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APPENDIX A: PROOF OF BINOMIAL LEMMA

PROOF. (a)

(i) The upper and lower bounds follow from (Bollobas, 2001, Theorem
1.2) and (Bollobas, 2001, Theorem 1.5) respectively.

(ii) The upper bound follows from (Bollobas, 2001, Theorem 1.3). The
lower bound follows from part (Bollobés, 2001, Theorem 1.6) if n min(p,, 1—
pn) > log®n, and from Part (a, i) otherwise.

(b)

(i) For the upper bound, fixing 6 > 0 and setting

thi= 5\/npn(1 —pn)logn, t,:=np, + Cn\/npn(l — pn)logn
we have

P(X,, + Yy, = tn)
t/
t! n
< d a =t, — =
<P(Y, >t,)+ méx P(X, =t, —7) TEO P(Y, =r)

/ tn
<P(Y, >t,)+ méx P(X,, =t, — ).
r=
For bounding the first term above, note that lim,,_,« (t, — bpp),) = 00,

and so ), > 2b,pl, for all n large. This observation, along with an
application of Bernstein’s inequality gives

_ 3
< e 24'n,

$(t, = bup),)? }
" bnpl,
bnp%(l‘*p%)*’ELﬁr£*
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P(Y, > t;) < eXP{ -




But then ¢/, > logn, and so we have

(A1) log P(Y,, > t)) = —oo0.

logn

Thus it suffices to control the second term. Since

tn —t, = npy + (Cy, — 6)\/npn(1 — pn) logn,
the bound then follows to note that

Dgﬂa;%% P(X,=t,—7)=P(X, =t, —t)

where we have used the fact that ¢, —t/, —np, — oo and the observation
that the binomial distribution is unimodal. Finally, using part (e) gives

1 (=)
P(X, = t, — 1) = n= o),
bn

from which the result follows since § > 0 is arbitrary.

Turning towards the lower bound, note that
tn
P(Xp+ Vo =tn) > Y P(Xy =ty —1)P(Y, =1)
r=0
> P(X,, = t,)P(Y, <t),

as mimf,l":0 P(X, =t, —r) = P(X, = t,). Since P(Y,, < t})) converges
to 1 (from (A.1)), the result then follows on using part (e).
For the upper bound, we have

from which one can ignore P(Y,, > t!) using (A.1). Using part (a, ii)
gives

(C—6)2
P(X, > t, —t) <n~ 2 +o)

)

from which the result follows since § > 0 is arbitrary.
Also in this case the lower bound follows trivially, on noting that

P(Xy + Y > 1) > P(X,, > 1)

and using part (a).
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APPENDIX B: TECHNICAL LEMMAS FOR LOWER BOUND

B.1. Proof of Lemma 6.6. We recall from the proof of Theorem 3.2i.,
the definitions of f(z) = % and

(1 —2uf(c1z))( = 2uf(com))
L—p

i

h(x) = 4pf(cr) f(ear) +

5
where 0 < p <1 and ¢, ¢3 > 0. Then note that T = [[ T;, where
j=1

L Af<2A>>2<<f>EW”

T 2n

Ty = (4f(A)f(24))FE1092,51452)
(1 —2f(24) 1- 2f(,4)>22(33)E(SmSQ,slASQ)
X

A A
=5, =5,

9

I

2((s—2)2—X(51NS5,5¢NnS2))
S(s1n88,56n8y) (1 — 2f(A
Ty = (4f(4)2) S0 (1_§)>
2n
Ty = (4f(24) f(0)) 7 HRFHEING)
)>2(522)—(E(SmS§)+E(ansQ))

<1—;\Lf(2A
o [ 2= nlEA

A
=5

Ts = (4f(A)f(0))S(S1A52,(51U52)7)

<1 - 2f(A>)Q(S_Z)(n_28+2)_2(51AS”Swsm
X R
1 — A

2n
As in the proof of Theorem 3.2i., we have that for each realization of S7 and
So, Eg—0,(Y;) is exactly of the form h, with ;1 = A/2n and appropriate c1, ca.
We note that the T;’s are independent of each other and Eg—o »[Y5] = 1.
It follows, by arguments exactly similar to those leading to (6.9), that there
exists universal constants C', Cs > 0 such that

AA?\ Cas?
Ep-on(T) < (1+C15—) " <exp (Ciy

s2\A? )

1
= exp(C1CoC*n' 2 logn) = 1+ 0(1), since a > 5



B.2. Proof of Lemma 6.7. The proof of the lemma follows from sim-
ple algebra along with the facts that A < n, s < /0, and 25 ’\/2" =1+o0(1).

APPENDIX C: PROOF OF PROPOSITION 6.5
C.1. Proof of (6.12). We set

a(t) = Pg—ox (D1 > t)

and
b(t) = P,BZOM\ (D1 >t, Dy > t)

to get
Varg_o(HC(t)) = na(t)(1 - a(t)) + n(n — 1)(b(t) — a*(1)).

Dy and D> have some dependence through the common edge Yi2. We
decompose the probabilities according to the value attained by Yio and use
the independence of the edges to get

b(t) = Pp=0,x B Y > t, d2 — 3(n — 1) > ¢
V05 0-20 Y05 0-3)
= %(a’(t))2 + (1 - ;n) (a"(t))?, (C.1)
! 22 Vi — 2nn_2 n—1 1——n
a (t) - P,Bf A (C 2)
AN CE SRl
J' Z];£2Y1] 2n n—1 \/
(t) = Pg=o,» \/(n BN (1 \/: (n— 2 1 2

Similarly, we condition on the value of Y75 and use the independence of
edges to get

Therefore, we have, using (C.1) and (C.4),

n(n — 1)(b(t) — a2(t)) = n(n — 1)% <1 - A) (@) — a"(1)2 (C.5)



a'(t) —a"(t)
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Now, using (C.2) and (C.3), we have,

A A A
Psg— Yi;= - 1)— -H—(1—=—] -1
p=0A Z b |V(n )2n + t\/(n )Qn < 2n> -‘
J7#2

n—r+o(1)

VA
where the last line uses Part (a, i) of Lemma 6.2, along with the fact that
> jz2 Y1,; ~ Bin(n — 2,p) with p = A/2n.

Therefore, we have, using (C.5),

n(n —1)(b(t) — a®(t)) < n(n — 1)=— A (1 - >‘> L*”“ = O(n1—2rto(V)y,

2n 2n A
(C.6)
Also by Lemma 6.2 Part (a, ii),
a(t) = Pg—o(Dy > t) = n~(rro@), (C.7)
Therefore, combining (C.6) and (C.7) we get
Varg_o\(HC(t)) = na(t)(1 — a(t)) +n(n — 1)(b(t) — a*(t))
_ n17r+o(1). (08)

This completes the proof of (6.12).

C.2. Proof of (6.14). Recall that the alternative distribution Pg ) is

such that 3; = A for i € S and 3; = 0 otherwise, where A = /C*=% logn with
16(1 — 0) > C* > Csparse(), 0 = lim 3>, |S| = s =n'" a € (1/2 1). We

begin with the following set of notatloiln7
G)(t) = Pg\(D; >t), i€,
=9)(t) = Pg\(D; >t), i€S°,
(t) =Pg\(D; >t,Dj >t), (i,j) €S xS,
() =PgA(D; > t,D; > ), (i,j) € S¢x S,
b(S" ) =PgA(D; >t,D; > 1), (i,5) €S xS, (C.9)

The variance of HC(t) under any Pg ) considered above can be decomposed
as follows.

Varg y (HC(t)): = ZT (C.10)



Ty = sal® (t)(1 — a9 (1)),

Ty = (n—s)a™ ()1 - a"=2)(1)),
T3 = s(s — )0 (t) — (al ( >>2>,
Ty=(n—s)(n—s—1)0" () - <<“<>>2>7
Ts = 2s(n — s) (b9 (t) — al®) (1)a™ =) (1))

The basic idea of the proof is that the diagonal terms 77,75 dominate over

the covariance terms T3, T4 and T5. The next Lemma collects the necessary
details.

A .
LEmMMA C.1. Fiz 6 = lim —. Fort = |\/2rlogn| with r > 160

n—oo 2n (1-6)’ we
have,
log T 1 C : log T
. log 1} " . logly
1 —lma— = Vor— 1 —1—
500 logn “73 (ﬁ 8(1 —0)) a5 logn "
2
log T C* log T.
lim 2273 <1920~ (vor—/—"— |, lim 24 <19
n—oo logn 8(1—10) n—oo logn
2
. logTs 1 c*
1 <l—a—=|V2r-— -7
nooologn = 2( " 8(1—9)) "

Lemma C.1 along with (C.10) immediately implies (6.14). We outline the
proof of Lemma C.1 in the rest of the section.

PrROOF OoF LEMMA C.1. We begin by proving the bound on 73 which is
the most involved and captures the idea behind the asymptotic behavior of
the other terms as well. Throughout this proof, we set f(z) = e*/(1 + €”).
Using a conditioning argument as in (C.1), we have, for a pair (i,j) € S xS,

(1) = 2 F(24) (@ ()7 + (1 - 2f<2A>) (@ (1)

217&] il — 35(n—2) n—1

\/(n_ BN %) n—2

) g 2 p—
al?"(t) = Pg,, %:/Zé] - A)) \/n_;-f-\/ 1_7)

(C.12)

a®) (t) = Pg» (C.11)
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Using the same argument as (C.4), we have,
) () = > (s’ A ()"
a'®(t) = 5f(2A)a B+ (11— ﬁf(2A) a'® ().
Therefore, we have, using (C.10),
A A ! "
Ty = s(s — 1) f(24) (1 - f(2A)> (@) (t) —a®" ()2 (C.13)

Combining (C.11) and (C.12), we have,

a(t) —a (1) =Pgp [ D Vi = {(n - 1)% + t\/(n - 1)% (1 - ;)J

1]

We note that Zl# il = Z1 + Z5 where Z; ~ Bin (3 -2, ’\f(2A)), Zo ~
Bin (n —s,2 f ( )), and Zy, Zs are independent random variables. Setting

tn, = { n—1)5- + t\/ (n—1) % 1 — 2);‘)J7 by direct computation, we have,

o= (n— 92 F(4) + cn\/ (=512 1) (1= 270 ) ogtn - 5),

such that C,, — v2r —
6.2 Part (b, i), we have,

( ) > 0 as n — o0o. Therefore, applying Lemma

, . C*/16(1—6))2+0(1)
a®'(t) —a® (1) < = %) . (C.14)

Plugging this bound back into (C.13) immediately implies that

T, < nlanf(\/?f\/C*/(S(lfG)))%ro(l)

This completes the bound on T35.

We next turn to the bound on 7y. We use the same argument in this
case to derive the following expression for T, which is exactly comparable
o (C.13). We have,

Ti= (0= 3)(n =5+ D370) (1= 270)) (@0 - a9 ()2
(C.15)
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where a(™%)'(t), a("=)" (t) are defined analogous to a(®)'(t) and (" (¢) in
(C.11), (C.12) respectively. The same argument as in the bound on T3 now
implies that

T, < n1—2r+o(1)'
This gives us the desired bound on 7}.

Finally, we control the last covariance term T5. In this case, we fix (i,j) €
S x S¢. Recall the notations introduced in (C.9). We have, similar to (C.1),

—s A s,n—s)’ n—s,s)’ A s,n—s)"’ n—s,s)”
Hem(0) = 2 e (a0 + (1= 204) ) alon (a0,

al*" =)' (1) = Pg (?l(iy il — )\2)) /Z :; 711_2 ) (C.16)

T on
a®n=)" (1) = Pg., (?{#J Z; f)) 1/Zil +\/ 1 — )) :
n— 1=3;

(C.17)
a=5%)" () and a("~**)" (t) are defined by switching the roles of 7, j in (C.16)

and (C.17) respectively.
Similar to (C.4), we have,

a(s) (t) — %f(A)a(s’"’s)/(t) 4 <1 _ Af(A)) a(s,n—s)” (t),
a9 (1) = 2 f(A)a (1) + <1 - (A)) a5 ().

n

> 3

Therefore, we have,

T = 2s(n = )2 F(4) (1= 3 14)) (@) = ")

% (a(n—s,s)’(t) _ a(n—s,s)” (t))
(C.18)

We bound (a(s’”_s)/(t) —a(svn_s)"(t)) and (a(”_575)/(t) —a(n=s»)" (t)) exactly
as (C.14) to obtain
([0 o)

\/X )

(a(s,n—s)’(t) o a(s,n—s)” (t)) <
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’ " —r+o(1)
(a(nfs,s) (t) - a(nfs,s) (t)) < n

R
Plugging these bounds back into (C.18) completes the proof.
It remains to study the diagonal terms 77, 7T5. Recall that for ¢ € 5,

al®)(t)

:P@/\ (dl > (nl);;ert\/(nl)Z)?\z (12);1>> )

=Ppa (di > (n— s)%f(A) + Cn\/(n - s)%f(A) <1 - 2f(A)> log(n — s)) :

for a sequence C,, — /21 — , /ﬁ > 0. We note that d; = Z1 + Z5, where

Z1 ~ Bin(s, %f(QA)) and Zs ~ Bin(n — 2, %f(A)) are independent random
variables. Thus using Lemma 6.2 part (b, ii), we have,

ol (t) = n—%(\/?—1 /a?ije))%&-o(l).

Plugging this bound back into the definition of T} gives us the desired result.
The proof for T5 is exactly similar to that of T, and is therefore omitted. =

C.3. Proof of (6.13). Recall the definition of a(¢) from the proof of
(6.12). In this case, we have, for i € S, j € S¢,
Eﬁ)\ (HC(t)) = SP@})\ (Dz > t) + (n - S)Pﬁ)\ (Dj > t) - na(t)
> s (Pﬁ)\ (Dl > t) — Pﬁ:og\ (Dz > t)) R

using the fact that the vertex degrees are stochastically larger under the

alternative. An application of Lemma 6.2 Part (a, ii) and (b, ii), implies

that for r > %

2
E,B)\ (HC(t)) > <n<\/§ C*/S(lfe)) /2+0(1) n—r-i—o(l))
S e (\/ﬂ—\/C*/S(l—Q))Qﬁ—O—o(l).

This completes the proof.
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APPENDIX D: PROOF OF THEOREM 3.3

ProoOF oOF 3.3i.. Using monotonicity arguments without loss of general-
ity one can consider the alternative Pg ) where 3 is given by

Bi =Aforie S, 0 otherwise,

where A = \/C*k’% for some C* with

16(1 — 8) > C* > Crax(): = 16(1 — 0)(1 — V1 — a)?,
and |S| = s = n'~®. Given C* let § > 0 be such that

C* > 16(1 — 0)[V1+6—V1—a)

and let ¢, be the sequence of tests which rejects when max;e(, d; > kn(0),
and accepts otherwise, where

_ A
oo
kn(6): = npp + \/2(1 + 0)npp(1 — py)logn

= % + \/(1 +5))\(1 — %) logn.

Thus, using FKG inequality gives

Dn:

1= Eg_oadn > Pgooa(dh < kn(8)" > (1~ 00+,

where the last inequality uses Part (a, ii) of Lemma 6.2. Since the RHS
above converges to 1, it is enough to show that

sup Pﬂ»&ﬂ{éX d; < kn(8)) "= 0.
BES(s,A) =1

With d},--- ,d, bk Bin(n —s, p!,) with p/,: = 2 e? it is easy to see that

n 1+ed’
max]'_; d; is stochastically larger than max; , d}, and so it suffices to show

=1 "1’
that
(D.1)
Pp(maxd; < kn(9)) = P(d} < kn(8)) = (1= B(d} > kn(8)))” "7 0.

To this effect, note that

lim kn(8) — (n — s)p), _ 20* N
n=oo /(n — s)p;, (1 — p},) log(n — s) 4v1—10

2(1+9).
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Also note that the assumption C* < 16(1 — 6) implies the limit above is
positive. Since s = n'~% and (1 — x) = exp(—z + O(2?)) as z — 0, (D.1)
will follow from Lemma 6.2 Part (a, ii) if we can show that
e
4v/1 -6
o VO
4v/1 -0
\ /C*
s———>V1+5—V1-aq,
4y/1 -0 v

which holds by choice of §. This completes the proof of the upper bound. =

2
201 1 5)} <2(1—a)

+V1I+d<VI—a

PROOF OF ii.. To show the lower bound, again consider an alternative of
the form Pg ), where 8 is given by

Bi=Aforie S, 0 otherwise,

where A = \/C*k’% for some positive C* with

C* < Chax(@):=16(1 — 0)(1 — V1 — )%

and |S| = s =nl"2.
Suppose, to the contrary, that there is a sequence of consistent tests based
on max;e|,| d;- Thus there exists sequence of positive reals {ky },>1 such that

lim Pg_ d; <k,) =1, lim P d; <k, =0.
im ,6_0,/\(?61?;]( < ky) Jim. ;3,,\(52%3}( i < kp)

n—oo
Denote p, = \/2n, g, = 1 — p, and consider the sequence §,, such that

loglogn + log(4m) On
4logn 2logn )

kn = npn + (2npngn log n)1/2 (1

We first claim that &, — oo. The proof of the claim follows immediately
since by Corollary 3.4 of Bollobés (2001), we have for any fixed § € R that

_ loglogn + log(4r) N 5 ))

szo)\ (m?ilx d; < npy + (2nann log n)1/2 (1
1=

4logn 2logn
—e ¢, (D.2)
whenever 229 s oo, a condition that holds by our assumption of A >>

(logn)3
(logn)3. Indeed, if 6, < M for some 0 < M < oo, then

lim sup IP’[;:O’,\(m%f( di < k) < e <1,
1=
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We now show that for any such choice of k,, the probability of making a
type II error converges to 1. To this end note that letting S:= {I: §; # 0},
by union bound we have the following inequality for i € .S

Pg (m%,lxdz > kn> < sPg (di > kn) + Pg.a (masxdj > k‘n> .
= Jjese

We now show that individually, the two summands in the last display con-
verges to 0. First, if ¢ € S:= {l: f; > 0}, we have for X, 1 Y, with X, ~
Bin (s — 1,2 f(24)), Y, ~ Bin (n — s, 2 f(A)) (where as usual f(z) = li%)

2
SP,B,)\ (di > k) = S]P’B,)\(X;l n Yri S kn) < nlfcw(lfw/c /16(179)> +o(1) _ 0(1>.

The last inequality follows by calculations similar to those leading to proof
of Lemma 6.5 upon invoking Lemma 6.2 Part (b, ii) and the last equality
follows by the property of C* < Ciax ().

The control of Pg (m%x d; > kn> is in philosophy similar to that of un-
Jjese

derstanding the null behavior of max]' ; d;. However, one needs to carefully
overcome the contamination by signals in each of the degrees involved. In
particular, for any sequence kI,

Pﬂ’)\ <?éa5)§ dj > kn) = ]P)ﬁ (;Ié%}E(X] + 3/]) > kn>

<P X; Y, >k

<5 (e + i > o)

< Pﬁ,)\(m%fiXi > k) + PgA(m%lei > ky — k),
1= 1=

(D.3)

where X; “& Bin(s, 2 f(A)) and Y; v Bin(n — s — 1,2 £(0)). We choose

kI, = 7% for some sequence a, — oo sufficiently slow, to be chosen
appropriately. Then by union bound and Bernstein’s Inequality

Pﬁ,x(mgifi Xi > k)
A A
< nPﬁ:(),)\ X1 — Sﬁf(A) > kn - ng(A)
1 k;{ 2
Snexp| —— 2()\) 17
SIF(A)(1— 2(A)) + 3h

» K= K, — 52 f(A)
n
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< nexp (—Ck;z) )
where the last inequality holds for a universal constant C' > 0 since for
any a, — oo, k, > S%f(A) (since s = n'™*, a > 3, and A < n). Since
A > (logn)® we have k!, > logn and therefore
PﬁAogégx;:>k;)—+o, (D.4)
as n — o0o. Now note that by stochastic ordering
Pp(maxY; > ky — k}) < Pg(max Y/ > kn — k)

where Y/ e Bin(n, p,). But,

kp — k.

n

loglogn  log(2r!/? 5 —a
:npn+(2npnqnlogn)l/2 <1_ & 108 _ g( 0 )_|_ n n

4logn 2logn 2logn

For any sequence 6, — 0o, we can choose a, — oo sufficiently slow such
that 4, — a, — oo as n — oo. But due to convergence to a continuous
distribution, the convergence in (D.2) is uniform. Therefore

Pm@%W>m—%yw. (D.5)
1=
The proof is therefore complete by combining (D.3), (D.4), and (D.5). =

APPENDIX E: ALTERNATE LOWER BOUND ARGUMENT FOR
MAXIMUM DEGREE TEST

We recall that lower bound in Theorem 3.3 contains a gap regarding
logn < XA < log®n. In this section we show that for logn < A < log®n,
if one considers the Maximum Degree Test that rejects when max} ; d; >
NPn+V0nnPnqn logn, where p, = \/2n, g, = 1—py, and §, is some sequence
of real numbers, then such tests are asymptotically powerless as soon as
C* < Chax () defined above, if lim sup d,, # 2. The case when lim sup §,, = 2
is extremely challenging, and the result of the testing problem depends on
the rate of convergence of §,, to 2 along subsequences.

In particular, once again consider an alternative of the form Pg ), where
B is given by

B =Aforie S, 0 otherwise,
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where A = \/C*lo% for some positive C* with

C* < Crax(@):=16(1 — 0)(1 — V1 — a)?.

and |S| = s = nl™®,

Suppose to the contrary, there exists sequence of positive reals {ky,}n>1
such that

n—oo

lim Pg_ di <kp)=1, limP d; < k) = 0.
i Pa=o (maxd; < kn) i P, (max )

Suppose kn, = npy+0,/10g ny/NMppgn, and let 6 = limsup 6y, § = lim inf §,,.
Suppose d < 0. Then arguing along a subsequence

| =

Pﬁ:o,x(m?ilx di > kn) > Pg=o(d1 < np,) >

by looking at the median of di under Pg—g », if A is even. B
Therefore, we can safely assume that 94 § > 0 such that 6 > §. Sub-
sequently, we work along the subsequence along which ¢, eventually be-
comes at least as large as §. Now if i € S:= {l:5; # 0}, we have along
an appropriate subsequence, for X,, 1L Y,, with X,, ~ Bin (s -1, %f(QA)),
Y, ~ Bin (n — s, %f(A)) (where as usual f(z) = %)
=1- PB,)\(Xn +Y, > k’n)

>1—PgA(Xpn+ Yy > np, + 5/ log ny/npnan)
S n—(%—\/C*/lﬁ(l—O)y-i-o(l)'
The last inequality follows by calculations similar to those leading to the
behavior of 77 in Lemma 6.5 upon invoking Lemma 6.2 Part (b, ii).
Similarly if i € S¢, we have for X,, L Y, with X,, ~ Bin (s, 2f(A)),
Y, ~Bin (n — s — 1,2 £(0))
=1- P@)\(Xn +Y, > kn)
>1- PB,/\(Xn + Yy > np, + dy/logny NPndn)
Z 1 _ n*%‘l’o(l)'
Therefore, by FKG inequality
n
n
Pg <r?ff( d; < kn> > [[Pon (di < ki)

=1
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2 " — 2 o
> exp ((n — s)log (1 - n—‘2+o(1>> + slog <1 (G VOTea=e) + <1>)>
2 " — 2 o
~ exp <—n1_52+0(1)(1 +o(1)) - i (G—VO60-0) + M 0(1))> |

Now suppose that § > /2. Then 1 — 6?/2 < 0 and note that 1 — o —

(% — me < 0 since the function
9@) =1~ a— (2~ /OTI6(1-0))

is decreasing for for x > /C*/16(1 —6) < 1, and g(1) < 0. Therefore,
5 < /2. Let us consider the case when § < v/2 first.

Then there exists ¢ > 0 such that 6 = /2(1 —¢). We now show that
3 n > 0 such that Pg—g x(max}_; d; > k,) > n, and thereby arriving at a
contradiction. To show this we use a second moment method in conjunction
with Paley-Zygmund Inequality.

In particular, define ¢; = Z(d; > ky), ¢ = 1,...,n. Then by Paley-
Zygmund Inequality

PB:Q}\ (Z Cz > %Eﬁ:O,A(Z <z))
i=1 i=1

Now with a proof similar to that of (6.13) in Lemma 6.5

Y

1(Eg=op (> iy Gi)?
4 Egoon(20721 G)? (=

Eg—o(D_ ) = nPg_on(dy > ky) 2 n! =179l (E.2)
=1

Also by a proof similar to that of (C.6)

Eﬁ:o,A(Z O
i=1

= TLPI(,):O’)\(dl > kn) + n(n — a)(Pg:()’)\(dl > ky,dy > kn)
— ]P)ﬁzo’)\(dl > kn)Pg:07>\(d2 > k‘n)) + n(n — 1)]P>g:0’>\(d1 > kn)P@:07)\(d2 > kn)
< n17(175)2+0(1) + nl—2(1-€)+o(1) + n272(176)2+0(1)‘ (E.3)

Therefore, combining (E.4), (E.2), and (E.3), we have the existence of an
n > 0 such that

Ps—0,x (Z G > ;Eﬁzo,x(z Cz')) > %?7 =n. (E.4)
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This in turn implies the proof in the case of § > /2 since

Pp-o(maxd; > ky) = Pﬂ=0,>\(; Gi>1)
n 1 n
> ]P’I@:())\(Z Gi > §Eﬁ:0)‘<z CZ)) >,
i—1 i1

where the second to last inequality holds since by (E.2), Eg=o (> ;- G) > 1
for sufficiently large n.
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