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TL;DR

• Different divergence measures have been
proposed for variational inference [1, 2, 3].

• These divergences lead to lower bounds of the log
marginal likelihood and underdispersed posterior
approximations.

• We propose the χ divergence for variational
inference.

• It leads to an upper bound of the model evidence
termed the CUBO that can be used alongside the
ELBO to sandwich estimate the model evidence.

• the χ divergence favors overdispersed posterior
approximations.

• We propose CHIVI – a black box algorithm for
minimizing the CUBO.

• CHIVI uses unbiased gradients of the
exponentiated CUBO.

• CHIVI is a black box alternative to Expectation
Propagation (EP) [4].

• When compared to EP and classical VI, CHIVI

produces better error rates and more accurate
estimates of posterior variance.

Variational Inference

• Probabilistic generative models posit a joint
distribution of data x and latent variable z:

p(x,z) = p(z) · p(x|z).
• The quantity of interest for answering questions

about the data is the posterior distribution p(z|x).
• For many applications, this posterior distribution is

intractable and we must resort to approximate
posterior inference.

• Variational inference (VI) [5] casts the approximate
posterior inference problem into the optimization of
some divergence measure D(p||q) between the target
posterior p and a chosen tractable parametric family
of distribution q.

• Traditional VI minimizes the Kullback-Leibler
divergence:

KL(q(z;φ)||p(z|x)) = Eq(log q(z;φ)− log p(z|x)).
• This KL divergence is intractable but minimizing it is

equivalent to maximizing the ELBO – a tractable
lower bound to the log marginal likelihood of the
data log p(x):

ELBO(φ) = Eq(log p(x, z)− log q(z;φ)).

• However maximizing the ELBO often leads to
underestimation of posterior uncertainty.

χ Divergence, CUBO, and Friends

• The posterior uncertainty underestimation problem
pertains to all divergence measures D(q||p) from q to
p in the f -divergence family.

• We propose the χ divergence

Dχn(p||q) = Eq(z;φ)

[( p(z|x)
q(z;φ)

)n
− 1

]
;

where n is the order of the divergence.
• The χ divergence has the same zero-avoiding

property of the objective of EP and therefore does not
suffer from posterior uncertainty underestimation.

• This divergence is intractable but minimizing it is
equivalent to minimizing the CUBO

CUBOn(φ) =
1
n

logEq(z;φ)

[( p(x,z)
q(z;φ)

)n]
. (1)

• Naively minimizing Equation (1) yields biased
gradients and does not guarantee that the original
upper bound is preserved.

• We propose to instead minimize the exponentiated
CUBO,

L (φ) = Eq(z;φ)

[( p(x, z)
q(z;φ)

)n]
.

• This objective can be approximated by Monte Carlo:

L̂ (φ) =
1
B

B∑
b=1

( p(x,z)
q(z;φ)

)n
(2)

CHIVI: χ Divergence Variational Inference

• Contrary to Equation (1), Equation (2) preserves the
upper bound during optimization using unbiased
noisy gradients,

∇φL̂ (φ) =
n
B

B∑
b=1

( p(x, z)
q(z;φ)

)n
∇φ log

( p(x,z)
q(z;φ)

)
.

• However the exponentiation introduces high
variance in the gradients. We use reparameterization
gradients to reduce variance by using z= g(φ,ε)
where ε∼ p(ε).

• The resulting black box algorithm CHIVI is detailed
below
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Sandwiching the Log Marginal Likelihood

• The following relationships between ELBO and CUBO
hold

1. ∀n≥ 1 ELBO≤ log p(x)≤ CUBOn.
2. limn→0 CUBOn = ELBO.

• This enables black box sandwich estimation of the
model evidence.

• This is useful given existing approaches for sandwich
estimating the model evidence rely on MCMC [6]

Classification with Gaussian Processes

Settings: We tested CHIVI on GP classification – a model class
for which EP has been the method of choice. We chose a
factorized Gaussian for the variational approximation. The
data are different datasets from the UCI repository. The re-
sults are highlighted in Table 1. CHIVI yields lower test error
rates when compared to Laplace and EP on most datasets.

Table 1: Test error rate for Gaussian process classification.

Dataset Laplace EP CHIVI

Crabs 0.02 0.02 0.03 ± 0.03
Sonar 0.154 0.139 0.055 ± 0.035
Ionos 0.084 0.08 ± 0.04 0.069 ± 0.034
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