the conditions of Theorem 1.1 are not satisfied (see Example 7). However,
the question of determining all possible limiting distributions of 7;, is more delicate. In the
theorem below, we answer this question by showing that whenever 7, has a distributional
limit, it must belong to the closure of limits of the form (1.14). To make this precise, denote
by F the collection of all functions d : [0, c0) — [0, 00) in L1([0, 00)), and consider the
following definition:

DEFINITION 1.2. For W and F as above, define P(WV, F) to be the collection of all
probability measures u on Z4 U {0}, such that if J ~ u, then

VN

where the joint moment generating function of (Ji, J2) is given by the RHS of (1.14), for
some function W € W with [5° [ W (x, y) dx dy < oo and some function d € F, such that
Ax)=d(x) — fooo W (x,y)dy >0, for all x € [0, c0). Finally, denote by P(W, F) the clo-
sure of P(W, F) under weak convergence. (More precisely, a probability measure p on
7. U {0} belongs to P(W, F) if and only if there exists a sequence of probability mea-
sures {is}s>1, with ug € POV, F), such that us converges weakly (in distribution) to u, as
s — 00.)

The following theorem shows that whenever 7), has a distributional limit, it has a compo-
nent which belongs to P(WW, F) plus an independent Poisson random variable.

THEOREM 1.2. Suppose (1.6) holds and the random variable T,, converges in distribu-

tion to a random variable T . Then T 2 J + Jo, where J € f(W, F), Jo ~ Pois(Lr), for some
A >0, and Jy is independent of J .

The proof of the above theorem is given in Section 4. We compute the limit of 7}, in
different examples in Section 2. Interestingly, in all the examples constructed in Section 4
the limiting distribution of 7, belongs to the class P(W, F) itself. This leaves open the
intriguing question of whether there are distributional limits of 7;, which are in P(W, F) but
not in P(W, F).

1.3. Consequences of Theorem 1.1. The limiting distribution in Theorem 1.1 simplifies
if the graph sequence {G,},>1 has some special structures.

We begin with the case when the graph is dense. Recall a sequence of graphs {G,},>1 is
said to be dense, if | E(G,)| > Cn?, for some constant C > 0, when n is large enough. In this
case, the assumption (1.11) characterizes all limits of 7;,. Here, the linear mixture and the
Poisson components vanish, and the limit of 7}, is determined by the quadratic component.

COROLLARY 1.3 (Dense Graphs). Let X1, X2,..., X, be i.i.d. Ber(p,) and suppose
{Gnln=>1 is a sequence of dense graphs such that (1.6) holds.

(a) Suppose there exists a function W € W, such that, for K > 0 large enough,
lim,— 00 [Wa, — Wligqo.x2) = 0. Then W vanishes outside a compact rectangle [0, al?

. D
for some finite a > 0, and T,, — Q1, where

1 a a
(1.16) Eexp{—an}:Eexp{Efo [ ¢w,t1<x,y>dN<x>dN(y)},
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with ty >0, ¢pw.s, (x,y) :=log(l — W(x,y) + W(x, y)e ™), and {N(t),t > 0} is a homoge-
nous Poisson process of rate 1.

(b) Conversely, suppose {G,},>1 is a sequence of dense graphs such that (1.6) holds, and
T, converges in distribution. Then the limit is necessarily of the form (1.16), for some function
W € W which vanishes outside [0, a* for some finite a > 0.

The proof of Corollary 1.3 is given in Section 5. In Section 2, we compute the limit in
(1.16) in various examples.

Another consequence of Theorem 1.1, is a characterization of when the limiting distribu-
tion of 7}, is a Poisson random variable. This reveals an interesting truncated second moment
phenomenon, that is, the convergence of the first two moments of a truncated version of 7},
determines the convergence in distribution to a Poisson distribution. To this end, for any
M > 0, define X, » := X, 1{d, < Mr,} and

(1.17) Tom= Y. XumXou.
(u,v)eE(Gp)

Moreover, for a doubly indexed sequence of real numbers {a;, ;}n,m>1, the double limit
limy, — 00 limy 5 00 @p,m = a, means

limsuplimsupay , = liminfliminfa, , = a.
m— 00 n— 00 m—-0o00 n—oo

COROLLARY 1.4 (Truncated second moment phenomenon for Poisson approximation).
Let X1, X2, ..., X be i.i.d. Ber(p,) and suppose {G,},>1 is a sequence of graphs such that
(1.6) holds. Then the following are equivalent.

(a) T, 2 Pois(1).
(b) limpy— o0 limy— 00 ETy pr = A and limpy— o0 limy, . oo Var(T,, pr) = A.
(c) The assumptions of Theorem 1.1 hold with W =0,d =0, and o = A.

The corollary above shows that the Poisson convergence of T}, is characterized by the con-
vergence of just the first two truncated moments of 7}, (the proof is given in Section 5.2). In
fact, a simpler sufficient condition for the Poisson convergence of 7, is the convergence of the

first two (un-truncated) moments of 7,,, thatis, T}, 2 Pois(A) whenever lim,,_, oo ET,, = A and
lim,,_, » Var(7,,) = XA, which can also be directly proved using the well-known Stein’s method
for Poisson approximation based on dependency graphs [3, 4, 11]. However, convergence of
the first two un-truncated moments is clearly not necessary for the Poisson convergence of
T,, as shown in Example 3. To obtain the necessary and sufficient condition for the Poisson
convergence of 7;,, we need to consider the truncated conditions as in Corollary 1.4 above.

REMARK 1.3. This second moment phenomenon for the Poisson distribution for ran-
dom quadratic forms complements the well-known fourth-moment phenomenon, which as-
serts that the limiting normal distribution of certain centered homogeneous forms is implied
by the convergence of the corresponding sequence of fourth moments (refer to Nourdin et al.
[26, 27] and the references therein, for general fourth-moment theorems and invariance prin-
ciples and [6, 15] for an example of this phenomenon in random graph coloring). As in the
fourth-moment phenomenon for normal approximation, this second moment phenomenon
for Poisson approximation exhibits universality (see Section 1.4 below), and we expect this
phenomenon to extend beyond the quadratic to general integer-valued homogeneous sums.
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1.4. Universality. It is natural to ask what happens if one considers quadratic forms
in other integer-valued random variables (not necessarily Bernoulli). More precisely, if
X1, X2, ..., X, are i.i.d. nonnegative integer valued random variables with distribution func-
tion F, then (similar to (1.5)) the Fj,-quadratic form, indexed by a graph G, is defined
as

1 1_,
(1.18) Tnzi Z auv(Gn)XuXv=§X AGpX,
1<u,v<n
where X = (X1, X5, ..., X,,)". It turns out that the limiting distribution of a general F),-

quadratic form exhibits a universality, whenever X| has the property % =1+ o0(1),
that is, the contribution to the expectation is essentially determined by P(X; = 1).

COROLLARY 1.5. Suppose {X,}1<v<n are i.i.d. nonnegative integer valued random
variables with p, .= P(X|{ = 1) — 0, such that |E(Gn)|p% = 0O() (as in (1.6)) and
lim;,—s o p—lnEX 1 = 1. Then if the graph sequence {G},>1 satisfies the assumptions of Theo-
rem 1.1,

D
Th— Q1+ 02+ 03,
where T, is as defined in (1.18) and Q1, Q», and Q3 are as in Theorem 1.1.

This result shows that Theorem 1.1, and, as a consequence, Corollary 1.3 and Corol-
lary 1.4, extend beyond the (sparse) Bernoulli, to include cases like the sparse Poisson, bi-
nomial, negative binomial, and hypergeometric, among others, and complements the well-
known universality of the Weiner chaos for centered homogeneous sums [27].

1. Sparse Poisson: Suppose X1, X», ..., X, are i.i.d. Pois(6,), where 8,, — 0. In this case,
PX;=1) = O, % — 0 and EX; = 6,, and so % =ef 1, as required in Corol-
lary 1.5.

2. Sparse binomial: Suppose X1, X3, ..., X, are i.i.d. Ber(m,, 6,), where m,, and 6, sat-
isfy m,0, — 0. In this case, P(X|1 = 1) =m0, (1 — 0,,)’"”_1 — 0,and EX| =m,0,, and so
EX;

FX =D = 19 l)m”_l — 1, as required in Corollary 1.5.

3. Sparse negative binomial: Suppose X1, X2, ..., X, are i.i.d. NB(m,,, 6,) with

r+my, —

IP>(X1=i’)=( 1)(1—9,1)'”"9,: forr=0,1,...,
where m,, and 6,, satisfy m,6,, — 0. In this case, P(X; =1) = m,,6,(1 — 6,)™ — 0, and

EX; = %, and so P(Xﬁl) = TSy ¥ 1, as required in Corollary 1.5.

4. Sparse hypergeometric: Suppose X1, X2, ..., X, are i.i.d. HGeom(N,,, K,,, m,) with

Ki‘l Nl’liKn
P(Xi1=r)= ( r )(Nm"*’ )
()
where (N,, K,,, m,) satisfy N, — oo, '”X,—f" — 0, and min(m,, K,) > 1. This implies N,, —
(m, + K,;) = o0, and so, for all n large, 0 and 1 are both in the support of X;. Further,

for r € {max(0, m, + K, — Ny), ..., min(m,, K,)},

NH_K}’!
P = 1y < KO ) K (Vo = KNy = ma)!
1=0D= (n1\1/n) " N, (N,—K,—m,+ DN, —1!

_ muK, " Ny — Ky +1—s  muK,

N, l;[l Ny —s N,

‘an,
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where
my—1 -1
K,—1 K,—1 M
1zan:]"[<1— ! )z(l—”—) -1,
i N, —s N, —m, +1
since ml’(,—f" — 0. Thus, P(X, =1) — 0 and % = i — 1, as required in Corollary 1.5.

1.5. Organization. The rest of the paper is organized as follows: In Section 2, we com-
pute the limiting distribution in various examples. The proofs of Theorem 1.1 and Theo-
rem 1.2 are given in Section 3 and Section 4, respectively. The proofs of Corollaries 1.3, 1.4,
and 1.5 are given in Section 5. Details about Poisson stochastic integrals and other technical
lemmas are discussed in the Appendix.

2. Examples. In this section we use Theorem 1.1 to compute the limiting distribution
of T, for various graph sequences. In the examples below, we will often construct graph
sequences G, = (V(Gyp), E(Gy)), where |V (G,)| # n, but |V(G,)| — oo, as n — oo. In
such cases, the definitions in (1.7) and (1.8) have to be modified, with the number of vertices
n replaced by |V (G,)| appropriately, following which the results hold verbatim.

We begin with an application of Corollary 1.3 for dense block graphons.

EXAMPLE 1 (Dense block graphons). Let X1, X», ..., X, be i.i.d. Ber(A/n), for some
A > 0. Fix ¥ > 0 and consider a sequence of dense graphs G, converging in cut-metric to the
B-block function f : [0, k]* — [0, 1], given by

bi; ifx,yelci_1,c;], forsome j € [B],
@ fey=y0 T / L
jir ifx€lcj-1,¢jl,y €lcjr_1,cj], for some j # j" € [B],

where ¢ =0, ¢cg = «, [B] :={1,2,..., B}, and the constants {bjj/,j,j/ € [B]}, and
¢1,¢2,...,cp are chosen such that b;;y = b, for j # j' € [Bl and [ [y f(x,y)dxdy > 0.
(This is obtained as the graph limit of a stochastic block model (SBM) on [n«] ver-
tices and B blocks, where the edge (u, v) exists independently with probability b;;/, when
u € [[ncj—11, [nc;1] and v € [[ncj_1], [ncj1].) Now, given t; > 0, recall ¢, (x,y) :=

log(1 — f(x,y)+ f(x,y)e~ ). Then by Example 8 and (1.16), for 7; > 0,

B .. N Y
Z‘/ff,tl(JvJ)(21>+ Y. Yl J)NiNj

(2.2) Eexp{—10:1}= Eexp{
j=1 I<j<j'<B

where V74, (j, j') :==1log(l —bjj» +bjje”™), for j, j’ € [B], and {N1, Na, ..., N} are in-
dependent with N; ~ Pois(c; — c¢;j—1). Now, consider the random variable,

B
2.3) Q=Y "mjj+ Y, nj
s

I<j<j'<B

where 1;; ~Bin((";/), bj;), njy ~Bin(N;Nj, bj;») for j # j', and the collection {n;j : 1 <
J, J' < B} are independent given {N1, N, ..., Ng}. (Given g € [0, 1] and a discrete random
variable X, Z ~ Bin(X, ¢g) denotes a Binomial distribution with a random number of trials X.
More precisely, for z € {0, 1,...,}, P(Z=2) = E[(f)qz(l — q)X_z].) Then it follows that,

Nj
2



BERNOULLI QUADRATIC FORMS 1557

fort; >0,
Eexp{—t1 Q1|{N1, N2, ..., Np}}
B <Nj) NN
=[J(=bjj+bje)\*) [ (1=bjy+bje )"
(24) ]:1 1§j<j,§B
B N
=exp{2wf-,n<j,j>(2f)+ > ‘/’f,tl(jvj/)Nij/}-
Jj=1 1<j<j'<B

This implies, for all 11 > 0, Eexp{—t; @} = Eexp{—11 Q1}, thatis, Qi 2 Q',, which shows,
if {G,},>1 1s a sequence of graphs converging to the B-block function f (as in (2.1)), then

T, 2 Q/, as defined in (2.3). For specific choices of f this further simplifies. For example,
suppose {G},>1 is a sequence of graphs converging to the 2-block function

by1 forx,ye€[0, ],
W(x,y)={bxn forx,yela,l],
bip otherwise.

Then,

(2.5) 7, 2 Bin <<1\2’1> . by 1) + Bin(N{ N2, b12) + Bin ((1\2’2> i b22> ,

where N ~ Pois(aA), Ny ~ Pois((1 — «)A) are independent, and the three summands in
(2.5) are independent given Np, Nj. This includes as special cases, the Erd6s—Rényi graph
and the random bipartite graph. (By a simple conditioning argument, Corollaries 1.3 and 1.4
can be extended to random graphs by conditioning on the graph, under the assumption that
the graph and its coloring are jointly independent (see, e.g., [7], Lemma 4.1). In particular, the
convergence of 7;, in Corollary 1.3 and Corollary 1.4 hold whenever the required conditions
hold in probability.)

e Dense Erdds—Rényi graphs: When « = 1, the graphon W reduces to the constant function
b11. This is attained as the graphon limit when G, ~ G(n, b11) is a sequence of Erdds—
Rényi random graphs such that by € (0, 1] is fixed. In this case, (2.5) simplifies to

(2.6) 7, 2 Bin ((1\271> ,b11> ,

where N| ~ Pois(A). In particular, if by} = 1, that is, G,, = K}, is the complete graph, then
T, 3 (%)) (recall (1.3)).

e Random bipartite graphs: When by; = by; = 0, then this is attained as the limit of the
random bipartite graph G, ~ G([an], [(1 —a)n], b12), with edge probability b € (0, 1].
Then, (2.5) simplifies to

T, 2 Bin(N1N2, b12),

where N| ~ Pois(aA), N» ~ Pois((1 — «)A) are independent.

For more sparser graphs, the limiting distribution is often a Poisson, and Corollary 1.4 can
be applied.
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EXAMPLE 2 (Nondense approximately regular graphs). Let X1, X»,..., X, be i.i.d.
Ber(p,) and {G,},>1 be a sequence of graphs such that

(2.7) nli)ngo|E(Gn)|pﬁ =i and A(G,):= ven‘}e(%( )dv =0(rp).

Then for any ¢ > 0 there exists n large enough, such that d,, < er,, for all v € V(G,,). Hence,
for any M > 1 and n large enough 7;, = T}, ps. This implies,

. . . . 2
(2.8) lim lim ET, y = Jlim ET, = ,,llirolo|E(G")}pn — A

M—oon—>00

Moreover, for all large n,
Var (T, p) = Var(T,)

(2.9)
= |E(Gp)|Var(X1X2) + 2N (K12, G,) Cov(X1 X2, X1X3),

where N(Ki2,G,) =Y "_; (”;J) denotes the number of 2-stars in the graph G,. Note that
Var(X1X,) = p,zl — pfl' and Cov(X X2, X1X3) = pg — pﬁ. Therefore,

lim |E(Gp)| Var(X1X2) = 2,
n—oo

and using N (K12, G,) < €|E(Gp)|ry, gives limsup, _, .o N(K1 2, G,) Cov(X1X2, X1X3) <
€. Then (2.9) implies,
lim lim Var(7, y) = A,
M— o0 n—>00
since ¢ is arbitrary. This combined with (2.8) and Corollary 1.4 shows that T, 2 Pois()),

whenever (2.7) holds. This derives the limiting distribution of nondense (that is, |E(G,)| =
0(n?)), “approximately” regular graphs.

e Nondense regular graphs: Let G, be a sequence of d-regular graphs such that d = o(n) and
% p,% — A. Then r, = 1/p, = O(+/nd) and the maximum degree d = o(r,,). Therefore,

by the argument above, T;, 2 pois r).
e Nondense Erdds—Rényi graphs: Let G, ~ G(n, q,) be a sequence of Erd6s—Rényi ran-
2
dom graphs such that ‘%" « g, < 1 and s pZ — ). Then ry = 1/py = O(n/qy) and

n

the maximum degree A(G,) = (1 4+ op(1))ng, = o(r,) [21]. Therefore, by the argument

above, T, B) Pois(}).

In the example above, the maximum degree of G, is “small”, and, as a result, condition (b)
in Corollary 1.4 holds for the original (un-truncated) random variable 7,,, as well (see (2.8)
and (2.9)). However, the truncation is necessary when there are few vertices with “large”
degree, as illustrated below.

EXAMPLE 3. Let X1, X2, ..., X, bei.i.d. Ber(y/./n). We consider two examples where
truncation matters:

(1) Let G, = K1, be the n-star. Then | E(G,)| = n and (1.6) is satisfied. In this case, since
the degree of the central vertex of the star is n 3> M/n, for any M > 1, T, j is identically

zero. Hence, condition (b) in Corollary 1.4 holds with A = 0, which implies T}, £ 0.

(2) To get anonzero limiting distribution, take G, to be the disjoint union of a n-star K ,
and n disjoint edges ({a1, b1}, {a2, b2}, ..., {an, by}). As before, there is no contribution to
T, m from the star-graph, and

n
Tom =Y Xa; X,
j=1
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This is the sum of independent indicators Zj = X4, Xj; ~ Ber(y2/n), and hence ET, m= y?
and Var(T, ) — ¥2. Then, by Corollary 1.4, T,, 4 Pois(y?).

Note that, as expected, in both the examples above the convergence is notin L;:in (1) ET,, =
y2 andin 2) ET,, = 2)/2.

The Poisson mixture arises in the limit of 7, for bipartite graph which have many “high”
degree vertices on one of the sides, and is best illustrated by considering a disjoint union of
star graphs.

EXAMPLE 4 (Disjoint union of stars). Let G, be the disjoint union of n isomorphic
copies of the n-star K\, ..., K" Note that, |V (G,)| = n® +n and |E(G,)| = n®. Label
the central vertices of the stars 1; 2,...,n, the leaves of the vertex 1 asn + 1,...,2n, the
leaves of the vertex 2 as 2n + 1, ..., 3n, and so on. Let Xy, X», ..., X, be i.i.d. Ber(1/n),
which ensures E(7},) = % = 1. Fix K > 1, denote by G, g the induced subgraph of G,

on the first [ Kn vertices. Then

2|E(Gpu k)l < K
n? ~ n

K K
[ [ wo, G yardy < ~0,
o Jo
as n — oo. Therefore, | Wg, oo, k12 S |1We, Iz, qo.x2) = 0, that is, condition (1.11) holds
with W = 0. Moreover, for every K > 1, there are no edges in G, between the vertices
{TKnl + 1,...,n%}, which means limg oo limy— o0 [5° [ W5, (x, y) dx dy = 0. Finally,
the normalized degree-functional is (recall (1.8)),

n?+n 1 forx e[0,1],
dw, (x) =~ > apnj (G =11

iz forx e (1,n+1].

This converges to the function d(x) = 1{x € [0, 1]} in L{([0, K]). To see this, fixing K > 1,
note that fOK ldwg, (u) — d(u)|du = % — 0. Therefore, the conditions of Theorem 1.1
hold with Ag =0, W =0, and d(x) = 1{x € [0, 1]} (by the discussion in Remark 1.2 and
Observation 3.2). Hence,

T, 2) Pois(N) where N ~ Pois(1).

This is a type of compound Poisson distribution: a special case of the Poisson mixture, where
the mean itself is a Poisson random variable (recall (1.4) with A = 1).

One can easily modify the example above to construct graph sequences for which the
quadratic component and the Poisson mixture component appear together in the limit:

EXAMPLE 5 (Coexistence I). Let X1, X3, ..., X, bei.i.d. Ber(1/n). Construct the graph
G, as follows (see Figure 1):

L K (") " Wwith vertices

e Consider disjoint union of n isomorphic copies of the n-star K () Ln»

labeled as in Example 4 above. v

e Place a complete graph K, on the vertices labeled 1, 2, ..., n.

e Place a path of length n? with vertices labelled n2 +n + 1,...,2n% + n, disjoint from
everything else.
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.
1 JEin\ A
( Kin Ky
5e e 4
Kln ,Kl,n

P,

Fi1G. 1. lllustration for Example 5.

Here, |V (G,)| =2n%+n and |E(G,)| = ( )+n +n?—1=(1 +o(1)3 212, and, hence, (1.6)
holds. Then by arguments similar to Example 4 above, it is easy to check that the conditions
of Theorem 1.1 hold with

(2.10)0 W(x,y)=1{(x,y) €[0, 1]2}, dx)=2-1{x€[0,1]}, and iro=1.
Then A(x) =d(x) — f0°° W(x,y)dy =1{x € [0, 1]}, and by Theorem 1.1,

@2.11) 7,3 01+ 0, + 0,

where Q3 ~ N| ~ Pois(1) is independent of (Q1, O2), and the joint moment generating
function of (Q1, Q») is:

(2.12) Eexp{—t101 — 1 02} =Eexp {—tl (1\;2) —(1- e_’2)N2} ,

where N> ~ Pois(1). In other words, with a slight abuse of notation, we can write

= (1\2’2) + Pois(Ny) + Ny,

where N is independent of ( ) + Pois(N»).

By repeating the constructions above, it is possible to have distributions where the range
of the integrals in (1.14) are infinite (unlike in the example above, where the range of the
integral reduces to [0, 1] because of (2.10)):

EXAMPLE 6 (Coexistence II). Suppose X1, X3, ..., X, beii.d. Ber(1/n). Fors > 1, let
ag = 11F’ by =4% and ¢y = % Now, construct the graph G, as follows:

e For each s € [[log, n]], take [bsn] disjoint isomorphic copies of the [asn]-stars K 1( ? agn]’
K l(zgam, , K 1([?;",11) Label the central vertices of the [agn]-stars, [by_in] + 1,...,
[bgn], Where by =

e Foreachs € [|'10g4 n] , place an Erd6s—Rényi random graph G ([bgn], cs) on the vertices
labeled [bs_in]+1,..., [bgn].

Note that |V (G,)| = %" Tbn] ([agn] + 1) = ©(n?), and

1 [logyn] [logy n]
E!E(Gn)|=(1+o(1)< Z [bsnlcs + > [by nwam) O(n?).

s=1
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(Note that the choice p, = 1/n implies (1.6) holds.) As before, it can be verified that the
conditions of Theorem 1.1 hold with Ao =0,

W(x,y): CS forx?)}'e[rs—lsrsL and
0  otherwise,
(2.13)
d(x) = cs +ag forx e.[rs_l,rs],
0 otherwise,

fors >1andr, = Zfzo b; is the sth partial sum of the sequence {b;};>1. Now, for #; > 0 and
recalling ¢w ¢, (x, y) :=log(l — W(x,y) + W(x, y)e™™), it follows from Example 8 that,

(2.14) [ [ owat v an e = 3 Y ) (IZ) ,
s=1

where Yrw 1, (s) :==log(l —¢s + cse”™), for s > 1, and N; ~ Pois(by) and {N;, Na, ...} are
independent. Moreover,

e¢} [e%e) o0 o0
(2.15) / A(x)dN (x) :/ <d(x) — / W(x,y) dy) dN (x) = Zast.
0 0 0
s=1
Combining (2.14) and (2.15), with Theorem 1.1, it follows that 7}, 2) 01 + O, where
[e.e] N 0
(216)  Eexp(~1101 ~1£0)) =Eexp{—t1 X v (5)-a-e) ZlaN}
S= S=

This can be rewritten, by comparing moment generating functions, as

o0 o0
D . Ny 1 ) Ny
T, — §B1n<( > ) , 5) +P01S(Z 16S>’

s=1

where, as before, Ny ~ Pois(4*) are independent, and conditional on the sequence {Ny,
N3, ...}, the Poisson and the Binomials above are independent.

We conclude with an example where T,, does not have a limit in distribution, showing the
necessity of the conditions in Theorem 1.1.

EXAMPLE 7 (Nonexistence of limit). Let X1, X»,..., X, be i.i.d. Ber(1/n). We will
construct a graph sequence {G,},>1 for which 7}, does not converge in dsitribution. Let G,
be defined as:

e Consider a Erd6s—Rényi random graph G (n, %) on the vertices labelled 1,2, ...,n, and

another independent Erd6s—Rényi random graph G (n, %) on the vertices labelled n+ 1, n+
2,...,2n.

e For n odd, attach n disjoint n-stars K 1(1,2, K 1(2,)1, ..., K 1(",2, with central verticesat 1,2, ..., n
respectively.

e For n even, attach n disjoint n-stars K 1(1,2 K 1(2,)1 .. K 1(",2 , with central vertices atn+1, n+
2,...,2n, respectively.

Here, |V (G,)| = ©(n?) and E|E(G,)| = ©(#?), hence, (1.6) holds. Now, from the ar-
guments in (2.6) and Example 4, it follows that the contribution to 7;, from the G (n, }T)

and G(n, %) components converge to Bin((l\é‘), }‘) and Bin((lgz), %), respectively, where Ny,
N, are independent Pois(1). Moreover, the contribution of the n disjoint stars converge to
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Pois(N1) along the odd subsequence and Pois(/N2) along the even subsequence. Therefore,
along the odd subsequence,

2.17) 7, 2 Bin((l\g) , %) + Pois(N}) + Bin<<1\2’2> , %)

and along the even subsequence

(2.18) 7, 3 Bin((l\;) , %) + Pois(Ny) + Bin<<1\2’2> , %)

where Ni, N> are independent Pois(1), and the conditional on Ny, N3, the Poisson and the
two binomials are independent. Clearly, the distributions in (2.17) and (2.18) are not the same
(this can be easily seen by computing their second moments), that is, 7;, does not converge in
distribution. This is because, for all K > 1, the function dWG,, converges in L1 ([0, K]), to the
function d4 (x) = 1{x € [0, 1]} along the odd subsequence, and to the function d_(x) = 1{x €
[1, 2]} along the even subsequence, respectively. This shows condition (1.12) in Theorem 1.1
does not hold. In fact, in this case it can be shown that there is no permutation of the vertices
{1,2,...,2n} for which conditions (1.11) and (1.12) simultaneously hold, in the permuted
graph (recall the discussion in Remark 1.2).

3. Proof of Theorem 1.1. For positive integers a < b, denote by [a, b] := {a,a +
1,...,b}. (We will often slightly abuse notation and also use [a, b] to denote the closed
interval with points a, b € R, whenever it is clear from the context.) Throughout we assume
that the vertices of G, are labelled {1, 2, ..., n} in nonincreasing order of the degrees. Recall
that d,, denotes the degree of the vertex labelled v.

OBSERVATION 3.1. [If the vertices of Gy, are labelled {1,2,...,n} in the nonincreasing
order of the degrees di > dy > - -- > dy,, then

d
(3.1) lim lim — &1 _ o,

K—oon—>x n

PROOF. Note that

n [Kry]
2EGw)|=) dv> Y dv>TKryldikr,).
v=1 v=1
which implies, by (1.6), dix,,1 S %, hence (3.1) holds. [

The first step in the proof of Theorem 1.1 is a truncation argument, which shows that ver-
tices with “large” degree have negligible contribution to 7;,. To this end, recall the definition
of T,y from (1.17). We begin by showing that the difference between 7,, and the truncation
T,.m above, goes to zero in probability.

LEMMA 3.1. Let T, and T, p be as in defined in (1.5) and (1.17), respectively. Then

lim lim P(T, % T,.u) =O0.

M — 00 1= 00
PROOF. Fixn>1and M > 1. Then
P(T, # Ty.m) <P(3a € V(G,) :dy > Mr, and X, = 1)
< Y P(Xa=D

aeV(Gy):dy>Mry,
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(recall r, = 1/ py). = Y pal{da>M/py}
acV(Gy)
oy e 2EGOlp
aeV(Gy) M M

which goes to zero under the double limit, by assumption (1.6). [

This shows that it suffices to derive the limiting distribution of 7;, ;. Now, fix K > 1, and
define

Ve =[[Kr,1] and Vg :=[[Kr,]+1,n],
the first [ Kr, ] vertices and the last n — [ Kr,,] vertices, respectively. Denote by
Gr=GnlVZ k] and G, x:=Gu[V5 (],

the subgraphs of G, induced by V(J{m x and ng x> respectively, where for § € V(G,), G,[S]
denotes induced sub-graph of G, with vertex set S. Finally, let G,jf’ ¢ be the subgraph of G,
formed by the union of edges with one end point in Vgn .k and the other in Vg . Note
that by definition the subgraphs GI K> Gi x> and G, partition the edges of G, that is,
E(Gy,) = E(GIK) U E(GiK) U E(G;K) is a disjoint partition of E(G,). Therefore, we
can decompose T}, yr as follows:

(3.2) Tom = Z XuMXUM—TKM+TnKM+ nKM’
(u,v)eE(Gy)
where
(B3) T, xyi= > XemXow and T, g ai= > XemXow,
(u, v)eE(G+K) (u,v)EE(G, k)
and
(34) Tnﬂ,:K,M = Z Z auv(Gn)Xu,MXv,M-

+ —
”EVG,,,K UGVGH,K

Hereafter, we will refer to T,:'K’ M T,fK’ m»> and T, g, as the high-degree component, the
intermediate component, and the low-degree component of T, y, respectively.

The proof of Theorem 1.1 involves deriving the joint distribution of the three terms in
(3.2). It has the following main steps:

(1) We begin by showing that the moments of low-degree component 7, x ,, are asymp-
totically equal to the moments of the random variable W, ; := Z(u VeE(G; ) Ry, where

{Ruv}(u VEEG] ) is a collection of independent Bernoulli( pz) random variables (see
Lemma 3.2 on Sectlon 3.1). For each a > 1 fixed, the proof involves expressing the ath
moment of 7, ,, (and similarly for W, ;) as a sum over subgraphs of G , with at most
a edges and then estimating the number of copies of every (fixed) subgraph in G ; using
the bound on the maximum degree of G, . Note that, since W, is the sum of mdependent
Bernoulli random variables, its hmltmg dlstrlbutlon can be easﬂy calculated, a fact we will
leverage later.
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(2) Next, we show that the low-degree component 7, KM and the joint distribution of the
intermediate and high-degree components (T,:FK M TfK ) are asymptotically independent
in moments (see Lemma 3.3 in Section 3.2). As in the previous case, the proof proceeds by
expressing the joint mixed moments in terms of certain subgraph counts and estimating them
using appropiate degree bounds.

(3) The next step is to show that the moments of intermediate component Ti K. are
asymptotically equal to the moments of Z, x y = ZueVG » ZUEVGn auv(Gn)Juv u.M>

where {Juv}(, 1)e E(GE ) is a collection of independent Bernoulli(p,) (see Lemma 3.4 in

Section 3.3). This will allow us to transfer from the distribution of T k.M O that of

Z,. k.M, which has more independence structure than Tn’ k.m- By combining this with
the results from the previous two steps, we can then show that the joint mixed mo-
ments of (T} KM Tni’K, m> Tn k p) are asymptotically equal to joint mixed moments of
(T.F wk.M> Znk.m, W, k) (Proposition 3.1).

(4) Having transferred in moments from (7. n KMo TiK M Tn K. W) to (TF WKMo Zy k.M,

W, k), we proceed to derive the limiting distribution of the latter. To this end, the first
step is to show that under the assumptions of Theorem 1.1, the joint mixed moments of
(T k.M Zn, Kk, M) converges, as n — oo and for all fixed K, M large enough. We then show
that this convergence is also in distribution, by verifying a bivariate Carleman moment con-
dition (for the Stieltjes moment problem) [1, 19, 28]. The details are given in Section 3.4.

(5) Next, we proceed to compute the joint distribution of (Tn+,K, > Zn,k,m). To this end,
we replace the graph in GZ x by an inhomogeneous random graph which has the same graph
limit as GI x (Section 3.5). In this case, the limiting moment generating function can be
explicitly computed by first taking the expectation with respect to the randomness of the
graph. The existence of the limit proved in the previous step can then be used to show that
this has the same limit as (T KMo ZyK.M)-

(6) The proof of (1 13) is completed in Section 3.6, which entails movmg from the
joint distribution of (Tn’K’M, ZnK.Ms n’K) to that of the actual variables (Tn’K’M, TfK’M,

T, k. u)» by verifying another Carleman moment condition and taking limits in the various

parameters.

3.1. Moment approximation for T, i ,,. Define

(3.5) Wox= >,  Ru.
u,v)€E(G, &)
where {Ruv}(u WEEG] ) is a collection of independent Bernoulli( pn) random variables. In

the following lemma, we show that 7,  ,, and W, are close in moments. To this end,
we need a few notations: For any two graphs H and G, let N(H, G) denote the number of
isomorphic copies of H in G.

LEMMA 3.2. Fix M > 1. Then, under the assumptions of Theorem 1.1, for every positive
integer a > 1,

Jim Tim sup|E[(7,, " )" ] = E[(W, x)*][=0

—>0 n—oo

Moreover, limsupg _, . limsup,,_, o, E[(Tn_’K’M)a] < C(a), for some constant C(a) > 0.

PROOF. Fix ¢ € (0, 1). Choose n, K large enough so that max,cy- dy =dikr,1+1 <

&rn, which can be done by Observation 3.1. This implies X, » = Xy, forallv € V; ¢, when
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n, K are large enough, and by the the multinomial expansion,

3.6 E[(T, x.u)']= ) ) > E_ﬁ X“sX“s}’

@1.0)€E(Gy ) 2. 1)€EG, ¢)  (a0)€E(Gy ) -5=1

(B E[(W,x)]= > > > E ]i[RuS,,S]

(u1,v)EE(G, ) (u2,1)€E(G, k) (ta,va)€E(G, g) Ls=1

Now, let H be the graph formed by the union of the edges (u1, vy), (U2, v2), ..., (Ug, Vg).
Then

(3.9) []‘[ X, X, } pVEDL and E{H Rum} — pHEDI,

s=1

If H, denotes the set of all nonisomorphic graphs with at most a edges and no isolated vertex,
then (3.6), (3.7), and (3.8) combined gives

‘E[(Tn_,K,M)u]_E[(Wr:K) Z N H, Gn K)’ A P;%'E(H”’
HeH,

3.9 = Z N(H,G, ){p\V(H)\ Z\E(H)I}
HeH,
|V(H)|<2|E(H)|

= Y NEG,
HeH,
[V(H)|<2|E(H)I|
where the second and third steps use the fact that |V (H)| < 2|E(H)|, since graphs in H,
have no isolated vertex.
Now, for any connected graph H € H,,,

- _ |V (H)|-2
N(H, Gn,K) Sa {E(Gn,K)K max dv)
veVg, x
(by Observation (3.1)) < |E(G;’K)}8|V(H)|—2rrllV(H)l—2

,SEIV(H)I_Zr,LV(H)l,

where the last step uses |E(G;K)| < r,% by (1.6).
Therefore, if H € H, has v(H) connected components, then using the above bound sepa-
rately on each of the connected components gives,

(3.10) N(H, G;,K) <4 8|V<H)|—ZV(H)pn—IV(H)I‘

Using the estimate above and (3.9) gives,

G.1D) }E[(Tn_,K,M)a] - E[(W;K)a“ Sa Z glVEI=2v(H)
HeH,

|V(H)|<2|E(H)|

Now, suppose H € H, is such that |V (H)| < 2|E(H)|. Note that all connected components
of H contain at least two vertices, and at least one connected component of H must contain
at least three vertices (otherwise H is a disjoint union of edges, and |V (H)| = 2|E(H)|).
This implies, |V (H)| > 2v(H), where v(H) is the number of connected components of H.
Since & > 0 is arbitrary and cardinality of the set H, is fixed (free of n), the RHS of (3.11)
can be made arbitrarily small, and so the LHS of (3.11) converges to O under the double limit
of n goes to infinity followed by K goes to infinity, which is the first desired result.
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Finally, from (3.6), (3.8), and (3.10) we have

E(T, k)1 Sa Do N(H Gy )pn ™S 3 eV 501,
HeH, HeH,

because, as before, the sum is over a finite index set free of n. O

3.2. Independence in moments of (T WK M Tn x.m) and T, .. In this section, we will
show that the mixed moments (T KM TniK y) and T, . K  factorize in the limit.

LEMMA 3.3. Fix nonnegative integers a, b, c, and M > 0. Then under the assumptions
of Theorem 1.1,

b — c
Khm lim sup|E[ (7, ¢ )" (Tni,K,M) (Ty k)]

—00 n—00

E[(Tn+K M)a(Tnj,:K,M)b] [( n,K, M) ]| -

PROOF. Note that there is nothing to prove if ¢ = 0. Moreover, since Tn+K’ pand T,
are independent for each n and K (they are defined on disjoint sets of vertices of G,,),, the
case b = 0 follows trivially. Therefore, we assume b and c are both positive.

Let Sg,’lbgc be the collection of (a 4+ b + c)-tuples of the form

= ((ula Ul)? MR (uaa Ua)a (u/l’ v/1)9 M) (ugyy vé)a (u/{» Ui/)a ) (u/L/v vé/))v
where (41, vy), . (ua,va)eE(G+K) (', v)), . (ub,vb)eE(G k) (withu}, ..., u) €
Vgn’K and vj,..., vy € Ve, k) and (uff,v), (u V) e E(G, g)- Further, define D“’b’c
asthe setof all e € 537[{ such that the sets {vl, .. vb} and {u1 , vl s...,ul, vy} are disjoint.
Then
+ + g —
E[(T, k)" Tk on)” (T ke ma)°]
a b c
= > E[H Xugm Xoom [ [ X m X m [ ] Xu;',MXug,M]
eegs,’%c s=1 s=1 s=1
(3.12)
a b c
= > E[H Xy it Xog.m [ ] Xu;,MXv;,M]E[H Xu{;,MXu;',M]
eeDy g =1 s=1 5=
a b c
+ Z E[H Xus,MXvs,Ml_[Xug,MXv;,M HXM;/,MXU;’,M}-
ec Zic\Da:%c s=1 s=1 s=1
On the other hand,

E[(T,7x )" (Tt ) TEL(T, x aa)]

a b c
(3.13) = > E[H XugmXvgm ] xu;,Mxvé,M]E[]‘[ xug/,Mxvé,,M}
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a b ¢
— Z E|:1_[ Xus,MXUs,M 1_[ XMQ,MXvé,M:|E|:l_[ Xug’,MXu;/7M:|

eefo.'Il)%C s=1 s=1 o=l

a b c
+ Z E[H Xus,MXvs,MHXM;,MXU;,M]E[H Xu;/,MXu;/,M]-

eeggj?c\pz:l;(sc s=1 s=1 s=1

By taking the difference of (3.12) and (3.13) it follows that, in order to prove the lemma, it
suffices to show the following two statements:

a b c
(3.14) > E[]‘[ Xugm Xogm [ | Xu mXom [ ] Xug,Mng,M} — 0,
a,b,c

ect e\ Dy = = =

as n — oo followed by K — oo, and

a b c
(3.15) > [1‘[ XugmXogm [ ] Xu;,MXv;,M}E[H Xug,Mng,M} — 0,
a,b,c

ecE g \DRE BT = =

as n — oo followed by K — oo.

To this end, define &, oy Ky to be the set of all e € & Ib(c, such that the following three
conditions hold: (1) max{dug,dvv} < Mr,, for all s € [a] ) max{du , dy } < Mr,, for all
s € [b], and (3) max{d, ,d}} < Mry, for all s € [c]. Let D%, = 55, ,b{fM N D} %°. Then,
(3.14) becomes:

a b c
(3.16) Jim_lim sup > IE[]_[ Xuy Xo, [ X Xor [ ] X Xv_;} =0
s=1 s=1 s=1

K—
00 n—o0 Sa,b,c ,Da,b,c
€€,k u\DpK.m

If H is the graph formed by the union of the edges (u1,vy), ..., (U4, Va), (u/l, vi), R
(up,, vp), uy,v)), ..., @/, v)), then

a b ¢
E[H X, X, 1_[ Xu;Xv; 1_[ Xungvg/:| = pllV(H”‘
s=1 s=1 s=1

Note that this graph H must have at least two edges (u},v;) and (u/jf, v;-/), such that

" . a,b,c a,b,c

v =uj or v = vj, since for any e € £, KM\Dn K.M> the set {vl,...,v;} intersect the
set {ul, v1 e a, vg}, that is, H has a two-star Kj 2, with central vertex in Vgn k- Let

Vu :={veV(Gy,) :dy < Mr,} and N, p (H, G4[Vy]) be the number ways of forming a
graph isomorphic to H, with a edges from G,T’ x[Vm]1, b edges from Gi x[Vm], and ¢ edges
from G;, x [Vm], such that the resulting graph contains a K >, with central vertex in VG_, K
(and one edge in E(G;K[VM]) and the other in E(GfﬁK[VM])). Then

a b c
) [1_[ Xug Xo, [] Xuy Xo, l_[Xu;va;}
a, s=1 s=1 s=1

(317) eegn ZLM\DzszM

Z Nabc H G [ ])pLV(H)l’
HeHab,c

where H, .. is the set of all nonisomorphic graphs with at most 2(a 4 b 4 ¢) vertices, none
of which is isolated, which contains at least one K 2 (the two-star) as a subgraph.
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Now, we proceed to bound N, , -(H, G,[Vi]): Note that for any connected F € H, .,

s Nab.o(F. GulVir)) Sabie |E(GalVar)) [((Mr)lV 2 < |E(G ) | (Mry)1V P12

' SMF I”,l,v(F)l,
using (1.6). Now, suppose H € H, . has connected components Hy, Ha, ..., Hyy), and
without loss of generality, assume H; has a two-star K 2, with central vertex in VG_H’ x (and
one edge in E (G; x[Vm]) and the other in E (Gfi x[Vm])). Therefore, choosing this two-star

in at most |E(G,[Vum])|  max{d, : v € VG_’“K} ways and each of the remaining |V (H)| — 3
vertices in at most Mr;, ways gives the bound

Nab.c(H, Gal Vi) Sab.e [E(GulVarl)| ( max dy ) (Mr,) VDI

UGVGn,K

(3.19) <abeM |E(Gn)|r,§'V<H1>'—3>( max dv>

~ -
veVGn’K

(IV(Hl)Ifl)d[Kr

Sab.eMTy 141

using (1.6). Now, combining (3.18) and (3.19) gives

v(H)
Nap.c(H, GulVi]) < [ Nap.e(Hj, GalVr))
(3.20) j=1
S,a,b,c,M,H ",E‘V(H)l_l)d[Krn1+l-
This implies

i M, Moo e (. GalVarl) =0,

by Observation 3.1. Thus (3.16) follows, because the sum in the right hand side of (3.17) is
2(a+b+c)
over a finite set (|Hg.p,c| < 2( 2 )). The limit in (3.15) follows similarly, completing the

proof of the lemma. [J

3.3. Moment approximation for Tn%K’M. Let {‘I“U}(u,v)eE(GiK) be a collection of inde-
pendent Bernoulli(p, ) random variables, independent of the collection {X},ev(G,). Define

(3.21) Zn,K,M= Z Z auv(Gn)Jquu,M-

+ —
ueVGn.K veVGmK

LEMMA 3.4. Fix nonnegative integers a, b, and M > 0. Then under the assumptions of
Theorem 1.1,

o b
lim lim SUP|E[(TnJ,rK,M)a(Tnj,EK,M) 1- E[(Tan,M)aZZ,K,M“ =0.

K—oo n—soo

Moreover, limsupg_, oo limsup,_ oo EI(T, ¢ 4028 ¢ ] Sabm 1.

PROOF. Note that there is nothing to prove if b = 0, so we assume that b > 0. Let MZZI’(
the collection of (a + b)-tuples of the form

e=((ur,v1), ..., (Ua, va), (U}, v}), ..., (up, v3)),
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where (u1,v1),.... (g, va) € E(G; x[Vi]) and (u}.v])..... (u}.vp) € E(Gy x[Vi])
(withu/l,...,ugeVér xand vj, ... v, € V5 ).

b
BTk a) (D) 1= EL T k) Zo e ]|

a b a b b
(3.22) < Z E[H X, Xy, ]‘[ X Xy, } — E[H Xy, Xy, ]‘[ X ]‘[ JM_QUQH
s=1 s=1 s=1 s=1 s=1

a,b
eeM, 'k

_ Z ‘p|V(H1UH2)|_p,|1{u1,v1,uz,vz ----- Ua,Va Uy Uy, up I+ E(Hp)|
n

9
a,b
eeM, "k

where H; is the graph formed by the union of the edges (11, vy), ..., (44, v4), and H is the

graIE)Ih for}rlned by the union of the edges (1, v}), ..., (u}, v}).
ote that
3.23) Hui, vi,uz,v2, .. ug, va, ul, ub, . ul}| + |E(H2)|

=|V(H U H)|— [{v], v3, ..., v,}| + |E(H)| = |V (H\ U Hy)|,

using |E(H>)| = [{v], V5, ..., v,}|, since each distinct element in {v}, v}, ..., v}} contributes
an edge to E(H>). This implies

b
[BL(T ) (Do) 1= BT ) Zekall = 20 o 092,
eeﬂijﬁ(
where /\/ln k C /\/la "k 1s the collection of all tuples in ./\/ln x such that
|{M1, v1$u2s UZ, ceey Ug, va’u]aMZa 9ub}| + |E(H2)} > |V(H1 U H2)|

Now, suppose that for every s, € [b] such that v = v;, we also have u; = u;. Then,
|E(H>)| = |{v], ..., v)}|, and hence, equality holds in (3.23). Therefore, e € ﬂzl;( implies
that there exist s, ¢ € [b] such that v, = v; and u), # uj, that is, the graph H := H; U H, must
have a K, with central vertex in VG K- Recall that Vyy :={v e V(G,) : dy < Mr,} and
denote by N, »(H, G,[Vi]) the number of Ways of forming a graph isomorphic to H, with
a edges from GJr x[Vm] and b edges from G K[VM] such that the result graph contains a

Kj 2, with central vertex in VGn’ x (and both edges in E (GiE x[Vm]D). Then

’E[(TnTK,M)a(Tn:‘,:K,M)b] - E[(T ) Zn K, M:H

Sab Y. Nap(H, Gn[vM])p,LV‘H”,
HeH,p

(3.24)

where H, p is the set of all nonisomorphic graphs with at most 2(a + b) vertices, none of
which is isolated, which contains at least one K > (the two-star) as a subgraph. Now, as in
(3.20),

Nav(H, GulVar]) Sapoarm rV 1 "Ddrge, 144,

This implies

o 1
Jim.Jin, et N, GulVa) =0

by Observation 3.1. This completes the proof of the lemma, because the sum in the right hand
2(a+b)
side of (3.24) is over a finite set (|Hy.5| < 2( 2 )).
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Finally, by similar arguments as above and (3.24),

E[(Tn+K ) Zf,z K] Z Nap(H, Gl Vi)l N <o pm 1,
HEHgb

using the bound (3.18) and because the sum is over a finite set. [

Combining the above results, we get the following proposition which shows that
+ — — .
(T;“K’M, Tn’K’M, Tn’K’M) and (TnJ’rK’M, ZnK.M> Wn’K) are close in moments.

PROPOSITION 3.1. Fix nonnegative integers a, b, c, and for M > 0. Then under the
assumptions of Theorem 1.1,

BTk a) (ko) (T ko)1= ELT e a) Zo et JEL(W, )] = O,
as n — oo followed by K — 0.

PROOF. Note that

bm— _
BT k) (Do) (T ) T = BT ke a) Z0 ke  JEL(W, )]
<h+1L+1;,

where
I = |E[(TnJ,r1<,M) (Tnj:K M)b(Tn_K M)C] - E[(Tn+]( M)a(Tnj,EK,M)b]E[(Tn_K M)C]
= }E[(Tn+K M) (Tn:tK M) ]E[(Tn_K M) ] - E[(Tn+K M) ZS,K,M]E[(Tn_K M) ]

T3 = [E[(T, k1) Zo kLT k0T = EUT, ke 00) 23 aa JELOW, )T
Now, T goes to zero (under the double limit) by Lemma 3.3, 7 goes to zero by Lemma 3.4
(and using limsupg_, o, limsup,_, . E[(7, & )1 Sa 1 by Lemma 3. 2) and 73 goes to

’

’

zero by Lemma 3.2 (and using limsupg_, o, lim supn_)ooE[(TJrK M)“ nK.M) Sab.m 1 by
Lemma 3.4). [

3.4. Convergence of moments and existence of limiting distribution. Recall from (3.21)

D
(3.25) Zn,K,M= Z Z auv(Gn)Jquu,M = Z JuXu,Ma
ueVg vevg g ueVe
where J, 1= Zvevg Kauv(Gn)Juv ~ Bin(d?, p,) and dF = ZUGV_ L @uw(G), is the

number of edges between u € VG and some vertex in Vg . Note that, by defini-
tion, {J,}, evE is a collection of 1ndependent Binomial random’ variables, independent of

{Xv}vev(Gy)- Next define, Vn K.M= ={ve VG K :dy < Mr,}. Then (3.21) becomes (recall
Xom=X l{dvern}andpn—l/rn)

(3.26) ZngkmM= Y. JuXuNBin( > dixu,—).

+ +
”eVn,K,M ueVnKM

Define Y, x m = in 2o Vik diX . The lemma below shows the existence of the limiting

mixed moments of (T KM Yn k.m)- We begin with the following definition. Hereafter, we
will assume that K > 1 is an integer. Also, denote by Wk the set of all symmetric measurable
functions from [0, K ]?> — [0, 1]. With these definitions, we now have the convergence of the
mixed moments.
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LEMMA 3.5. Fix K > 1 and M > 0. Suppose there exist functions Wg € Wk, dg :
[0, K]+ [0, 00), and measure-preserving bijections {¢, k },> from [0, K] — [0, K], such
that

(3.27) lim | WgZ'K — Wil oo,k =0

n—oo

and
(3.28) Jim / | O d¢”(’;f(u) <M} —dgw){dx @) <M}|du=0,

where
WE™ (x, y) = Wa, ($n.k (), $ux ()1{x, y € [0, K 1}
and

d¢”K(x) 1= dw, (#n,x (x))1{x € [0, K1}.

Then g p k.M = limn_)ooIE[(T,j'K M)a(Yn,K,M) | exists and is finite, for all nonnegative
integers a, b.

In the proof of Theorem 1.1, this lemma will be used with ¢, x as the identity map from
[0, K] — [0, K], for all n. However, we will need the lemma in its generality for proving
Theorem 1.2.

3.4.1. Proof of Lemma 3.5. We begin with the following definition:
DEFINITION 3.1. Given a graph H = (V(H), E(H)) (with possible isolated vertices), a
function W € W, and u € R!VUD! define

tHWuwy= ] W u).
(a,b)eE(H)

where u = (u1,uz, ..., ujvm))-

Now, recall from (3.3), T KoM= ZM’UGWK " Ay (G XuXy. Let N,f’,lz be the collection
of all (a + b)-tuples of the form o

/ /
e=((ul»vl)»---’(ua»va),ula---»“b)’
where ui, v, ..., ug, Vg, U}, ..., U, € Vg’n x»and u; # v;, for 1 <i <a. Define the event,
Xe=Wdy, <Mry,dy; <Mry,dy <Mry,foralll <i<a,1=<j<b}
J

where d, is the degree of the vertex labelled v € V(G,). Then, recalling Y, g .y =
1
n Z“EVnJ,rK,M d”iXu’

a b dﬂf
E[(T, k00 Cnken)’]= 3 E[]‘[au,mr<c;n)xu.¢xvs %Xu;]xe

n

ee./\f,f’,}é s=1 s=1
3.29 "
(3.29) . di
_ Xe
= 2 vt 1 1_[ Pusvs
eeNyg "
where H is the graph formed by the union of the edges (u1, vy), (42, v2), ..., (4y4, v,) and

: / / /
the vertices u'y, u5, ..., up,.
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Observe that
djz =dy— Y. ay;(Gp.
jevgnyK
Since u/, € V(J{”’K, there exists x; € [0, K] such that u, = [x/r,]. This implies by (1.7) and
(1.8),

1 K
(3.30) r—dij = dwy, (x;) — /0 Wa, (x5, y) dy + Ru(x}) = &n.x (x}) + Ra(x}),
n
where ¢, x (x) 1= (dw,, (x) — JiX Wa, (x,y)dy) and
[Krn]

n

(3.31) R, (x}) := —/;( Wa, (x;, y)dy.

N

Note that sup,. |R,(x)| < p,. Similarly, let x;, ys € [0, K] be such that u; = [x,r,] and vy =
[vstn 1. Then (recall (1.7))

a a a
(3.32) 1_[ Ay vy (Gn) = 1_[ Alxsry[ysrn] (Gn) = 1_[ WGn (X5, ¥s)-
s=1 s=1 s=1
Now, observe that the union of the edges (u1,v1),..., (44, v,) forms a graph H; =
(V(Hy), E(Hy)), where V(Hy) ={uy,...,uq,v1,...,0,} and

E(H) = {(u1,v1), ..., (uq, va)}.

Let H = (V(H), E(H)) be the graph obtained by the union of H; and the set of vertices
{u}, ..., up}, thatis, V(H) =V (H) U{u),...,u)} and E(H) = E(H;). Note that H has at
most a edges and at most b isolated vertices. Let {w1, wa, ..., wjy(u)} be any labeling of
the vertices in V(H), and n; € [0,b]:=1{0,1,2,...,b}, for 1 < j <|V(H)|, be the number
of times the vertex w; appears in the multi-set {u/, u}, ..., u}}. Finally, let z; be such that
w; = [z;r,]. Then using (3.30) and (3.32), for every graph H with at most a edges and at
most b isolated vertices and every vector § = (11, 12, ..., Njv(H)|), there is a nonnegative
constant c(H, ), such that the sum in (3.29) can be rewritten as

E[(TnJ,rK,M)a(Yn,K,M)b]
[V(H)|

(3.33) = Z c(H, ﬂ)f t(H,Wg,,z2) 1_[ (fn,K(Zj)—i-Rn(Zj))nj
He%, PK.n j=1
I]E[O,b]lv(H)‘

X XG,.m(2j)dzj,

where

= XG,.M(zj) = WNdwg, (zj) < M},

~ B =10, 5 [Kry VI,

- z=(21,22, -, V(D>

— &n,k (+) is asin (3.30), R,(:) asin (3.31), and ¢ (H, Wg,, z) as in Definition 3.1,

— %,.p 1s the collection of all graphs with at most a edges and at most b isolated vertices and
[0, 5]V =10, 1,2,..., b}IVEDI

Note, since the sum in (3.33) is over a finite set (not depending on n) and each term in the
integrand is bounded (by a function of H, K, and M), the integral over #x , can be replaced
by the integral over Bk = [0, KWW as n — 0o. Moreover, for every 1 < j <|V(H)|,
expanding the term (£, k (zj) + R, (z;))" in (3.33) by the binomial theorem, and using the
fact sup, | R, (x)| < pn, = 0(1), the proof of Lemma 3.5 follows from Lemma 3.6 below.
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LEMMA 3.6. Under the assumptions of Lemma 3.5, given a finite simple graph H =
(V(H), E(H)) (with possible isolated vertices), and the nonnegative integers 1,52, ...,
S|V(H)|>

[V (H)I
Jm | ey ! Wen 1) U &n,k (ua)** Ydwg, (ua) < M} dug
[V (H)I|

= t(H Wi, w) [ txa)* 1dg us) < M}dug,

V(H
[0,K]IVEDI ael

where &y k (x) 1= (dwg, (x) — [o* Wa, (x, ) dy) and tg (x) = (dg (x) — 5 Wk (x, y)dy).

PROOF. Define dy,, x (x) := [ Wa,(x,y)dy and dw x (x) := [g° Wk (x,y)dy. Ex-
panding &, x (ug)% = (dwg, (ua) — dwg, k (ug))* by the binomial theorem, for every 1 <
a < |V (H)|, we see it suffices to show that (recall B := [0, K]V,

[V (H)|
Jim | (. We,.u) 1‘[1 dwg, (ua)“dwg, & (a)* Udwg, (a) < M} dug
a
3.34
( ) |V (H)|
= / 1t W) T di () dw, i (a)* 1{di (1) < M} dutg,
for nonnegative integers k1, k2, ..., K|y (g and Ay, Az, ..., Ay (H))|-

To begin with, define
K

dps (x)—/KWG (n.k (1) y)dy=/ Wa, (fn.k (), .k (2)) dz
K 0 n s ’ 0 n s ) s s

where the last equality follows by the change of variable y = ¢, g (z). This implies,

[V (H)|
/ﬂ (CH Wa,ow) [ dwe, (10 dwg, k()™ Uduwg, (n0) < M} dug
(3.35) o=
) vun é [ é
= /Z H(H W z) [] disf Ga'edy o Hdy: " (za) < M} dz,
Pk a=1
by changes of variables u, = ¢,k (z4), for 1 <a < |V(H)|, where u = (u1,uz, ..., ujymy|)
and z = (21,22, ..., Zjv(#)|)- Therefore, by (3.34), it suffices to show that
\V(H)I 8 N 4
- n K n K a n, K a n, K
nli;go . H WG ) 1_[ d (za)" d K( Za) l{d (Za) = M}dza
(3.36)
|V (H)|
= / (CH, Wi, w) [ dica) e dw k(Y 1{di () < M) du.
a=1

Now, denote d¢” K(ualM) = da}iGK (ua)l{af¢’1 K(ua) < M}. Then by a telescoping argu-
ment similar to the proof of [8], Theorem 3.7(a), it follows that

|V (H)I
ij(t(H Wor u) = t(H, Wi, w) [T diys o)™ dye! al MY dug

a=1

(3.37)

¢n.
<muk| We. K — Wk ||D([0,K]2)'
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Moreover, recalling d%g:,K(x) — foK Wa, (dn.kx (x), y)dy = foK Wi, (bn,k (X), ¢n Kk (2)) dz,
and from the definition of the cut-distance,

sup

bn,
< [We" = Willlago k-
f:10,K]—[—1,1]

K #
fo (dwy & @) —dw,x W) f (u) du

Then, for any integer a > 1 and all f :[0, K] — [—1, 1],

K n. Kk
‘ /O (dyy k@ = dw,x @)?) f (u) du

K
< “/(; (dg))i;l(}:,K(u) - dW,K(M))dg}ZI;’K(M)a_If(u) du

(3.38)
| St k@ d @) d
) AW, K w,k @)™ )dw,k (u) f (u) du

&n,
SMH.K H WGnK - Wk ” ||:I([O,K]2)’

where the last step follows by repeating the telescoping argument a — 1 times. Now, define

|V (H)| . |V (H)| s
Ar@):=t(H, Wi, w) [] dyt gwa T dyget aldy
a=1 a=1
and
|V (H)| |V (H)| P
Arsw):=t(H, Wi, w) [] dwrx@a™ [] dy @alme.
a=1 a=1

Then repeating the telescoping argument again gives,

[V (H)|
(3.39) ‘ /j (A1) — Asw) [ dua| Swirx IWES = Wil oo k-
K

a=1

Hence, combining (3.37) and (3.39), and the triangle inequality gives,

. |V (H)| 4 5 |V (H)|
/ (Z(H, WG:K, u) H dufc’f’K(ua))”“deG’: (ug| M) — A2(“)> l_[ dug
(3.40) Bx a=1 a=1

On,
Smuk | WGnK — Wklloqo.xp)

Note that the RHS above goes to zero as n — oo, by (3.27).
Next, define dg (uq|M) := dg (uy)1{dg (uy) < M}, and note that

[V (H)| |V (H)|
‘ / <A2<u>—r<H, we.w) ] dW,KwaWdK(uuM)Ka) 1 dua
Pk a=1 a=1
|V (H)| s |V(H)| |V (H)|
G4 Sk /B [T dX@almy — [T dalmy| ] dug
Fk a=1 " a=1 a=1

K
Sov [l @lM) = di i) du,

where the last step follows by a telescoping argument (similar to Observation 3.2 below).
Note that RHS above goes to zero as n — 00, by (3.28).
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Therefore, taking the limit as n — 0o, and combining (3.40) and (3.41), and the triangle
inequality, gives (3.36), as required. [

The next observation shows that a sufficient condition for (3.28) to hold infinitely often is
the L convergence of the function dy, ¢” K to dg . To this end, we need a definition.

DEFINITION 3.2. Let D denote the set of all positive reals M such that for all positive
integers K, P(dx (Ugx) = M) =0, where Ug ~ Unif[0, K].

Note that the complement of D in (0, co) is countable, and so given any My > 0 we can
choose M > My with M € D.

OBSERVATION 3.2. Suppose

(3.42) lim |d¢" K (x) — dg (x)| dx =0,

n—oo

Then any integer a > 1,
(3.43) hm/ iy @)U dy* ) < M} — di )*Udg () < M}| du =0,

whenever M € D.

PROOF. To begin with suppose @ = 1. The assumption (3.42) implies, d¢” w )
dg (U), where U ~ Unif[0, K]. Note that E(dg (U)) < 0. (To observe this, note that for
all K > 1, [£dg(x)dx =limsup,_, o, [ d;*;g’nf (x)dx < limsup, o, 5|E(Gy)|, which is
bounded by (1.6).) Then for every sequence there is a further subsequnence {ns}s>1 along
which

dyps " () 5 dg (V).

Hence, along this subsequence, d¢"‘ (U)l{dd)’” U) < M} 3 dxg (N dg(U) < M},

whenever P(dg (U) = M) = 0, that 1ss M eD. Then by the dominated convergence theo-
rem,

ng s ng s L
d?vcf(U)l{d%an(U) <M} = dg(U)1{dk (U) < M),

proving (3.43) fora =1.
Define, dx (u|M) := dg (u)1{dg (u) < M}. Then for a > 1, a telescoping argument gives,

/ iy )" 1l X @) < MY — di ()" Udk () < M}| du
K

+ / yd“’"KW Ul ()Ll ). dig () < M) — di () Udg () < M}| du

gM,a/ |d¢"K( )1{d¢"K(u)<M} dx w|M)|du — 0,

where the second inequality follows by repeating the telescoping argument from the previous
step @ — 1 times, and the last step uses (3.43) fora=1. [
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3.4.2. Existence of limit of (Tn+K u> Ynk,m). The existence of the limiting distribution
of (T KM Y, k. m) follows from the above lemma and the Carleman moment condition.

LEMMA 3.7. Suppose the assumptions of Lemma 3.5 hold. Then there exists random
variables (TIJ{’M, Yk .m) such that, as n — oo,
(T,;LK,M, Yo k.M) = (TIJ{M, Yk M)

in distribution and in all (mixed) moments.

PROOF. Recall that V:K’M ={ve Vgn’K :dy < Mry,}. Then from (3.26),

1
Yoxkm=— Y. d;iXy<M Y X,~ MBin(

I'n

).

+ +
uevV, "k m uevV, "k m

Note that |VnJ’rK’ y| < [K/py1, which implies that Y, g » is stochastically dominated by
the random variable M Bin([ K/ p, 1, pn). This implies, since (o p x, p = limy,— oo E[an’K’M]
exists (by Lemma 3.5), forall b > 1,

. b b
(3.44) mobk.m = lim B[Y) g ] < (MCKD)”,

using the bound E[Bin(n, p)¢] < C“(lo‘;a)“ max{np, (np)?} < C%a*max{np, (np)*}, for
a > 3 and some universal constant C < o0, [22], Corollary 3.

Next, define S, k. » = 3 Zuev Zuevan’M\{u} XuXy. Then,

nK.M

).

and Tn KM= Sn.x.m. Again using |V, K y| = [Kr,] and Lemma 3.5, it follows that, for all
a>3,

(3.45) pao.k.m = lim E[(T,5% )] < lim sup E[R} u] < QCKa)™,

D (Rn,K,M

Sn,K,M = ) ) where Rn K.M "™ Bln(‘

using bounds on moments of the binomial distribution [22], Corollary 3, as in (3.44).
Combining (3.44) and (3.45) gives,

s 1 1
a=1 (Ma,O,K,M +MO,a,K,M)2“ maX{ZCKa \ CKa}

Therefore, by the Carleman condition for multivariate distributions [19, 28] (recall that the
existence of the limiting mixed moments (g p x m, for all positive integers a, b, follows
from Lemma 3.5), implies that (Tn+K > Yn kM) converges in distribution and in all mixed

moments to some random variable (TI? > Yk, m). This completes the proof. [

3.5. Deriving the limiting distribution of (TnJ’FK u>Znk,m). Let G, be a sequence of

graphs satisfying the assumptions of Lemma 3.5, with the functions W : [0, K]*> — [0, 1]
and dg : [0, K] — [0, 1]. Denote by

(3.46) Wi m(x, y) = Wk (x, y)1{max{dk (x), dg ()} < M}.

For Wk j, define its L-step piecewise constant approximation (note that it has K?L? blocks)
as follows:

a—1 a b—1 b
Wit ¥ e fee (S gl (7))

1<a,b<KL
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where
a b

(3.47) r&ya,b) = Lzﬁfl /bfl Wi p(u, v) dudv.
L YL

By Proposition A.1,

: (L) : (L)
ng%o” Wim — WK,M”D([O,KP) = ngréo” Wim — WK,M||L1([0,K]2) — 0.

DEFINITION 3.3. Given a function H : [0, K]* — [0, 1] and a positive integer N, the H -
random graph on N vertices (denoted by G(N, H)) is the simple undirected labelled random
graph with vertex set [N]:={1,2,..., N} and edges are present independently, with

(Ku Kv

P((u,v) € E(G(N,H))=H W’W) forl <u<v<N.

Fix K > 1. Let G,(lLI)( » be the W;éi,,—random graph G([Kr,], W,((L}V,), independent of
{Xvhvev(c,)- For u € [0, K], define the function

K
(3.48) Ag.yu):= <dK(u) _/0 Wk (1, v) dv)l{dK(u) <Mj}.

Define the L-step approximation of A(KL)M as follows:

a—1 a
(3.49) AP, ) = Z i@tfve ([ =ah e,
where n (a) = Lf(a 1y Ak, m(u)du. By Proposition A.1, ||A(L) —Ag,mllz,qo,xp — 0,

as L — oo.
Recall that A(G%[)(,M) = ((A(fo,)gM)(u, V)))1<u,v<[Kr,] 15 the adjacency matrix of the

graph Gn K y- Let N =[Kr,] and define

T:,L,K,M: Z A(GELI:[){’M)(Msv)XMXU’

1<u<v<N
KLu
L
nLKM—Zn() q —DXM-

LEMMA 3.8. Fix an integer K > 1 and M > 0. Under the assumptions of Lemma 3.5,
for 11,1, >0,

(3.50)

_+ —_—
lim lim Eexp{—tT, ; x gy —2Yn1.k.M)
L—oon—00 T

3.51)
1 rK K K
=Eexp{5f0 fo ¢II,K,M(x,y>dN(x)dN<y>—rzjo AK,M<x)dN(x)},

where

— {N(t),t > 0} is a homogenous Poisson process of rate 1,

— @y k. m(x,y) :=1log(l — Wi m(x,y) + Wk m(x, y)e ), where Wk is as defined in
(3.46), and

— Ak, m(x) asin (3.48).
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PROOF. Throughout the proof denote N = [Kr,]. The linear part (recall (3.50)) can be
written as

KL

(3.52) YorLkm= Y ngy@Xy@),
a=1

where X,,(a) := 5:1 l{f%] = a}X,. Note that

N
(3.53) Xn(a)’vBin<Zl”K]$u—‘:a},pn>,
u=1

and {X, (a)}1<qs<k 1 are mutually independent.
For notational brevity, take 0, = K/N = K/[Kr,]. For the quadratic term, taking an

expectation over the random graph G,(1L2< e get,
—nT.
Ele " nrkm|Xy, ..., Xn]

SO RNy,

I<u<v<N

= 1_[ (1 - W;(%;M(O—l’luv Gnv) + W};:;M(O'”M’ O'nU)e_tIX"XU)
1<u<v<N

= JI (—wy(omu, o)+ W, (ouu, ogv)e) XX,
1<u<v<N

where the last equality uses the fact that X, X, is a Bernoulli random variable. Using the
definition of WI((L}V[, the RHS above equals

KL (Xn (a))
(3.54) T (eurx@b) % [T(ox@a)\ * /,
1<a<b<KL a=1

where gy, 1k (@, b) 1= 1 — i) (a.b) + iy (@, b)e™ (recall (3.47)).
On letting n — oo, we have

(X, (1), X, ), ..., Xn(KL)} B {aN(1),dN(2),...,dN(K L)},

where {N(¢) : 0 <t < K} is a Poisson process of rate 1 and dN(a) := N(%) — N(%) ~
Pois(1/L) (by (3.53) and the Poisson approximation to the binomial distribution). Note that
{oN(1),0N(2),...,0N(KL)} is independent, since increments of the Poisson process are
independent. Therefore, by (3.52), (3.54) and the continuous mapping theorem, as n — oo,

J— _ 7+ D
(3.55) (Yoo kv Ble " Tnrkm Xy Xn]) >k 00.k.m)
where 7 & i = YKL 1, (a)dN (a) and
IN@IN (D) T (8N2(a))
orkm:= || (enrk(@b)) (@oN®) [[(@.L.k(a )
1<a<b<KL a=1

For x, y € [0, K], defining

bn.L.x.m(x,y) i=loge, .k ([Lx1, TLyl) if [Lx]# [Ly],
=0 if [Lx]=T[Ly]
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gives,

1 oN
logbrxkm== 3 ON@INb)loggy. 1 x(a.b)+ Z ( (")) log @1, 1. (a, @)
1<a#b<KL a=1
(3.56)

1
= 5‘/[\0 ¢tl L.,K, M(-x y)dN(X)dN(y)+ Z (a (a)) logcp,],L’K(a,a),

using the definition of the stochastic integral for elementary functions (Definition B.1).
To begin with we consider the first term in (3.56) above. Recall the definition of
&1, k,m(x,y) from the statement of the Lemma 3.8. Using

. L
(3.57) Jim | Wi = Wiy ok =0

and the dominated convergence theorem (note that the functions ¢, 1 k. m and ¢ x m are
bounded above by log(l + e~ ') and bounded below by —t1), gives lps L.k m(x,y) —
& kM (x, y)||L1([0,K]2) — 0, as L — oo, for every t; > 0 fixed. Then, by Proposition B.2,
as L — o0,

1 1
658 5 [ bk AN@ANG) S [ b ko) N AN ).

Next, consider the second term in (3.56): Using IE(BNZ(“)) < 1/L? and sup, |log¢y,.1 .k (a,

a)| < Sy 1 gives,
ON(a 1
ZE( ( ))10g<ﬂr1 Lk@a) Sk 7
L
a=1
Therefore,

KL
dN L
(3.59) 3 ( 2(a)> log @i, L.k (@, a) = 0,

a=1

as L — oo. The limits in (3.58) and (3.59) combined with (3.56) gives,

p 1
(3.60) logby x.m 5> = ] b1k (x, ¥) AN () AN ().
2 J10,k71?

Similarly, as L — oo,

K
(3.61) VLK.M —Zn“’ (@3N (a) > fo Ag,p(x)dN (x).

Combining (3.60) and (3.61) w1th (3.55), and another application of the dominated conver-
gence theorem completes the proof of the lemma. [J

Next, we show that the limiting distribution of (Tn+K > Yo,k M) 1s same as that of

—+ = .
(T, . x.m>Ynr k m) derived above.

LEMMA 3.9. Fix K, M > 1. Under the assumptions of Lemma 3.5, (TF WKMo Yo k.m)
converge in distribution and in moments, as n — 00, to (TK’ u> Yk, M), with joint moment
generating function

Eexp{—tlTI}LM — Yk M}
(3.62)
—Eexp{ / / G k. (x. V) AN () AN () — 1 / Ak M(x>dN<x>}
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with t1,tp > 0, Ax m(-), {N(@),t >0}, and ¢, k,m(-,-) are as defined in Lemma 3.8.
Moreover, (T KM Z,. k.M) converge in distribution and in moments, as n — 00, o

(TK m» LK, M), with joint moment generating function

Eexp{—tlTI}"M —0Zk.m)
(3.63)
—Eexp{ f / ok Y) AN AN () — F> f Ax. M<x>dN<x)}

where th =1 — e 2.
PROOF. We begin by computing limy _, oo lim,, _, oo E[(T:,L’K’M)“(Y,Z,L,K,M)b]. To this
end, let le,’b be the collection of all (a + b)-tuples of the form

€= ((Ml’ vl)’ LN} (udv Ua)in/], "~au;7)a

where ui, vi, ..., uq, Vg, u}, ..., uy €[N1:={1,2,..., N}, and u; < v;, for I <i <a. Then
recalling (3.50), it follows that

E[(T:—,L,K,M)a(?n,L,K,M)b]

K Lu,
= Z E|:1_[A ilLI)(M (MS’US)XMAXUA Hn(L) (’77?—‘>Xu;:|

eEN;\I,b s=1 s=1
(3.64)
R a KLu'
— (L) (L)
ee./\/’,f,‘b "n
Kug Kuvg\ KLu
(L) s s (L) K
= 1% —s
Z V(H l_[ KM( ) )H’?K,MQV —D,
Nabrl ( )| N N ol N
where H is the graph formed by the union of the edges (u1, vy), (42, v2), ..., (Ugq, v4) and
the vertices u), u, ..., u;. Note that since u} € [N] = [[Kr,1], there exists x; € [0, K] such
that u}, = [x/r,]. This implies
KLy KL[x!r,]
(L) s (L) s'n (L)
(3.65) UK,M(’V v Y—Dan’M(’Vﬁ—D AnKM( /)

Similarly, let xg, ys € [0, K] be such that uy = [xs7,,| and vy = [ysry,]. Then
Ku;, Kv K [xsry] K|_)7srn-| 2
(L) s s (L) sn . (L)
(3.66) WK,M< N T) = WK,M( N N > =W, & (Xss Vs)-

Now, let {wy, w2, ..., wvx)} be any labelling of the vertices in V (H) and z; be such
that w; = [z;r,]. Then, as in (3.29), using (3.65) and (3.66), for every graph H with at most

a edges and at most b isolated vertices and every vector n = (91, 12, ..., N|v(H)|), (3.64) can
be rewritten as,

E[(T:,L,K,M)G(Yn,L,K,M)b]

[V (H)
=T 3w [ ) T1 A

HeY, b pe[0,b]1VHI

(3.67)

where, as in (3.33), Z , := [0, LELIVID] 2 = (21, 20, ..., 2y, 1(H, -, 2) s as defined
in Definition 3.1, and ¥, is the collectlon of graphs with at most a edges and at most b
isolated vertices, and [0, b]VUDI .— {0,1,2,..., b}V,
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Now, since the sum in (3.67) is over a finite set (not depending on n) and each term in the
integrand is bounded (by a function of H, K, and M), the integral over %k , can be replaced

by the integral over Zx = [0, K]V ) as n — co. Moreover, note that the functions A(LI){ M

and W( Ig u converge in L([0, K]) and L ([0, K1? ) to A(KLM and WK  respectively, as
n — 00. Then using a telescoping argument as in the proof of Lemma 3.6, it follows that

lim E[( n,L,K, m)’ (Yn,L,K,M)b]

n—oo
(L) ! (L)
= ). ) C(H’")// t(H, Wgaz) [T Axu@)" dzj.
HeYa b n=(n1,m2,....nv (a1 €10,6]1V I #x j=1

Next, recall that A(KL)M and WI((LL[ converge in L1([0, K]) and L{([O, K1?) to Ak .y and
Wk m respectively, as L — oo, and so we have

lim Tim B[(T, ; x)" Fnr.k.00)’]

L—oon—00
|V (H)
= Y A, n)f (H, Wi ) ] k(e dz;
He9,p j=1
n€l0,b]1V DI
= > e[ 1H W)
He%Y, Zk
nel0,b]1V DI

(recall (3.46) and (3.48))

[V (H)I

< T] (dm,)—f Wiy, 0)d0) (e dz;

j=1
(3.68) = lim IE[( wewm)” Yo x.m)?],

where xx m(z;) := l{dg(z;) < M} and the last step follows by combining (3.33) and
Lemma 3.6.

The equality of the limiting joint moments in (3.68) and Lemma 3.8, implies, by a diago-
nalization argument, that for every fixed K, M > 1 and #, , > 0, we can find sequences 7 ;
and L ; both increasing to +00 as j — 00, such that

(.69 lim n E[(T,), 1, x.)" Wy k00’ = Em BIT g ) Ongan)”] = pa s
for all nonnegative integers a, b, and,

. =t v
lim Eexp{—n Tn,,LJ«,K,M - lenj,L_,-,K,M}
J—>00

(3.70)
—Eexp{ f / bu k. () AN (D) AN () — lz/ AxMu)dN(x)}

By Lemma 3.7 and (3.69), 4.5 = E[(TEM)“ (YK,M)I’], and these mixed moments satisfy the

Carleman moment condition. Hence, by (3.69), (T:lrj’Lj’K’M, Ynj,Lj,K,M) 2) (TI:M, Y. m)
as j — o00. The result in (3.62) then follows from (3.70).
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For (3.63) we compute the joint moment generating function of (Tan M Zn K. M):
Efexp{—n TnJ,rK,M - tZZn,KvM}KXv)veij M]

=exp|{—1 TnJ’FK,M}E[exp{—tzZn,K,M}|(Xv)vevn+,K’M]

x Xudy
(recall (3.26)) —exp{—11T; ¢ g} (1= pa(1 — e72)) 7w

Hence, using (T,;LK’M, Yo.x.M) £> (T;M, Yk.m), as n — oo, and the dominated conver-
gence theorem,
+ + —ty\) KM
Elexp{—t1T,"x y — 2Zn. k. m}] = E[exp{—11T, 4 p, }(1 — pu(1 —e772)) " 1
— Elexp{—# TI_;M}GXP{YK,M(E_IZ - 1)}].

Note that, by (3.62), the RHS of (3.71) is the moment generating function of (TI_<|—, > Yi. M)
evaluated at the points —#; and —(1 — ¢2). This implies, (TanvM, ZnK.M)— (TEM, Zx.Mm)
in distribution and in moments (by uniform integrability, using Lemma 3.4), where the joint
moment generating function is given by (3.63). [

(3.71)

3.6. Completing the proof of (1.13) in Theorem 1.1. We now combine the results from
the previous sections and complete the proof of (1.13).

LEMMA 3.10. Fix M > O large enough. Under the assumptions of Theorem 1.1,
(T:K m> Zn,k,M) converges to (TA',IF, Zy) under the double limit as n — oo followed by
K — oo, in distribution and in moments, where the limiting moment generating function is
given by

Eexp{—tlTJ —0Zyu}

(3.72) | oo pos e
=EGXP{5/O /o ¢r1,M(x,y)dN(x)dN(y)—t2/0 AM(X)dN(x)},

for t1, tr > 0, where

—fhi=1—e¢n

- ¢y m(x,y) :=log(l — W(M)(x, y) + W(M)(x, y)e "), where W(M)(x, y)=W(x,y) x
Hd(x) < M,d(y) < M}, with W : [0, 00)> — [0, 1] and d : [0, 00) — [0, 00) as in the
statement of Theorem 1.1, and

- Ay (x) == dx) = [5° W(x, y)dy)l{d(x) < M}.

PROOE. Let W : (0,00)% — [0, 1] and d : [0, 00) — [0, 00) be as in the statement of
Theorem 1.1. Define Wk (x, y) := W(x, y)1{x,y € [0, K]} and dg (x) :=d(x)1{x € [0, K]}.
Then the conditions (1.11) and (1.12) imply that the sequence of functions {Wg}x>1 and
{dx}k>1, satisfy the conditions (3.27) and (3.28), where ¢, x the identity map from [0, K]
to [0, K], for all n > 1. Therefore, by Lemma 3.9, (TnJ’rKvM, Z,.x.m) converge in distribu-

tion and in moments, as n — 00, to (TEr u> Zk,m). Thus, to prove the lemma it suffices to

compute the limiting distribution of (TE v Zk,m) as K — 00.
To this effect, using Observation 3.3 below, gives, for any #; > 0

K K o0 o0
//d),l,K,M(x,y)dxdye/ / o (x. y)dxdy,
(3.73) o Jo o Jo

K oo}
/ AK,M(x)dx—>/ Ay (x)dx,
0 0
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as K — oo. Also, noting that ¢, m(x,y) < ¢ k,m(x,y) for all x, y, it follows that
limg o0 |0r, k.M — ¢11,M||L1([0,oo)2) = 0. Similarly, using (3.73), it can be shown that
limg oo Ak M — AmllL,(10.00)2) = 0- This implies (using the convergence of stochastic
integrals in Proposition B.2), as K — oo, that

K K 00 0
f f Bur.k.31 (s ) AN (x) AN () 2 f / 1,16, ) AN (X) AN (),
0 0 0 0

K L o0
/ AK,M(x)dN(x)—>/ Ay (x)dN(x).
0 0
Therefore, taking limit as K — oo in (3.63) we see that the moment generating function
converge to the RHS of (3.72) (using the convergence of the stochastic integrals above and

the dominated convergence theorem). This shows, (TI}” > ZK.M) i)) (T, Za), as K — o0,

with the joint moment generating function of (TA}r , Zyr) given by (3.72). To see that this
convergence is also in moments, recall from Lemma 3.4 that

limsuplimsup E[(T, ¢ 1,)* (Zn.&.01) "] Sabom 1.
K—oco n—>0o0

Therefore, by uniform integrability, the convergence in moments follows. [

Combining the results above we can now derive the limiting distribution of (7" WK M
Znk.M» W, g),asn— oo followed by K — 0.

LEMMA 3.11. Let (T}, Zy) be random variables with joint moment generating func-
tion as in (3.72). Then, under the assumptions of Theorem 1.1,

_\ D
(TnJ,rK,Mv Zn,K.M> Wn,K) - (TA}L» Zu, W),
in distribution and in all (mixed) moments, as n — oo followed by K — 0o, where W ~

Pois(Ag) and W is independent of (TAJ,;, Zy).

PROOF. By (3.63) and (3.72), as n — oo, followed by K — oo, for #1, 1, > 0,

Elexp{—t1T, x vy — 2Zn.k 1]
(3.74)
QECXP{ / / ¢n.m(x,y)dN (x)dN(y) — l2/ AM(X)dN(X)}

where 7 = 1 — e2. This shows (Tan’M, Znk.M) LA (T4, Zm), as n — oo followed by
K — o0, with joint moment generating function as above.
Now, recall the definition of W,  from (3.5). By definition, W, r is independent of

(TnJ’rK M Zn,k,m) and W,: K 2) W ~ Pois(X1g) (by condition (a) in Theorem 1.1). Therefore,

_\ D
(TnJ,rK,M’ Zn,K.M> Wn,K) - (TAJ/; Zu, W),

as required.
Finally, by Lemma 3.4 limsup _, o limsup, , o EL(T,," ¢ ,)*Z2 ¢ 11 Sap.m 1, and by

Lemma 3.2 limsupg _, , limsup, , .  E[(W, K) T Sc.m 1, for all positive integers a, b, c.
Therefore, by the Cauchy—Schwarz inequahty,

E[(T; % ) 2kt Wi )] = EL(T a0 2% s JEL(W ) )2 S 1.

Then by uniformly integrability the convergence of the mixed moments follows. [J
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The above lemma implies that T, K utZnkm+ W,1 x> TJr + Zy + W, in distribution
and in all moments. Then by Propos1t10n 3.1 (recall (3. 2))

(3.75) Tt =Tk i+ Tir+ ot = Toy +Zu + W,

in all moments. Convergence in distribution follows by verifying the Carleman moment con-
dition for TA',; + Zy + W, as follows:

LEMMA 3.12.  Fix M > 1. Let (T, Zar) be random variables with joint moment gener-
ating function as in (3.72). Then, under the assumptions of Theorem 1.1,

Tom— Ty +Zu+W,

in distribution and in all (mixed) moments, as n — 0o, where W ~ Pois(Lg) and W is inde-
pendent of (T3, Zup).

PROOF. The convergence in moments follows from (3.75). To establish convergence in
distribution we need to verify the Carleman moment condition. To this end, let G, s be the
graph obtained from G, by removing all vertices with degree greater than Mr, along with
all the edges adjacent on them. Then observe that, fora > 1,

a —_ a -
(3.76) ET)y = > V] < ). v
(u1,01),(U2,02),., (a, V) EE(G pp) T HeH, n
where H is the graph formed by the union of the edges (uy, v1), (u2,v2), ..., (44, v4), and

"H, the collection of all nonisomorphic graphs with at most a edges and no isolated vertices.

Now, using N (H, G, m) < LE(G) ") (Mr)IVEDI=2v(H) where v(H) is the number of
connected components of H, and (1.6), it follows that there exists some constant C; > 0 such
that, for n large enough, W < C"M'V(H)| wH) < CaMza since |V(H)| < 2a and
v(H) <a,for HeH,. Fmally, using |Hy| < C%®t! < (2C)%a?, for some constant C > 0
[5], Theorem 5, we get

(3.77) = lim ET;), < C{20)* M*a*.
This shows that

> 1 iy |

YT RM) =

a=1 Mé“ a=1 a

which verifies the Carleman moment condition and completes the proof. [

By monotonicity, as M — oo, there exist random variables (T, Z) such that (T,

Zm) 2 (T, Z), with joint moment generating function (which is obtained by taking the
limit as M — oo in (3.72) and using Proposition B.2),

Eexp{—t1T+ — ZQZ}

(3.78)
EGXP{——/ f Pw.n (x, y) AN (x)dN (y) — tzf A(X)dN(X)}

where ¢w ;, (-, -) and A(-) are as defined in the statement of Theorem 1.1. (Note that
0 o o0
/ / ow. (x,y)dN(x)dN(y) <oo and / A(x)dN(x) < o0
0o Jo 0

almost surely, by Observation 3.3 and finiteness of stochastic integrals for L; integrable func-
tions.) Thus, Ty := TAJ,; + Zy + W converges in distribution to T :=T+ + Z + W, as M —
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00, where W 2 Pois()o) is independent of (T, Z). Therefore, using T, = T, p» + 0p(1),
where the op (1)-term goes to zero as n — oo followed by M — oo (recall Lemma 3.1), and

Lemma 3.12, it follows that T, B) Tt + Z + W, where W ~ Pois(1g), W is independent
of (T, Z), and the joint moment generating function of (T, Z) is given by (3.78). This
completes the proof of (1.14).

The finiteness of the integrals of W and d, required in the proof above, is established
below:

OBSERVATION 3.3.  With W(-,-), d(-), ¢y, as in the statement of Theorem 1.1, the fol-
lowing hold:

@ fo° Joo W(x,y)dxdy < oo,
®) 57 Jo7 low. (x, Y)|dxdy < oo,
(©) fo°d(x)dx < oo.

PROOF. Fixing K > 1, gives —|E(Gn)| > |E(G+K)| = 3 fo.xp2 Wa, (x, y) dxdy,
which on letting n — oo along with assumptlon (1 1 1), gives

/ W(x,y)dxdySlimsup—2|E(Gn)|.
[0,K]? n—oo Iy

Since this holds for every K > 1, letting K — oo along with monotone convergence theorem
gives

|E (Gn)l

}’l

/ W(x,y)dxdy <hmsup =0(),

[0,00)?

by (1.6). This completes the proof of (a).
The conclusion in part (b) follows immediately by invoking part (a) and noting that 0 <
¢W 4] ()C }’) ~H W(X, )’)
To show (c), note that by condition (1.12), for K, M large enough,

|E(Gn)

2
Iy

K K
/ d(x)1{d(x) <M}dx = lingof dw, (X)1{dw, (x) <M}dx <limsup
0 n— 0 n n

n—oQ
Taking limit K — oo followed by M — oo on both sides, gives
|E(Gp)

2 )
r}’l

(o6
/ d(x)dx <limsup
0

n—oo

from which the desired conclusion follows on using (1.6). [J

4. Proof of Theorem 1.2. We begin by recalling that Wx is the set of all symmetric
measurable functions from [0, K]> — [0, 1]. Denote by Mg the set of all measure preserving
bijections ¢ from [0, K] — [0, K]. Moreover, for any function ¢ € Mg, let We(x, y) =
W(p(x),d(y)) and f¢(x) = f(¢p(x)),for W € Wk and f : [0, K] — [0, M]. The following
proposition shows the joint sequential compactness of the cut-metric and the L distance.

PROPOSITION 4.1. Fix K, M > 1. Then given a sequence of measurable functions W, €
Wk and a sequence of measurable functions f, : [0, K] — [0, M], there exists a subsequence
{ngs}s>1 such that,

lim inf {| W;ﬁ - Wk ||D([0,K]2) + | f:i - Jx HLl([O,K])} =0,

S—)OOqjeMK

for some Wi € Wk and fx € L1([0, K]).
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The proof of the proposition is given below in Section 4.1. First, we use it to complete
the proof of Theorem 1.2. To this end, suppose (1.6) holds and 7;, converges in distribution
to a random variable 7. Begin by labeling the vertices of G, in nonincreasing order of the
degrees. Now, fix M € D (as in Definition 3.2) and recall the definition of 7, 3y from (1.17),

and use Lemma 3.1 to note that T,, 2) T, under the double limit as n — oo followed by
M — oo. Next, fix K > 1 and recall from (3.2),

(4.1) Tt =Tk i+ Tk + To kot

We will now proceed to find a subsequence {ns};>1 along which the RHS above will have a
limiting distribution in the form (1.13).

To begin with, observe that [¢° [° Wg, (x, y)dxdy < |E(G")‘ < 1 by (1.6), for n large

enough. Therefore, for every K > 1 fixed, there exists a subsequence depending on K such
that

/\O(K):znlgr;d/]( /K Wg, (x, y)dxdy

exists along that subsequence. Therefore, refining the subsequences at every stage and by a
diagonalization argument, there exists a common subsequence {n;}s>1 along which

hm — / We,, (x, y)dxdy = 2o(K),

§—>00 2

for every K > 1. Now, note that

rM(K+1) = I—IIEOZ/;(H -/K—H Gy, (X, ¥) < hm 2/ / Wg,, (x,y)dxdy
= Ao(K),

which implies

4.2) Ao = hm M(K) = hm 11oo / f Wg,, (x, y)dxdy

—>005—>

exists.
Next, applying Proposition 4.1 on the functions

Wi, k.m(x,y) :=Wg,(x, )1{x,y € [0, K], dwg, «(x) <M, dw, ,(y) <M}
and
dwg, .k (x|M) :=dw, (x)1{x € [0, K], dwg, (x) <M},
gives a sequence of functions ¢, x € Mg and a subsequence {n,}s>1 such that,

Png. K Gng, K
Jim [We ko — Wemlogo.xpy and “dWc s CIMD = di vl go.x1) =0

for some Wk y € Wk and dg pm € L1([0, K]). This shows that, along this subsequence the
assumptions of Lemma 3.5 are satisfied, therefore, by Lemma 3.9, along this subsequence

(4.3) T, ko + Zngkom = Jikm + 2k M,

in distribution and in moments, where the joint moment generating function of (Ji g u,
Jo.k.m) 1s given by: For 11,1 > 0,

Eexp{—t1J1,xk,m — 2J2,k,m}

—ECXP{ / / w1y (x, y) AN (x) AN (y) — tzf AKM(X)dN(X)}

with
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—h=1—e¢2,
= P pn (X, ) 1= log(l — Wk m(x,y) + Wk m(x, y)e ),
- Ag m(x) :==dg m(x) — [5° Wk m(x, y)dy.

Now, by the convergence in moments and Lemma 3.4, for every integer r > 1,
E[(J1.k.m + 2k ] = lim (T g+ T o) 1 S 1.

Therefore, there exists a subsequence {K} ;> such that as j — oo, Ji k;, m + Jo.k;,M —

Juy, for some random variable Jy; € P(W, F) (recall Definition 1.2), in distribution and in
moments. Therefore, refining the subsequence in (4.2) and (4.3), and using the independence
of T W Kj.M + Zy,, KM and W LK} it follows that, as s — oo followed by j — oo,

T ko T Zngkym + Wy g = Ju + Jo,
in distribution and in moments, where Jy ~ Pois(1¢) and Jy independent of Js, for all M €
D. Then by the proof of Lemma 3.12, it follows that as, s — oo followed j — o0,

Tn+K M+T om Tk M_>JM+J0

Now, as Tj,, m £> T, when s — oo followed by M — oo, recalling (4.1) we get, Jys + Jo 2)

J+ D 2 T, as M — oo, where J is independent of Jy and J € P(W, F), since Jy €
PW, F).

4.1. Proof of Proposition 4.1. Without loss of generality, we assume K = M = 1. Here-
after, we fix L > 1. Then, we have the following:

e For the graphon W, € W by the weak regularity lemma [8], Corollary 3.4, we can find
a partition I, 1 = {my 1 (i)}ic[g, Of [0, 1] into measurable sets, with g, <_r 1 (a constant
depending only on L), such that

1
(4.4) Wi — Wa,Lliogo, 12) = T
where
.. 1
Wn,L(X,}’)=an,L(l»J)=m/ W, (x, y)dxdx,
1 ] 7'[,'X7Tj

for x € m; and y € ;. (Here, A(A) denotes the Lebesgue measure of a measurable set
A C [0, 1].) Moreover, the partitions can be constructed in such a way that I, ;11 =
{70, L+1()}aelqg, 1) 18 a refinement of IT,, ;. (by [8], Corollary 3.4).

e Similarly, for the function f,, there exists a partition I';, 1 = {y,,L(i)}ie[,) Of [0, 1]
into r, Sz 1 (a constant depending only on L) measurable sets and a vector zy, 1 =
(2 f,,.(i))ie[r,] With entries in [0, 1], such that the function

1
(4.5) N E () F . — () dx ifx € yus (i),
L furL Az by Ju Yn,L
satisfies
1
(4.6) I fu — oLl o1y < —

I
Moreover, as before, the partitions can be constructed in such a way that I';, 141 =
{¥n,L+1(@)}aelr; 1) 18 arefinement of [ 1.
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Given the partitions I, ; = {7, 1 (i) }ie[g,1 and 'y 1 = {¥n,L (D) }ie[r, ], the class of sets

{gn,L(il, i7) 1= nn,L(il) N y”’L(iZ)}ilE[qL],ize[rL]’

forms a partition of [0, 1], which refines both the partitions IT, ; and I',, ; (with possibly
some empty sets). Relabel the sets {0, 1 (i1,12)}iie(grLirelrr] DY {0n,L()}ielgrr) bY tak-
ing a bijection from [qr] % [rr] — [grrr], and denote this partition of [0, 1] by ©,, 1 :=
{0n,L (D) }ictgrrr1- Now, setting B, 1. (i) := A(6,,.(i)), there exists a measure preserving bijec-
tion ¢y 1, : [0, 1] — [0, 1] such that the interval

a—1 a
(Z Bn.L(), Z,Bn,L(i):| maps to the set 6, 1 (a),foreach 1 <a <qrrr.
i=1 i=1

Thus, the functions W¢”LL and f,} On.L are both step functions on [0, 1] and [0, 1] with intervals
and rectangles as steps, respectlvely Then, we can find a common subsequence {rn;};> along
which the sequence of vectors

. 2
({'B”S»L(l)}ie[quL]’ BW,,Y,L, ans’L) € [0, l]quL+qL+FL

converge. (Here, we consider By, 1 as a vector of length q%.) In particular, this means

that along this subsequence the functions W¢" L and f OnL ; converge almost surely to step
functions Wy : [0, 11 — [0, 1] and fr:10,1] = [0, 1], respectively.

Now, let (U, V) ~ Unif([0, 1]%), and let F; denote the sub-sigma algebra of Z([0, 11%)
(the Borel sigma algebra on [0, 1]%) generated by the collection

i1—1 ir—1 i2
{ {Ue(ZﬁL(n Zﬁm)“ {Ve<ZﬁL(j),ZﬂL(j)“,il,ige[qm]},

j=1 j=1 j=1 j=1
where B (i) = limg_ o0 By, .1 (i) for i € [grr,]. Since the partition
®n,L—i—l == {en,L—H(i)}

is a refinement of ®, ; = {6, 1(i)}ic[g,r, - it Tollows that {F} }; > is a filtration. Also, the
construction implies that for any (x, y) € (0, 17? such that

i1—1 i ir—1 9]
(x,y) € ( > BL(), ZﬂL(j):| X < > BL(). ZﬂL(j):| where 1 <iy,io <qrri,

i€lgr+1rr+1]

j=l1 j=1 j=l1 j=1
we have
WL(X, }7)
i1—1 ir—1
—E<WL+1<U VW, ve (Zﬂm) Zﬁm)} (Z BLO): ZﬂLmD
j=1 j=l1
and

i1—1
fLx)=E (fm(U){Ue (Z L) Zﬁm)])

a=1

Thus, both W, and f; are bounded martingales with respect to the filtration {¥7}7>1, and
so they converge almost surely and in L to functions W, and f, as L — oo, respectively.
Therefore, by the triangle inequality,

4.7) ¢3§]{H W = Weoll ooy + 12 = fooll, oy} < S1+ 52+ s,
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where S;, S», S3 are defined as follows:
Sp:=] Wrﬁns’L - W:f_)fiL lgo. i) + 1" = fri'tSLL Ly = %
where the last inequality uses (4.4) and (4.6). Next,
S = || Wi}tSL’L - WL ||D([O,1]2) + || f,fin,sL’L - fL ||L1([0,1])
<| Wi}tﬁiL ~ Wl qoap * | frin,sL'L — felz,qo.ap

which goes to zero as s — 00, using the fact that W;i "ot and f,fi "t converges in L to W,
and fr, respectively. Finally,

83 : =W — Weollgqo,112) + 1/ — foollLiq0,11)
< ”WL - W00||L1([0,1]2) + ”fL - fOO||L1([0,1])7

which goes to zero as L — oo, using W, 4 W and fr 4 f. Putting together the above three
bounds with (4.7), and taking limit as s — oo followed by L — o0, the result follows.

5. Proofs of corollaries. In this section we prove Corollaries 1.3, 1.4, and 1.5.

5.1. Proof of Corollary 1.3.  As {G,},>1 is a sequence of dense graphs, assumption (1.6)
implies that r, = 1/p,, > Cn, for some constant C > 0, when 7 is large enough. Therefore,
by the definition in (1.7), W, is zero outside the box [0, al?, where a :=1 /C. Hence,

1 [e.e] 0
5.1 lim lim —/ / Wg,(x,y)dxdy =0.
2Jk Jk

K—oon—>o0
We begin by showing that W vanishes Lebesgue almost everywhere outside the rectangle
[0, a]%. To see this, let f(x) = 1{x > a} and g(x) = 1{x < a} for all x > 0. Fix L > 0, and
observe that:

a+L pra
dxdy = _ d
(5.2) /a /0 Wy drdy f[o,a+L]2(W(x’y) W, (x, ) f(x)g(y)dxdy

<IW —=Wg,llqqo.a+L72)-

Since the RHS of (5.2) converges to 0 and W > 0, W must vanish Lebesgue almost every-
where on the rectangle [a,a + L] x [0, a]. This means, since L > 0 is arbitrary, W van-
ishes Lebesgue almost everywhere on [a, 0o) X [0, a]. Interchanging the roles of f and g,
it follows that W vanishes Lebesgue almost everywhere on [0, a] x [a, 00). Finally, taking
f(x) =g(x)=1{x > a}, for all x >0, and proceeding as above, we can show that W van-
ishes Lebesgue almost everywhere on [a, 00) X [a, 00), as desired.

Now, fix K > a such that | Wg, — Wiloqo.xp2) = 0- Next, let dw (x) = fooo Wx,y)dy =
Jo W(x, y)dy. Then, we have

K
lim [ (dwg, (x) —dw(x))*dx — 0.

n—oo 0

This is because, [|Wg, — Wllgo,x32) = 0 implies that

Kd 2 dx Kd Zdx and Kd d dx Kd 2 dx
fo We, () »/0 weo2dx an /O We, (V) (x) e/o w (02 dx.

Then, by the Cauchy—-Schwarz inequality, ||dw;, — dwllz,0,x7) — O, for all K > a such
that [Wg, — Wlgqo,x12) — 0. This shows, condition (1.12) holds with d = dw, for M € D
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(recall Definition 3.2). Therefore, A(x) := dw(x) — f0°° W(x,y)dy =0, and the result in
(1.16) follows from Theorem 1.1, with A =0 and Ao = 0 (by (5.1)).

To show (b), note that for any sequence of dense graphs {G,},>1, there exists a con-
stant @ > 0 and a subsequence {n;};>; along which lim;_, SD([O’a]z)(Wan, W) =0, for
some W € W, (by the compactness of the metric 5 42y in the space W, the space of

all symmetric measurable functions from [0, al* — [0, 1] 8], Proposition 3.6). This implies,
recalling (1.10), there exists a sequence of measure preserving bijections {¢,;};>1 such that

. &n; . ..
lim; o || WG,,'; = Wloqo.ap) = 0. Therefore, by part (a) (recall the discussion in the second

item in Remark 1.2 and Lemma 3.5), along this subsequence Tn]. 2) Q1, where the moment

. . . . . C D . .
generating function of Q1 is as given in (1.16). This implies 7, = Q1, since, by assumption,
T, converges in distribution, as required.

5.2. Proof of Corollary 1.4. Note that (c¢) = (a) is immediate from Theorem 1.1. Hence,
it suffices to show that (b) = (c¢) and (a) = (b).

We begin with the proof of (b) = (c). Denote by K 2, the two-star graph and let V), :=
{veGy,:dy < Mr,}. Then

(5.3) Var(Ty.a1) = (1 — p2)ET01 4+ 2p>(1 — p)N (K12, GalVar]).

where N(Ki2,G,[Vy]) is the number of two-stars in the subgraph on G, induced
on the vertex set V)s. The conditions

lim hm E(T,.m) = and hm lim Var(T, y) =
M—ocoh—> M—ooh—>00
mean, lim 7, oo limy, 00 P2 N (K12, Go[Var]) = 0. Letting
o0
sy, (X) = /0 Wo, (v y)1{dwg, () < M. dy,, (v) < M} dy.
then gives,

o0
6 [ i (074 S PN (Ki2. GalVir) + P E G| = 0,

under the same double limit, where we invoke (1.6) to deal with the second term.
We will now verify condition (1.12) in Theorem 1.1. To see this, observe

g, (e, (¥) = M} =i, )+ [ W, (5.9 dwg, () > M} dy

1 9]
=< dWG,,[vM](x) + I /0 dWGn (y)dy.

Therefore,

K
/O dwg, ()*1{dwg, (x) < M}dx

<2 [ gy (P 5+ 5 / ([ de,,(y)dy)2

2
=2 f gy (P 4 o (f de,,(y)dy)
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Now, under the double limit n — oo followed by M — oo, first term in the RHS above goes
to 0 by (5.4), and the second term goes to 0 by (1.6). This gives,

K
. . 2 _
Mlgnoo nll)rrgo/O dwg, () Udw,, (x) < M}dx =0.
Therefore, by the Cauchy—Schwarz inequality,

K
(5.9 lim lim / dwg, () Ndwg, (x) < M}dx =0.

M—oon—> Jo

This implies, limsup,_, . 5. dw,, (x)l{dWG” (x) < M}dx =0, for all M, since

hmsup dWGn () {dwg, (x) < M}dx
n—oo
is nondecreasing in M. This shows (1.12) with d = 0.
Next, we will show that lim,— 0 [|Wg, |1, (0, x12) = 0, for every K > 0 (which implies
(1.11) holds with W = 0, since lim,— 0 [|Wa, lq(0, x12) < iMp—oo IWa, I, 0. x72) = 0)-
To this end, we have

[, o Wonte. vy dxay

dWGn (.X)

< f We, (x, ) {dw;, (x) <M}dxdy +
[0,K1? [0,K]?

dx dy

K K K
:/0 dwg, () {dwg, (¥) < M} dx + M/o dwg, () dx.

On letting n — oo followed by M — oo, the first term above converges to 0 by (5.5), and
the second term converges to 0 by (1.6). This implies W, converges to 0 on L([0, K 1%,
verifying condition (1.11) in Theorem 1.1 with W = 0.

Finally, we verify condition (a) of Theorem 1.1. Using (3.1) note that for all K large
enough there exists an integer n(K), such that if n > n(K), we have d, < r,, for all v €
[[Kr,] + 1, n]. In particular, for M > 1 this implies

(0] [ee] o o0
< [7 [ Wo,utrvaxay— [ [T We, vy dxay
0 0 ’ K K
00 K
<2 [ Wo, (e 01ldwg, () < M) drdy
0 0

K
= 2/0 dwg, (O1{dw,, (x) < M) dx

which converges, under the double limit, to 0 by (5.5), for every K > 0 fixed. Hence,

lim lim — / We,(x,y)dxdy = 11 lim — / Wa, y(x, y)dxdy

K—>oon—00 2 —S>ooN—>00 D

= lim lim IETnM A,
M—oon—>0

verifying condition (a) of Theorem 1.1. This completes the proof of (b) = (c).
To prove (a) = (b), recall the definition of 7}, s from (1.17), and use Lemma 3.1 to note

that Ty, p i)> Pois(A), under the double limit as n — oo followed by M — oco. Now, by a
diagonalization argument, given any subsequence we can find a further subsequence {n;} ;>
such that u, p :=1im;_, ET,fj ) converges, for all a > 1, by uniform integrability, since
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the moments sup,, .y IET;” v Sma 1, are bounded (recall (3.77)). Recall from the proof of
Lemma 3.12 that the moments {4 ar}qa>1 satisfy the Carleman moment condition. There-
fore, along the subsequence, To;m — Tu, in distribution and in moments, for some random
variable T);. Finally note that the random variables T, j.M are nondecreasing in M, and so
the sequence {7y} a1 is stochastically increasing, and converges in distribution to Pois(1).
Then, by the monotone convergence theorem, E(Tnaj’ ) converges to E(Pois(1)?), for all in-

tegers a > 1, under the double limit. In particular, (b) follows from convergence of the first
two moments.

5.3. Proof of Corollary 1.5. Define Y; := X;1{X; <1}, for 1 <i < n, and denote by

1
Li=35 2. @Gl

1<u,v<n

To begin with, note that the event {|7,, — 7,/| > 0} is contained in the following event: there
exists (u, v) € E(Gy,) such that either {X,, > 2 and X, > 1} or {X,, > 1 and X, > 2}. There-
fore, by a union bound,

P(T,—T)|>00<2 Y P(X,=2P(X, > 1) =2|EG,)|P(X; > 2)P(X; > 1)
(u,v)€E(Gp)
= [EGw)lo(py),

using P(X| > 1) <E(X{) = O(py) and 2P(X| > 2) <E(X;) — P(X; = 1) = o(py) by the
assumption that limy,_, s ﬁEXl = 1. Since |E(Gn)|p% = O(1) by assumption (1.6), it fol-

lows that T,, — T,{ £> 0. Using T,: 2) 01+ Q2+ 03, by Theorem 1.1, the result follows.

APPENDIX A: APPROXIMATION BY BLOCK FUNCTIONS

In this section we show that a L-block approximation of a Li-integrable function con-
verges to the function in L. This result has been used in the proof of Theorem 1.1.

PROPOSITION A.1. Suppose f : [0, 11¢ — R is a bounded measurable function. For any
integer L > 1 define the function fi :[0,1]¢ — R as,

d ’—in]
L
S, x2, . xa) =L |fm,+1 fO1y2, - ya)dyrdys -+ dya.

i=1 L

Then ||fL — f”L]([O,l]d) :f[O,l]d |fL(x) - f(x)|dx — 0, as L — o0.

PROOF.  Throughout the proof we abbreviate the norm || - ||, (0,174 @s || - [l1. Now, fixing
& > 0, by standard measure theory arguments, there exists a continuous function g : [0, 1]¢ —
R such that sup,po, 13¢ 18(X)| < supycpo.13¢ |/ (*)], and ||/ — g1 < &. Then using Jensen’s
inequality, || fz — grll1 < |If — gll1 < e&. An application of triangle inequality then gives,

Nf=felh < f—glh+llg—grlh +llgr — frlh <2+ 1lg — gLl

which implies limsupy o | f — fLll1 < 2¢, since |lgL — gll1 = lIg — glloo = 0, by the
continuity of g. This completes the proof since ¢ > 0 is arbitrary. [
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APPENDIX B: STOCHASTIC INTEGRATION WITH RESPECT TO
A POISSON PROCESS

Let X = [0, 00), A(X) the Borel sigma-algebra on X, and A is the Lebesgue measure
on (X, #(X)). Denote by L,(X 4y the set of all Borel measurable functions f: X d_5 R
such that [y |f(x)|” dx < oo, where x = (x1, x2,...,x4) and dx = dxj --- dxg, with re-
spect to the Lebesgue measure on X'?. In this section, we define stochastic integration with
respect to a Poisson process, for functions in L{(X?). The theory of multiple stochastic in-
tegration for square integrable functions, with respect to a general centered Levy process is
well-understood (see [16] and the references therein). However, our applications require in-
tegration of functions in L (for example, the function A(-) in Theorem 1.1 is in L(X’), but
not in L (X)). In this section, we make the necessary modifications to the standard theory,
extending stochastic integration with respect to a Poisson process to L functions.

Let {N(A), A € A(X)} be the homogenous Poisson process of rate 1 (that is, N(A) ~
Pois(A(A)), where A is the Lebesgue measure on (X', #(X))), defined on a probability space
(2, F, ). Denote by &, the set of all Itd-elementary functions, having the form

m
(B.1) fant,. =Y .. ia 1Ay o, (1,12, - Ta),
i1,i2,..,0iq=1
where A1, A, ..., Ay € B(X) are pairwise disjoint, and a;, ;,...;, is zero if two indices are

equal. Note that an Itd-elementary function need not necessarily be in L1 (X¢). We begin by
defining multiple It6 integrals for functions in & N L1(X4).

DEFINITION B.1 (Multiple It6 integral for elementary functions). The d-dimensional
Itd-stochastic integral, with respect to the Poisson process {N(A), A € B(X)}, for the func-
tion fe&;N L1(X%) in (B.1) is defined as

m

d
Id(f):=/f<x1,xz,...,xd>1'[dN(xa>:= > aini.igN(Ai) x - x N(Ay).

a=1 i1,02,ig=1

It is easy to verify that this is well defined, that is, if f,g € & N L(X?), with f =g

almost everywhere Lebesgue, then I;(f) = I,;(g). The multiple Itd integral for elementary
functions also satisfies the following two properties:

e (Finiteness) |I;(f)| < oo almost surely, for f € & N L1(X%). To see this note that
E[N(A;) x --- x N(A;))] = MA;) x --- x A(A;,), where A(A) denotes the one-
dimensional Lebesgue measure of the set A, whenever all the indices iy, iz, ..., i  are
distinct. Therefore,

m
B2  E[(NH]= D |aiigeigMAL) X - X A(Ag) =/Xd|f(x)|dx < 00.

i1,02,...,ig=1

e (Linearity) Given two simple functions f, g€ & N L1 (X dy,
(B.3) La(f +8) = La(f) + La(8),

which is immediate from definitions.

Now, we proceed to define the multiple Itd integral for general functions in L1(X?). To
this end, a straightforward modification of the proof of [18], Theorem 2.1, shows that £
is dense in L;(X?). Therefore, given f € L1(X9), there exists a sequence {f,}n>1, with
fn € &, such that lim, o [ya | fn(x) — f(x)|dx = 0. (Note that this automatically implies
fn € EaNLi(XY), for all n large.)
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PROPOSITION B.1. Consider a sequence {fn},>1, with f, € &, such that
limy— o0 | fn = fllL,(xdy = 0. Then there exists a random variable X defined on (2, F, i)

such that 1;(f;) i; X. Moreover, if {gn}n>1, with g, € &,, is another sequence such that
limp— o0 182 — fllp,(xdy = 0, then the sequence of random variables {Is(fn)}n>1 and
{14(gn)}n>1 converge to the same limit in L1(£2).

PROOF. Define the sequence {/,},>1 as follows: For n > 1,
h2n—1 = fn and hzn = gn-

Note that limy,— 00 [|1n — f 1, (xvey = 0. Therefore, given & > 0, there exists N (¢) < 0o such
that if ny, ny > N(¢), then [ya |y, (x) — hy,(x)| dx < e. This implies,

(by (B.3)) E|1g(hn,) = 1a(hny)| =E|La(hp; — hpy)|
(by (B.2)) < /Xd|h,“ (x) — hpy (x)] dx
<Eé&.

This shows that {I/;(h,)},>1 is Cauchy in L;(f2), and by the completeness of the space
L1(£2), the result follows. [

DEFINITION B.2 (Multiple It integral for general Li-functions). The d-dimensional
It6-stochastic integral for a function f € Li(X 4y (denoted as I;( f)) is defined as the L
limit of the sequence {l;(f,)}n>1, Where {f,},>1 is a sequence such that f, € & with

limy o0 | fa = fll L, xdy = 0.

This is well defined by Proposition B.1. Also, as in the case of elementary functions, 1;(f)
satisfies the following properties:

e (Finiteness) For any f € L{(X%),

(B.4) Bl < [, (0)]ax.

To see this, let {f,},>1 be a sequence of elementary functions such that lim, || f, —
Sz, xay =0. Then using (B.2),

Ella(fa)] SLd]fn(x)\dx.

The desired conclusion then follows on letting n — oo on both sides of the above inequal-
ity, since E|1;(f,)| = E|1z(f)|, by Definition B.2.

e (Linearity) For any two functions f, g in Li(X%), Li(f+ 9 = 1;(f) + 1;(g), which is
immediate from (B.3) and Definition B.2.

The following proposition shows the convergence of stochastic integrals for converging
sequence of functions:

PROPOSITION B.2. Consider a sequence { f,}n>1 such that limy, o || fn — f||L1(Xd) =
0. Then Ii(f,) 2 1(f) in (2, F, ).

PROOF. Note that

Ella(fu) = La(H)| =E[la(fn — )| < flfn(x) — f(x)|dx,
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where the first step uses linearity of stochastic integrals, and the second step uses (B.4).
Taking limit as n — oo on both sides, the result follows. []

We conclude by computing the two-dimensional It6 stochastic integral of the block func-
tion (2.1).

EXAMPLE 8. Fix ¢ > 0 and consider the B-block function f : [0, «]*> — [0, 1] as defined
in (2.1). Let L > 1 and define

—1 b—1 b
FOx, y) = > r‘;L)(a,b)l{xe [aT’%“l{ye[T’Z“’

1<a#b<[kL]
where
a b
(B.5) ra.b) = Lzﬁ: . v)dudo.

L L

Note that the sum is over a # b, that is, f(x,y) =0 when x,y € [“L;l, 71, for some
1 <a < L. Therefore, this is the L-step piecewise constant approximation of f, with zeros

on the diagonal blocks. By taking L large enough, it follows that f(x, y) = r}L)(a, a) <1,
forx,ye [“L;l, 71, which means

a

L a

it 1
>[5 L femardys £ >0
a=1 % “ L

L

Then by Proposition A.1, limy . || f — f©&) 2, f0.472) = 0, which means

L
L(f") = L),
by Proposition B.2. Now, let {N(¢) : 0 <t <k} be a Poisson process of rate 1, and d N (a) :=
N(}) — N(%) ~ Pois(1/L). Then taking L large enough and Definition B.1,

Iz(f(L))

=Y bj; > AN (a)dN (b)

j=1 fejiLl<a#bsle;L

(B.6) +2 Y by > IN(@)dN(b) +or, (1)
1<j<j'<B [cj—1L1=<a<[c;L]
[¢}_L1=b=[c}L]

B

L N;

—>22bjj<21)+2 > b;yNjNj,
j=1 1<j<j'<B

=DL(f),

where the oy, (1)-term in the second step goes to zero in L and {N1, N2, ..., Ng} are inde-
pendent with N; ~Pois(c; —cj—1).
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