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1. Proofs of main results. This section carries out the proof of all
results of the main paper. Subsection 1.1 gives a brief description of the
notion of permutation limits, mostly adapted from [8]. Subsection 1.2 states
the large deviation principle for permutations in Theorem 1.1, and uses it
to prove the results of this paper. Finally, subsection 1.3 gives a proof of
Theorem 1.1 using permutation limits.

1.1. Permutation limits. The concept of permutation limits was intro-
duced in [8] in 2011, and was motivated from graph limit theory. For a
brief exposition of the theory of graph limits refer to Lovasz [9]. The central
idea in permutation limit theory is that any permutation can be thought
of as a probability measures M on [0,1]? with uniform marginals. For any
7 € Sy, define a probability measure p, € M as duy := fr(x,y)dzdy, where
fx(x,y) = nl{(x,y) : 7(|nz]) = |ny]} is the density of u, with respect to
Lebesgue measure. An intuitive definition of u, is as follows:

Partition [0, 1] into n? squares of side length 1/n, and define f.(z,y) =
n for all (z,y) in the (7,j)-th square if (i) = j and 0 otherwise. As an
example, the measure p, corresponding to the permutation 7 = (1, 3,2) has
the density of figure 1.

(1.0) (LY

(0,0) (0,1)

Fic 1. Measure representation for the permutation (1,3,2). Here the shaded region has
density 3, and the white region has density 0.
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Here the shaded region has density 3, and the white region has 0 density.

A sequence of permutations m, € S, is said to converge to a measure
w € M, if the corresponding sequence of probability measures p,, converge
weakly to p. As an example if 7w, is uniformly distributed on S, then m,
converges to Lebesgue measure on [0,1]2. If m, = (1,2,--- ,n) is the identity
permutation on S, then 7, converges to a measure which is uniform on the
diagonal = y. Similarly if 7, = (n,n—1,--- , 1) is the reverse permutation,
then 7, converges to the uniform measures on the diagonal x+y = 1. To see
that non trivial limits that can arise as permutation limits, refer to Theorem
1.5 and Proposition 1.12.

1.2. The large deviation principle. Given a permutation 7, the previous
subsection defined a measure p, on the unit square. Also recall part (b) of
theorem 1.5 which, given a permutation 7 € S,,, defines a measure

1 n
Vr == 8inn(i)/n)
=1

on the unit square. Both marginals of v, are discrete uniform on the set
{(i/n),i € 1,2,--- ,n}. Since the marginals are not uniform on [0, 1], v, is
not an element of M, but any weak limit of the sequence v, is in M if the
size of the permutation goes to oco. If the size of the permutation 7 is large,
the two measure u, and v, are close in the weak topology. To see this, let
m € Sp, and let F,, and F),_represent the bivariate distribution functions
of ur and v, respectively. Then it follows that

(1.1) doo(fir, V) := sup |Fy (x,y) — F, (2,y)] <
0<a,y<1

S

To see this note that both p, and v, can be defined by partitioning the
unit square into n? boxes, such that exactly n boxes receive a mass of 1/n.
Also the choice of the n boxes is such that every row and every column will
have exactly one box of positive mass. Thus any vertical line through = can
intersection exactly one box in this partition which has positive probability,
and so the above difference can be at most 1/n + 1/n.

The main tool for proving the results of this paper is a large deviation
principle for v, with respect to weak convergence on M where m ~ P,,, the
uniform probability measure on S,,. This result is stated below.

THEOREM 1.1. If 7w ~ P, the uniform measure on S,,, both the sequence
of probability measures (i, and vy satisfy a large deviation principle on the



set of probability measures on [0,1]? with the good rate function
I(p) := D(p||u) if p € M, +oo otherwise,

where u is the uniform measure on [0,1]2. More precisely, for any set A
which is a subset of the set of probability measures on the unit square one
has

1 1
— inf I(p) < liminf ~logP,(A) < i ~log P, (A) < — inf I(u),
Jnf I{n) < liminf - log P (A) < limsup - log Py (4) < inf (1)

where A° and A denotes the interior and closure of A respectively.
Theorem 1.5 follows from Theorem 1.1 as follows.

PROOF OF THEOREM 1.5. (a) Note that

n )

1 n A A
PIO-20®) = = 57 ITE ST/ — g, 00l

’ ﬂ'ESn

where Z,(0) = logn!, and u[f] = f[0,1]2 fdu denotes the mean of f
with respect to u. Since the function p — 6u[f] is bounded and con-
tinuous, an application of Varadhan’s Lemma [5, Theorem 4.3.1] along
with the large deviation of v, gives the desired conclusion.

(b) The function g +— Ou[f] — D(u||u) is strictly concave (on the set where
it is finite) and upper semi continuous on the compact set M, and
so the global maximum is attained at a unique pfy € M. To show
the weak convergence of v, fix an open set U containing jir ¢, define a
function 7' : M — [—00,00) by

T(p) =0u[f]if p € U, —oo otherwise .
Then

1 1 1
—log Qn (e € US) = = logEp, ") — Z7,(f,6).
n n n

Since T is upper semi continuous and bounded above, [5, Equation
4.3.2] holds trivially and so by [5, Lemma 4.3.6] along with the large
deviation result for v, one has

1
limsup — log Bp, ") < sup {Opu[f] — D(ul|u)}.
n—oo N pnetenm
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This, along with part (a) gives

1
limsup — log Q, f.0(vr € U°)

< sup {0u[f] — D(ullu)} — sup {Ou[f] — D(p|lu)}-
pelenmM HEM

The quantity on the right hand side above is negative as the infimum
over the compact set U°NM is attained, and the global minimizer j g
is not in U by choice. This proves that Q, r¢)(vr € U¢) decays to 0
at an exponential rate, which in particular implies that {v;} converges
to pyre weakly in probability.

Since 0f(.) is integrable with respect to du, by [4, Corollary 3.2] there
exists functions afg(.),bre(.) :€ L]0, 1] such that

dtgp = gapdady := @V +aro@+bro) gpdy € M.

The proof that i, = piy is by way of contradiction. Suppose this
is not true. Since pfg is the unique global minimizer of Iyg(n) :=

D(pl|u) — Op[f], setting
h(a) = Ifﬂ((l - a)umb + a,ufﬂ)
it must be that h(«) has a global minima at o = 1. Also

Iro(pge) < Irg(u) = —0u(f) < oo,

which forces D(uyg|lu) < co. Thus letting ¢ g := dlfii’g gives

(0) = /T (616(2+9) — gan(,9)) (108 ga (i, y) — 0F (2, y))du

- /T (6162 9) — gan(@, ) (aro(@) + byo(y))du
=By plaro(X) +bpa(Y)] = Epu, lape(X) +bre(Y)] =0,

where the last equality follows from the fact that both iy and g
have the same uniform marginals. But A is convex, which forces that
a = 0 is also a global minima of A(.). Thus h(0) = h(1), a contradiction
to the uniqueness of arg max,epm{0u[f] — D(u|lu)} proved in part (b).
Thus it must be that

dufe — dua b= egf(l’:y)+afﬂ(x)+bf,9(y)dxdy_

Finally, the almost sure uniqueness of afg(.) and bsg(.) follows from
the uniqueness of the optimizing measure pyg. The last claim of part
(c) then follows from part (a) by a simple calculation.
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(d) Since v converges in probability to i, it follows by Dominated Con-
vergence theorem that

LR )y oo
Zy(£,0) =Bq, 1o~ D F(i/nm(i)/n) "= ppolf]
i=1
Another application of Dominated Convergence theorem gives that
1 o1, nooo [?
—[Zn(f,0) = Zu ()] = | —Zy(f,0)dt "= | pupelf],
n o n 0
which along with part (a) gives that Z'(f,6) = use[f].
Since Z(f,0) is convex Z'( f,6) is non-decreasing. To show that Z'(f, 6)

is strictly increasing, by way of contradiction let 61 # 65 be such that

Z'(f,6h) = Z'(f,02) for some 0y # O, which implies 79, [f] = p1,0,[f]-
The optimality of g, gives

O1peg,0,[f] — D(pgoyllu) > 01100, [f1 — D(pag,l|u),

which implies D(pugg,||u) < D(uyp,||w). By symmetry D(uyg,|lu) =

D(:“fﬁz”“)a and so 61Nf791 [f] - D(Mfﬁl”“) = 91:“*fﬁ2 [ﬂ - D(”fﬁz”“)'
This implies pfg, = fif9, by the uniqueness of theorem 1.5 part (b).
By the form of the optimizer proved in theorem 1.5 part (c) one has

1@ y)+apo, (@)+b50,(y) — 02f(xy)+aye,(x)+by .0, (y)7

which on taking log gives

1

f(x,y) = m(%(az(@ +b76,(y) — aye, () — by, (3/))-

Integrating with respect to y using the definition of C gives

1
afe, () — age,(z) = /O [br.6,(y) — by, (y)]dy,

and so afg, (x) —aysg,(x) is a constant. By symmetry bsg, (y) — by, (y)
is a constant as well, and so f(x,y) is constant, a contradiction to the
assumption that f € C.

Finally to show continuity of Z’(f,6), let 6; be a sequence of reals
converging to 6. Since sequence of measures pfg, € M is tight, let u
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be any limit point of this sequence. Then by continuity of Z(f,.) and
lower semi continuity of D(.||u) one has

=limsup{Okpro, [f] — D(pso,llu)} < Oplf] — D(ullw).

k—o0

Since Z(f,0) = sup,car{0u[f] — D(p]|0)} and the supremum is at-
tained uniquely at py g it follows that pu = pr g, and so the sequence
.0, converge weakly to jirg. But this readily implies

Z'(f,0) = pro. L] =5 wpalf) = Z'(1,0),

and so Z'(f,.) is continuous, thus completing the proof of the theorem.
O

PROOF OF COROLLARY 1.7. (a) Since 3% | f(i/n,n(i)/n) = v.[f]

(b)

()

and vy converges weakly to i r 9 by Theorem 1.5, the desired conclusion
follows.
Fixing 0 > 0 by part (a) one has

LD, (m,00+0) 5 Z'(6y) — Z' (6 + 8) <0,
LDy (7,00 — 8) 5 Z'(00) — Z'(0y — §) >0,

and so by continuity and strict monotonicity of Z'(f, ) from part (d)
of Theorem 1.5 it follows that with probability tending to 1 there exists
a unique root O.p of the equation LD n(m,0) =0, and |0LD —bp| <.
This proofs the consistency of HLD The proof of consistency of HML
follows verbatim by replacing LD,,(m,0) with M L, (,6).

Since 01p converges to 0y under Q, 9, and to 61 under Q, rg, the
conclusion follows.

O

The following definition will be used in the proof of theorem 1.9.

DEFINITION 1.2.  For k € N, partition [0,1]? into k* squares {T,s}*

r,s=1

of length 1/k, with

Ty i={(2.y) € T: [kal =1, Tyl = s} for2 <r.s, <k,
Tiy:={(0,y) €T+ [ha] < 1,ky] = s} for2 <s <k,
T i={(z,y) €T [ka] <1, [ky] =5} for2 <r <k,
Ty ={(z.y) € T [ka] <1, [ky] <1}



Also define the k x k matriz M (7) by

(1.2)

n

Myo(m) = 1{(i/n,7(i)/n) € Trs} = nve(Trs).

i=1

The definition ensures that Tys is a disjoint partition of [0,1)2, and so sum
of the elements of M () is n. It should be noted that all the sets T,s above
are | continuity sets for any p € M. This readily follows from noting that
the boundary of Tys is contained in

{(x,y):ﬂv:%}u{(m,y):x: ’ }U{(w,y):y=%}u{(%y):y= .

r—1 s—1

which has probability 0 under any p € M, as u has uniform marginals.

DEFINITION 1.3. For any k X k matrix A two probability distributions
PA,DA on the unit square are defined below: (Recall definition 1.8 which
introduces My, as the set of k x k matrices with non negative entries, such
that each row and column sum equals 1/k.)

The measure pa is a discrete distribution with the p.m.f. pa(r/k,s/k) =
Aps for 1 <r;s <k.

The measure pa has a density with respect to Lebesque measure given by
pa(z,y) = k?Aps for o,y € Trs,1 < r,8 < k. The assumption A € My
ensures that both pa,pa are probability measures, and further pa € M, i.e.
it has uniform marginals.

PROOF OF THEOREM 1.9. (a) On applying [10, Theorem 1,2] one gets

(b)

the conclusion that B, converges to a matrix Ay g € Mj, of the form
A1BgAs, where A and As are diagonal matrices.
To begin note that

k k
0 Z f(r/k,s/k)A(r,s) — 2log k— Z A(r, s)log A(r, s)

r,s=1 r,s=1
=bpalf] — D(pallpu,),

where Uy, € My, is defined by Ug(r,s) := k% By compactness of My
and strong concavity of A — Opa[f] — D(pallpu,) there is a unique
maximizer in My, and by [4, Theorem 3.1] it follows that this maxi-
mizer is of the form D ByDs for some diagonal matrices D1, Ds. Since
both A1 ByA2 and D ByD; are in My, by the uniqueness of [10, Theo-
rem 1] one has Dy BoDy = A1 BoAs = Ay, g, thus completing the proof
of part (b).
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(d)
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Since the function (8, A) — Opalf] — D(pallpv,) from R x My to
[—00,00) is linear in @, and has a unique maximizer Ay in A for
every 6 fixed, the conclusion follows on applying Danskin’s theorem
[1, B.5].

Since p +— {M(Trs)}’ﬁﬁ:l is a continuous map, by theorem 1.1 and [5,

Theorem 4.2.1] the matrix 2 M (r) satisfies a large deviation principle
on the set of k x k matrices with the good rate function

k( ) HGM:lu‘(TTS)lI:lArs,lST,sgk (/J“HU)

if A € My, and 400 otherwise. By [4, Theorem 3.1] the maximum is
achieved at © = pa, and so

k
I(A) = D(Ballu) = > Arslog A + 2logk = D(pallpu,).

r,s=1

An application of Varadhan’s Lemma gives
1 log Ep. ¢’ S a1 f(r/Rys k) Mys ()
n n

L g g, 0 S amt Fr /s R (Tr)
n

k

"I sup {0 f(r/k,s/k)A(r,s) — D(pallu)} = Wi(f,0).
AEM;, r,s=1

Since

n

k
[ Fr ke s/Ron(Tys) = S fCifm, (i) )

r,s=1 =1

< sup |f(x1,51) — f(z2,42)| =: €,
|z —x2|<1/k,|y1 —y2| <1/k

it follows that
o0 o1 S/ ks /R)vn (Trs)

. 1 Ep
7 n <
| W k(fu 0) (f7 6)‘ nllIIl n log E]P’n emg Z;LZI f(i/n,m(i)/n) = |0‘6k

By continuity of f one has e, — 0, and so Wi(f,60) converges to
Z(1,0). )

To complete the proof assume that pa, , — pse. In this case it follows
that

Wi(f,0) = pa,,If) "5 upolf] = Z'(1.6),
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and so by Dominated Convergence we have limy_,o Wi(f,0) = Z(f,0).
Finally since

k k
W}LmOO Zl By, (1, s)log By, (1, ) = Zl A o(r,s)log Ag g(r, s)
r,s= r,s=

by part (a), it follows that Z(f, ) equals

k k
Jim_ Tim {0 T; f(r/k,s/k)Bp(r,s) = 2logk — gzjl Byu(r, 8)log B (r, 5)},

which is the desired conclusion.

It thus remains to show that pa, , converges weakly to uyg as k — oo.
Since the set of probability measures on [0, 1]2 is compact, the sequence
DAy, 1s tight. If pn # pge be a limit point, then by joint lower semi
continuity of D(.||.) one has

h,ﬁ“ sup Wi (f,0) = ligl sup{0pa, ,[f] — D(pa,,llru,)}
<Ou[f] — D(ullu) < Z(f,0).

But this is a contradiction to the fact that Wj(f,8) converges to
Z(f,0), and hence p A, o does indeed converges to ps . This completes

the proof of the theorem.
O

Before proving Theorem 1.11, a general lemma is stated which constructs
\/n consistent estimates of § in permutation models. The idea of this proof
is taken from [3].

LEMMA 1.4. LetR,, ¢ be any one parameter family on Sy, and let G, (m,6)
be a function on S, x R which is differentiable in 6.
Suppose the following two conditions hold:

(a) For every 6y € R there exists a constant C = C(0y) such that

(1.3) ERngoGn(ﬂ'aHO)z < Cn3

(b) There exists a strictly positive continuous function A : R — R such
that
(1.4) lim Ry, g, (G, (m,0) < —n*\(6),V0 €R) = 1.

Then the equation Gy (m,0) = 0 has a unique root in 0. Further de-
noting this unique root by 6, one has \/n(6, — 6y) is Op(1) under
Ry, 0 -
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PRroOOF. Fixing a large positive real M let S,, be defined by
Spi={m €8, : |Gnlm, 00)| <n32M, G (7,0) < —n’\(0),0 € R}.

Then for © € S,, one has

90+1
Gn(m,00 + 1) = Gy (7, 00) +/ G (m,0)d0 < n®?M —n? inf  A(6),
90 96[00,90+1]

which is negative for all large n. Similarly it can be shown that G, (m, 6y —
1) > 0 for m € S,. Also note that Gy (m,0) is strictly monotone on S,,
and so by continuity of 8 — G, (m,0) there exists a unique 6, satisfying
G (m, én) =0,and ) — 1 < 0, < 0y + 1. Finally one has

n3/2M > ’Gn<ﬂ-7 90)’ :‘Gn(ﬂ'a 90) - Gn(ﬂ'a én)|

0o
>n®| [ A@)d9| > | inf  A(0)||6, 6
o] [ a0l = [t N6, ol

and so /1|0, — 0| < KM, where K := [inf|g_gy<1 A(0)] 7! < co. Thus using
(1.3) and (1.4) gives

limsupRn790(|én — o) > KM) <limsupR,, g(|Gp(m,00)| > Mn3/?)

n—o0 n—oo
1un sup 7 .
= M2p3  Rngg T n\"V0) =

Since the r.h.s. above can be made arbitrarily small by choosing M large,
the proof of the lemma is complete.
O

ProOOF OoF THEOREM 1.11. It suffices to check the two conditions (1.3)
and (1.4) of Lemma 1.4 with R, g = Q,, 79 and Gy (7, 8) = PLy,(7,0). For
checking (1.3) an exchangeable pair is constructed.

Consider the following exchangeable pair of permutations (m,7’) on S,
constructed as follows:

Pick 7 from @, f¢. To construct 7', first pick a pair (I, J) uniformly from
the set of all (5) pairs {(i,7) : 1 <i < j < n}, and replace (w(I),n(J)) by
an independent pick from the conditional distribution (7 (I),n(J)|n(k), k #
I,J). By a simple calculation, the probabilities turn out to be the following:

(i) («'(I),n"(J)) = (w(I),n(J)) with probability

Quro(r(l') =), n(J) =n(J)|n(k),k #1,J) = 1+e91yw(1aJ)’



11
(ii) («'(I),#'(J)) = (n(J), w(I)) with probability

Oy (1,J)

Qu o) =n(J),n(J) =nw(D)|r(k),k #1,J) =

1 =+ eeyw(l J)

Set 7/(i) = (i) for all i # I,J. It can be readily checked that (m,7’) is
indeed an exchangeable pair. Also defining

=" f(ifn,w(i)/n), and F(r, ') = W(x) — W(x')
i=1
one can check from the construction of (7, 7’) that
1
EQn,f,e[F(va/”ﬂ =W(r) - EQn,f,e [W(ﬂ-/”ﬂ] = FPLn(Wa 0),

where P, (m,0) is as defined in the statement of the Lemma, and N, :=
n=b)  Thus
5

EQn,f,oan(Tr’e) =N, Eane)PL (m, )[Eane (W’WI)|7T]
=N EQ fePL ( T, ) ( )
=N, Eq, ; o PLn(7',0)F (7', )

=— NunEq, ;, PL, (7', 0)F(m,7)

N,
ZT"IEQ%N (PLy(7,0) — PLy(7',0))F ()

where the third line uses the exchangeability of (7, 7’), the fourth line uses
the anti-symmetry of F', and the last line is obtained by adding the second
and fourth lines together and dividing by 2. This readily implies

(1-5) EQn,f,GPLn(ﬂ-’ 9)2 :EQn,e)Vn(ﬂ)

where V(1) = %EQn’f’e[(PLn(w, 0) — PL,(7',0))F(m,7)|r). Letting
denote 7 with the elements (7 (i), 7(j)) swapped, V,,(7) can be written as

(1.6) Vn(w):% 3 [PLn(ﬂ,Q)—PLn(ﬂij,Q)]

1<i<j<n

yr(i,j)e Oy (4,5)
1+ 0y (@)

Also setting M := 4supjg 12 | f| for any (i, j) one has

|PLy(7,0) — PLy (%, 0)| < 4nM,
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using the fact that |y,(i,7)] < M. This along with equation (1.6) gives
|V ()| < 4n® M2, which, along with (1.5), completes the proof of (1.3) with
C =4M?

Proceeding to check (1.4) one has

1 / 1 .9 eeyw(id) 1
—pa Pla(m0) =25 1<;<n Y 0) 0 ) T 5 e )
e ..
> Y (i, 5)%,
ij=1

where the last inequality again uses |y (i,7)| < M. Since the function g :
[0,1]* — R defined by

9((z1,91), (22,92)) = [f(wl,yl) + f(x2,92) — f(z1,92) — f(x2, 1) i

is continuous, it follows that v, X vy — K0, X [fe, in probability by part
(b) of theorem 1.5. This gives

1 n
2t

ig g9((i/n,m(i)/n), (G/n,7(5)/n)) = (vx X vx)(9)

-
2
/01] [ w1,y1) + f(x2,y2) — f(21,92) — f(@2,91)| dppg e (@1, y1)dpes 0, (22, y2)
=:«(h), say.

If a(f) =0, then f(x1,y1) + f(z2,y2) = f(x1,92) + f(z2,y1) almost surely.
On integrating with respect to zo,y2 and using the fact that f € C gives
f(z1,y1) = 0, a contradiction. Thus «(f) > 0, and so (1.4) holds with
A(#) = e MI?lo () /16. Thus both conditions of Lemma 1.4 hold, and so the
conclusion follows.

O

PROOF OF PROPOSITION 1.12. (a) First it will be shown that u +—
01 x u](h)/2 is continuous with respect to weak topology on M. Since
M is separable, it suffices to work with sequences, and it suffices to
check the following;:

fis € M, e = 11 => (i X pi) (21 < 22,51 < yo2) = plzr < 2,91 < yo)
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But this follows from the fact that the boundary of the set {x; <
x2,y1 < Yo} is a subset of {x1 = 22,0 <y <1}U{0 <z < 1,y1 = yo!},
and P(X; = X2) = 0 where X1, Xo are i.i.d. with distribution U]0, 1].
Thus p — 0[u x p)(h)/2 is continuous on M D {u: I(1) < oo}

Now, a similar computation as in the proof of Theorem 1.5 gives

(Cn(0)-Cr(0) _ L S % Sisicisn M)/ G /nor(i) /)
n!
TESK
:]E]P) en%[yﬂxyﬂ'](h).

It then follows by an application of Varadhan’s Lemma ([5, Theorem
4.3.1]) along with theorem 1.1 (on noting that the proof of Varadhan’s
lemma goes through as long as the function p +— 6(u x p)(h)/2 is
continuous on the set {I(u) < oo}), that

00 = tim OGO _ oy 00y (h) - DG}
n—00 n peEM

The optimization problem was solved in [11] to show that there is a
unique maximizer in M, and it has the density pg(.,.) with respect
to Lebesgue measure. Plugging in the formula for wug(.,.) gives the
formula for C(6).
(b) Since in this case the function C(6) is convex, differentiable with a
derivative which is continuous and monotone increasing, consistency
of 5L p and 5M 1, follow from similar arguments as in Corollary 1.7.
O

1.3. Proof of Theorem 1.1. By (1.1) and [5, Theorem 4.2.13] pr and v,
has the same large deviation, if any. Also since u, € M, it is evident that
the rate function can only be finite on M. The rest of this subsection proves
the large deviation for p, on M invoking [5, Theorem 4.1.11], by choosing
a suitable base for the weak topology on M.

DEFINITION 1.5.  Let My, denote the number of non negative integer

valued k x k matrices with r'" row sum equal to M, := [%] — ["(TT_I)W and
st column sum equal to [12£] — (H(ST_I)], i.e.

My = (M e N Zk:MTS = MT,Zk:MTS = M),

s=1 r=1
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where No := NU {0}. Note that any M € My,,, satisfies Sk M, =n.

r,s=1

Recall the matriz M (w) defined in (1.2) as the k x k matriz with M,s(7) =
nvg[Trs|. The following lemma shows that M (m) € My, for all ™ € Sy, and
gives the distribution of M(w) when m ~ P,,.

LEMMA 1.6. If 7 is distributed uniformly at random on S,, the distri-
bution of M(r) is given by

2
P (M(r) = M) (T, )
m) = = —-————-—-----——
" n! H?lis:l MTS!
if M € My, and O otherwise.

PROOF. Since

n

Mot = A [] = [0 )

=1

it follows that

> M) = 1[5 =} = v,
s=1 ]

and so any valid configuration M is in My, ,,. So fixing a particular configu-
ration M € My, ,,, the number of possible permutations 7 compatible with
this configuration can be computed as follows:

For the 7" row there are M, choices of indices 4, and that can be allocated
in boxes {Tr,s}§:1 in MT!/H/I;:1 M, ! ways, so that box T, s receives M, s
indices. Taking a product over r, the number of ways to distribute the indices
over the boxes is

[T,y M,!

k
Hr,s:l MTS!
Similarly, the number of ways to distribute the targets {7 (i)} such that box
T, s receives M, targets is

[T !
H]:,S:I MTS!

Finally after the above distribution box 7;. s has M, indices and M, .5 targets,
which can then be permuted freely, and so the total number of permutations
compatible with any such distribution of indices and targets is

k
H M,

r,s=1
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Combining, the total number of possible permutations 7 satisfying M (7) =
M is given by
k k
Hr:l MT' Hs:l MS‘
H]:,szl MTS!
Since the total number of permutations in n!, the proof of the claim is
complete. O

REMARK 1.7. Note that in the above proposition the row and column
sums of the matriz M (m) are free of w. The distribution of M () is a multi-
variate generalization of the hypergeometric distribution, commonly known
as the Fisher-Yates distribution. This distribution arises in statistics while
testing for independence in a 2-way table in the works of Diaconis-Efron

([6].[7])-

Before proceeding the following definitions are needed. The first definition
gives a base for the weak topology on M.

DEFINITION 1.8. For any p € M define a matriz Py, € [0, 1]k2 by
setting Py, (r,s) := u(Tr,s). Note that Ty is a p continuity set (since p €
M), and so the map p — Py, is continuous on M with respect to weak
convergence.

One can now define a base for the weak topology on M as follows: Fix
keN,e>0,uy € M, and define the set

MUk, po](€) := {p € M= [ Pry = Propolloo < €},

where
HPkau - Pk,uoHoo = 1%}2’& \le(r, s) — Pk’,uo(ﬁ s)].

Since p — Py, is continuous, the set Mk, uol(€) is open in M. Also, for
any p € M one has Py, € My. Thus the operation A — pa introduced
in defintiton 1.3 maps a matriz to a probability measure, and the operation
p— Py, maps a probability measure to a matriz.

PROPOSITION 1.9. The collection
Mo := {M]k, puo](e) : k € Nye > 0, up € M}

s a base for the weak convergence on M.
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PROOF. One needs to verify that given any pg and an open set U con-
taining pg, there is an element Uy from this collection My such that ug €
Uy C U. If not, then in particular the set M[k, po)(1/k) is not contained
in U for any k, and so there exists u € MIk, uol(1/k) N U€. Then for any
function f which is continuous on the unit square, one has

ulf] = el S]] < s [F P = P oo

+2 sup |f(z1,51) — f(x2,92)],
|1 —w2l,ly1 —y2|<1/k

which goes to 0 as k goes to co. Thus uj converges weakly to u, and since
U is open, one has that ug € U for all large k. This is a contradiction to the
assumption that ux ¢ U, and so completes the proof. ]

This reduces the analysis of measures to the analysis of k£ X k matrices for
a large but fixed k.

DEFINITION 1.10.  For pp € M define a set V[k, uo)(e) C My, as
VIk, pol(€) := {A € My, : ||A — Py polloo < €}

Since M () € My, is an integer valued matriz, all configurations in V[k, po](e)
cannot be attained by setting A = M () /n. Define V, [k, pol(€) to be the set
of all M € My, such that M € V(k, o). More precisely, Vylk, po)(e) is
defined by

1
Vilk, 110)(€) 1= My 0 nV[E, o) (€) = {M € Myt |- M = Peyglloo < e}.

The following lemma gives an estimate of the probability that M (w) €
Vnlk, po)(€).

LEMMA 1.11.
1
lim ~1 IP’n<M € Valk, ):— inf D ,
Jim_ —log (m) € Vnlk, po](€) eyl Plpallpo)
where pa 1s as in definition 1.5.
PROOF. For the proof, first assume that
(1.7) lim  min  D(pyymllpy,) = inf — D(pallpu,),

=00 MeVy [k, pol(€) A€V[k,po](€)
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where the definition of p4 is extended to matrices A whose row/column sums
need not equal 1/k, to accomodate for the fact that for any M € V, [k, po)(e)
the matrix %M will not satisfy this exactly. The proof of (1.7) is deferred
till the end of the lemma.

For the lower bound, note that

P, (M(w) € Vaulk, MO](E)) > o B(M(r) = M)

) (rmon)

= X - -
MeVn[k,pol(e) n! Hf s=1 Mrs!

where the second step uses Lemma 1.6. Now, Stirling’s formula gives that
there exists C' < co such that

|logn! —nlogn+n|=0ifn=0
=lifn=1
<C'logn if n > 2,
and so

Cilogn

%log P, (M(Tl') € Vn[k,uo](e)> >~  min  D(paymllpy,) —

MEVy k0] (€) n

for some constant C, < oo. On taking limits using (1.7) completes the proof
of the lower bound.
For the upper bound note that

P, (M) € Vulk.ol(@) <(" HE

<m+EH¥  max  Pu(M(r) = M),
<( ) el (M(m) = M)

P,(M(m)=M
) el P01 =0

since any valid configuration M is a non negative integral solution of the
equation Zk M,.s = n. Thus proceeding as before it follows that

r,s=1

1 C) logn
Zlog P, (M(7) € V,[k, < - i D(pas/m + k=
—log P (M () [k, pol (€)) < o (Pr/nllpuy)

for some other C} < oo, which on taking limits using (1.7) completes the
proof of the upper bound.
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It thus remains to prove (1.7). To this effect, let M) denote the mini-
mizing configuration on the Lh.s. of (1.7). Then %M (") is a sequence in the
compact set

k
k2 :
: >0: =
{A C[0,1] 1§mr,ls%k Ars >0 E A =1},

r,s=1
and any convergent subsequence converges to a point in V[k, uo(e). Thus

lim inf min D(pprrmllpu,.) > inf D(pallpv
n—=00 MV [k,uo](e) Paynllpu.) AV 0](©) (pallpui)

= Aevﬁﬁo] © D(pallpu,),
where the last equality follows from since A — D(pal|py,) is continuous,
completing the proof of the lower bound in (1.7).

Proceeding to prove the upper bound, it suffices to prove that for any
A € V[k, o) (€) there exists a sequence M ™ € V, [k, uo](e) such that 117"
converges to A as n — oo. To this effect, let © € M be such that P, , = A.
(It is easy to check that such a p always exists for any A € M;y). By [8,
Lemma 4.2] and [8, Lemma 5.3] there exists a sequence of permutations
{on}n>1 with o, € Sy, such that v, converges weakly to u, and so setting
M® = M (o) one has that M™ e M., and %M(") — Py = A. Also the
set

Wi = {B € [0,1]F : || B = Pepoloo < €}
is open, and since A € Wy, it follows that %M (") ¢ W, for all large n. Since
Vulk, ol (€) = nWy, N My, 5, the proof of (1.7) is complete. O

The next and final lemma derives another technical estimate using Lemma
1.11. This lemma will be used to prove Theorem 1.1.

LEMMA 1.12.  For any set M[k, uo|(€) one has

.1 .
Jim —log Py, (un € M[kvuo](E)) = - Aevﬁ p (e)D(pAHpUk)-

PRrOOF. First note that
1 4
[ P — EM(W)HOO =|Prpr — Prrlloo < -

Indeed, since each square T,; has four boundaries each of which intersect
in exactly one row/column of the n x n partition of the unit square, the
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two quantities above can differ only if there is an element on one of these
rows/columns. Since each such square has probability 1/n under p, the
maximum difference can be at most 4/n.

Thus for any 0 € (0,¢) and all n large enough,

P (pr € Mk, pol(€)) 2 P (M(r) € Vil ol e — 6))

Using Lemma 1.11 gives

1
lim inf = log P, ( M emol(e—8)) >—  inf D .
o 08 ( () € Vulk, po(e )) ACV[Epio] () (Pallpo,)

Letting d | 0 gives

1
1. lim inf = log P,, ( fir k, >_  inf D .
(1.8)  liminf —log (u e M| uo](é)) Aot o (pallpuy,)

A similar argument gives

. 1
limsup —log P, (M () € Vulk, (e +9)) < D(pallpu,):

— inf
n—00 AeV(k,pol(e+9)

from which, letting § | 0 gives

. 1 .
(1.9)  limsup —logP, (uw € M[k,mﬂ(e)) <— _inf  D(pallpv,)-
n—oo T A€eV[k,po](e)

Combining (1.8) and (1.9) gives

1
lim —1 P(We/\/lk:, ):— inf D ,
Jim —log P [, po)(€) aevink o Ppallpo)
using the continuity of A — D(pal|py,). This completes the proof of the
lemma. O

PROOF OF THEOREM 1.1. Since M is a base for the weak topology on
M, by Lemma 1.12 and [5, Theorem 4.1.11] it follows that P,, follows a weak
large deviation principle with the rate function

I(p) = sup inf  D(pallpu,).
) Mlk,pol(€)pu  AEVIkpol(€) (Pallpv.)
Also since M is compact it follows that full large deviation principle holds

with the good rate function I(.). It thus remains to prove that I(u) =
D(pl|u). To this effect, first note that u € Mk, u](1/k), and so

I(p) > liminf ~_inf  D(pallpy,) = liminf D(pa,||pv,),
k—o0 AeVk,u](1/k) k—o0
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where Aj, denotes any minimizer of A — D(pa||py, ) over V[k, u](1/k). But
then pa, converges weakly to p as k — oo. The lower semi continuity of
D(.]|.) then implies I(p) > D(ul||u), proving the lower bound.

For the upper bound note that the first supremum is over all M|k, po](e)
containing s , and so with A = P, € V[k, u](€) one has

I(p) < sup D(p,_ |lpuy)
>1 g
Also note that

Dl = sup { [ fdu—tog [ elau},
feBl0,1]2 [0,1]2 [0,1]2

Dl o) = sw { [ pau-tog [ aul,
’ fEBL[0,1]2 [0,1]2 [0,1]2

where B0, 1] denotes the set of all bounded measurable functions on [0, 1]2,
and By[0,1]? denotes the subset of B[0,1]? which is constant on every
Tys,1 < r,s < k. Indeed, both the results follows from [5, Lemma 6.2.13].
Consequently sup>4 D(ppk!quUk) < D(p||u), thus completing the proof of
the upper bound.

U

2. Statement and Proof of Proposition 2.2. This section states
and proves Proposition 2.2 which characterizes the joint limiting distribu-
tion of {m(1),--- ,m(n)}, when 7 is generated either from the two distribu-
tions considered in this paper. Stating the proposition requires the following
definition:

DEFINITION 2.1.  For a permutation m € Sy, define the function m, :
(0,1] = (0,1] by setting m,(t) := =),

For any measure p € M define a stochastic process Z, : (0,1] — (0,1]
via the following finite dimensional distributions:

For any k € N and 0 < t1 < to--- < tp < 1 the random variables
{Z,(t1),- -+, Zu(tr)} are mutually independent, with Z,(t;) having the law

, j.id.

,C(Y|X = ti), ’LUZth (XiaY;)lgiSk Z'Z\' M.

PROPOSITION 2.2.  (a) If m is an observation from Qy ¢9 as in (1.1)

with f € C, then for any k € N and 0 < t; < --- <ty <1 one has

{WN(t1)7 T 77Tn(tk)} i) {Zuf,e (tl)v T Zuf,e (tk)}v

where (g is as in theorem 1.5.
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(b) If w is an observation from the Mallows model M, g with Kendall’s Tau
as in Proposition 1.12, then for any k e N and 0 < t; < --- <t <1
one has

{mn(te), mn(te)} 5 {Zay, (1), s Zy, ()}

where 1, 15 the measure induced by the density pg of proposition 1.12.

PRrOOF. (a) By theorem 1.5 part (b) one has 7 converges to pysg in
probability. The result then follows by an application [2, Prop 6.1]
along with [2, Cor 6.4].

(b) By [11, Theorem 1] one has that m converges to u,, in probability.
The result then follows by an application [2, Prop 6.1] along with |2,
Lemma 7.1].

O

As an application of the above proposition, it immediately follows for
example

C([nt]) S Zu(6) ~ £OGIXy =1
Br([nt]) > m(ns]) " B(Zu(t) > Zu(s)) = B(¥i > ValXy =1, X5 = 5),

where (X;, Yi)izl,g bl 1, where p is the relevant limiting measure. An ex-

plicit evaluation of these quantities for the models of the form Q,, ;¢ requires
the computation of the limit pfg.
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