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Abstract Suppose the auto-correlations of real-valued, centered Gaussian process
Z(-) are non-negative and decay as p(|s — t|) for some p(-) regularly varying at
infinity of order —a € [—1,0). With I,(t) = fé p(s)ds its primitive, we show that
the persistence probabilities decay rate of — log P(sup, (o 71{Z(#)} < 0) is precisely
of order (T/1,(T))log1,(T), thereby closing the gap between the lower and upper
bounds of Newell and Rosenblatt (Ann. Math. Stat. 33:1306-1313, 1962), which stood
as such for over fifty years. We demonstrate its usefulness by sharpening recent results
of Sakagawa (Adv. Appl. Probab. 47:146-163, 2015) about the dependence on d of
such persistence decay for the Langevin dynamics of certain V¢-interface models on
z4.
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1 Introduction

Persistence probabilities, namely the asymptotic of P(sup, (o 71{Z (1)} <0)as T —
00, have a fairly long history in probability theory with the case of stationary, centered,
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Gaussian processes Z(t) receiving much attention (c.f. [2,10,21,24,25,27-29,33]
and the references therein). In particular, for non-negative, stationary auto-correlation
A(s, t) = E[Z(s)Z(1)], it directly follows by an application of Slepian’s lemma and
sub-additivity that the limit

1
b(A) :=— lim —logP| sup {Z(¥)} <O (1.1)
T—oo T t€[0,T]

exists in [0, oo], and it is easy to see that b(A) is finite whenever Z(-) has continuous
sample paths (c.f. Lemma 2.6). Hereafter for any stationary non-negative correlation
function A(-, -) we use the notation b(A) to denote the limit defined in (1.1).

For such processes the positivity of b(A), namely the exponential decay of the
corresponding persistence probabilities, is equivalent to integrability of A(0, -), under
certain regularity condition on T > A(0, 7).

For many processes of interest T — A(s, s + 7) is non-integrable, with b(A) = 0
(see for example Remark 1.4, Corollary 1.10 and Remark 1.12). In such cases (1.1) is
of limited value, and the finer, sub-exponential persistence probability decay rate, is of
much interest. Indeed, focusing on the special case where A(s, t) decays as |t — 5|~
for some « € (0, 1], already in 1962, Newell and Rosenblatt [25] showed that

T < —log]P’( sup {Z()} < 0) <T%logT, for 0<a <1, (1.2)
t€[0,7T]

T
< —logP{ sup {Z(1)} <0 ) <T, for o =1. (1.3)
logT 1€[0.T]

Hereafter, for any non-negative functions a;(T'), a>(T), we denote by a1 (T) < ax(T)
the existence of C < 0o, possibly depending on the law of {Z(-)}, such that a;(T) <
Cay(T) for all T large enough, with a;(T) = ©(ax(T)) when both a;(T) < ax(T)
and ax(T) < a1 (7).

To the best of our knowledge, the gap between the upper and lower bounds of [25],
as in (1.2) and (1.3), has never been improved. Our main result closes this gap, by
determining the correct decay rate of the relevant persistence probabilities, in case of
asymptotically stationary non-negative A(s, t) that are regularly decaying in |t — s|
large. To this end, we shall make use of the following definition.

Definition 1.1 For « > 0, let R, denote the collection of measurable, regularly
varying of order —« functions p : [0, c0) + (0, 1], i.e. for every A > 0 one has

At
lim pAD) =1"%
=00 p(1)

Associate to each p € R, the primitive function /, : (0, 00) (0, oo) such that

t

1)) = / p(s)ds, (14)

0
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and the asymptotic persistence decay rate

tlog 1,(t)

1.5
A0 (1.5

ap(t) ;==

Theorem 1.2 Suppose the centered Gaussian process {Z(t)};>0 has non-negative

auto-correlation
E[ZsZ;]

JELZ21E[22]

(a) Ifsomea € (0,11 and p € Ry with I,(00) = 00, are such that there exists 7 > 0
satisfying

A(s, 1) = (1.6)

At,t
lim sup ﬂ < 00, (1.7)
t,T—00,T<Nt (1)
then,
1
— lim sup logP{ sup {Z(t)} <0} > 0. (1.8)
T—oo ap(T) 1€[0.7]
(b) Suppose further that
limsup E sup {Z(t)} | < oo, (1.9)
ul0 s>0 tels,s+u)
and there exists n > 0 such that
A(t,t
limint 20T (1.10)
t,T—>00,T<nt IO(‘L')
Then,
—loglP{ sup {Z(#)} <0 )= 0O(a,(T)). (1.11)
1€[0,T]

Theorem 1.2 is proved in Sect. 2, where for the upper bound of part (a) it suffices to
consider the persistence probabilities over [rT', T'] for suitably chosen r € (0, 1). We
can further split [T, T'] into sub-intervals while leaving large enough gaps to ensure
that the dependence between the restrictions of Z(¢) to the different sub-intervals, is
weak enough for deducing an exponential decay of the overall persistence probability
in terms of the number of such sub-intervals. The more delicate proof of the com-
plementary lower bound of part (b) consists of four steps. We first rely on Slepian’s
lemma and the non-negativity of the correlation A(-, -) of (1.6) to show that if such
lower bound holds for intervals [rT’, T'] with r € (0, 1) fixed and T’ large enough,
then it must also extend to the interval [0, T']. To verify such a bound for [rT, T],
in the second step we split it to many sub-intervals, now employing a conditioning
argument to control the height of the end-points of these sub-intervals, provided that
the conditioned process has non-negative correlations. The third step establishes the
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latter crucial fact, thanks to certain properties of any such correlation function, the
derivations of which are deferred to the last step of the proof.

Remark 1.3 For a € (0, 1), upon comparing (1.5) and (2.1) we see that a,(T) =
(H)(p(T)’l logT). So, in this case our conclusion (1.11) is that the persistence
probability lower bound of [25], namely the RHS of (1.2), is tight. In contrast,
1,(T) is not O(Tp(T)) when a = 1, and in particular p(t) = 1/(1 + 1) yields
a,(T) = T (loglog T)/(log T), with neither the upper nor the lower persistence prob-
ability bound of [25] then tight.

Remark 1.4 The conclusion (1.11) holds for any stationary process {Z(-)} having
non-negative auto-correlation A(0, ) = ®(p(t)) for some p € Ry, o € (0, 1], such
that /,(c0) = oo and t — Z(¢) has a.s. continuous sample path (which holds for
example when | logu|7(1 — A(0, u)) — Oasu — 0, forsomen > 1, see[l, (1.4.3)]).
Such stationary Gaussian processes of algebraically decaying, non-summable corre-
lations appear frequently in the physics literature (see for example [16,22,23], and the
excellent survey in [5]). An interesting open problem is to find in this context sufficient
conditions for the existence of the limit

bu(4) = — lim a,(T)

logIP’( sup {Z(1)} < 0), (1.12)

te[0,T]

possibly after replacing a, (T') of (1.5) by an equivalent function.

For slowly varying, eventually decaying to zero, correlations (namely, as in The-
orem 1.2, but with p € Rg), we next determine the rate of decay of persistence
probabilities, up to a log factor.

Proposition 1.5 Suppose in the setting of Theorem 1.2 that conditions (1.7), (1.9) and
(1.10) hold for some p € Ro which is eventually non-increasing and

Iim p(x) =0.
X—> 00

Then, we have that

a,(T) S —logIP’( sup {Z()} < 0) Sap(T)logT. (1.13)
t€l0,T]

Remark 1.6 Recall that the spectral measure n4 of a centered, stationary Gaussian
process {Z(-)} is the unique non-negative measure such that

A(0, r):/ e Pdua(l) VreR
R

and in particular, the absolute integrability of A (0, -) implies the existence of uniformly
bounded density of 1 4. Following [11] treatment of discrete time, centered, stationary
Gaussian sequences, [4, Theorem 2.1] derives the Large Deviations Principle (LDP) at
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speed T and C,(R)-topology, for L7 := T ! fOT 871 dt, provided u 4 has a vanishing
at infinity, continuous density. This does not imply the LDP for L7 (—o00, 0), so when
going beyond non-negative correlations, the limitin (1.1) might not exist. Nevertheless,
[12] provide in this setting sufficient conditions for truly exponential decay of the
persistence probabilities. Specifically, [12] shows that

- logIE”( sup {Z(1)} < 0) = O(T), (1.14)

tel0,T]

if near the origin the corresponding spectral measure 14 has a bounded away from
zero and infinity density, and for some 6 > 0 the integral fR |A|8 A (dX) is finite. Our
proof of Lemma 3.1 shows that any centered, stationary, separable Gaussian process
Z(-) with absolutely integrable A (0, -), has at least exponentially decaying persistence
probabilities (so neither bounded away from zero density near the origin nor having
fR AP ua(dr) < oo, are required for such exponential decay). It further raises the
natural question what is the precise necessary and sufficient condition for having at
least exponential decay of persistence probabilities of such processes.

As an application of Theorem 1.2, we sharpen some of the results of [26] about
asymptotic persistence probabilities for a certain family of V¢-interface models.
Specifically, consider the R, x Z¢-indexed centered Gaussian process {¢; (x)} given
by the unique strong solution of the corresponding (Langevin) system of interacting
diffusion processes:

dg.(x) = 1 —¢:(x) + Zq(y —X);(y) { dt +~2dB,(x), ¢o(x) =0. (I.15)
y#X

Here {B;(x)}xc7z« is a collection of independent standard Brownian motions, and we
make the following assumptions about ¢ : Z¢ > R,

Assumption 1.7 The function ¢ : Z¢ > R satisfies the following four conditions:

(@) q(x) = gq(—x),

(b) There exists R < oo such that ¢g(x) = 0 whenever ||x||> > R,
© 2xz0qXx) =1,

(d) The additive group generated by {x € Z% : g(x) > 0} is Z<.

Such V¢ and other, closely related, models received much interest in mathematical
physics and probability literature (c.f. [7,13—15,17] and the references therein). It is
not hard to verify that a standard approximation argument proves the existence of a
unique strong solution of (1.15) (that is, a stochastic process ¢;(x) € C([0, c0), )
for& ={x:>,(1+ li1)~2P|x(i)|* < oo, for some p > 1}, adapted to the filtration
o(Bs(x) : x € Z% s < t) and satisfying (1.15)). Further, there exists a random
walk representation for the space-time correlations of (1.15) (c.f. [6,8]; see also the
references therein for other interacting diffusion processes admitting a random walk
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representation for their correlations). From this random walk representation we have
that the covariance of the centered Gaussian process g; := ¢;(0) is

s+t
r@, 1) :=/ P(S\Y = 0)du. (1.16)
|

s—t|

Here {SL(ﬂ) }u>0 denotes the continuous time random walk on 74, starting at S(()q) =0
which upon its arrival to any site x € Z¢ waits for an independent, Exponential(1)
time, then moves with probability ¢(y —x) to 'y € Z?\{x}. The correlation of the
process {g;} is consequently of the form

Iy(s +1) — Ip(|s — 1))

JL,CHIL,2H

for I,(-) of (1.4), where p(u) = ]P’(S,gq) = 0) is bounded, strictly positive and
regularly varying (see the proof of Corollary 1.10). More generally, replacing P(S,Eq) =
0) by some other regularly varying function p, our next theorem provides asymptotic
decay of persistence probabilities for any centered Gaussian process {Y), (¢)};>0 having
correlation C(s, t) := E[Y,(#)Y,(s)] of the form (1.17) for some p € R, . To this
end, for y > 1 we may utilize the corresponding limiting correlation function

Cp(s,t) = 1.17)

Ly(s — 1)

Cy(s, 1) = lim Cyp(s +ki+h)=1- -+ )
P

(1.18)

For y € [0, 1) we shall instead consider the universal limiting correlation functions
associated with the Lamperti transformation ¢ = e (see [19]). That is,

Cr(v,u) = Jim Cp(e”™, ey = cosh(|u — v|/2)' ™7 — sinh(ju — v|/2)! 7.

(1.19)
The latter functions appear in the physics literature when studying persistence of
Gaussian processes driven by linear stochastic differential equations (see [18,23]).

Theorem 1.8 Suppose the process {Y,(-)} has correlation function of the form (1.17)
for some p € R, and let I;(-) denote the primitive of p(s) := sp(s).

(@) Ify >2o0ry =2and I5(c0) < 00, then

1 _
— lim —logP{ sup {Y,(1)} <O )=0b (Cp) € (0, c0), (1.20)
T—oo T te[l,T]

provided p(-) is uniformly bounded away from zero on compacts.
(b) Ify €10, 1), then

— lim
T—oo log T

log]P’( sup {¥, (1)} < 0) —b (c;) €(0,00). (121

te[1,T]
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(© Ify € (1,2) ory =2 and I;(00) = oo, then

te[l,T]

—logIP’( sup {Y, ()} < 0) = 0 (az(T)) (1.22)

Remark 1.9 Note that for y € [0, 1) we get the same persistence power exponent
b(C)*,) for all p € R, (which is not the case when y > 2).

We have the following immediate application of Theorem 1.8 for p@) (1) :=
P(S\ = 0).

Corollary 1.10 Fixing d € N and q : 7% — Ry satisfying Assumption 1.7, let
gr = ¢:(0) for ¢ (X) which is the unique strong solution of (1.15).

(a) Ifd = 1 then

- log P sup {g:} <0 )=b(Cr),) € (0, c0). (1.23)
10gT (te[l,T] ' 12
(b) Ifd = 3 then
—1og19>( sup {g/} < 0) = OTlogT). (1.24)
tell,T]
(c) Ifd = 4 then
Tloglog T
—togP| sup {g} <0)=0 (ﬂ). (1.25)
rell,T] log T
) Ifd > 5 then p@ (u) = P(S = 0) € Ry and
— lim 1 logP{ sup {g:} <0 )=5(C,w) € (0, 00). (1.26)
T—oo T tell,T] r

(e) Forjump rates qq : 7¢ — R satisfying Assumption 1.7 and any k > 0, let G,((q”’)
denote the expected occupation time of 0 during {k, k + 1, ...} by a discrete time
random walk of transition probabilities qq4(y — X) that starts at {0}. Suppose the

Green functions G(()q") — lasd — oo and sz,((q") is uniformly bounded over
k> 1andd > dy. Then,

Jim b(Cap) = 1. (1.27)
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Proof In view of Assumption 1.7, the convergence u?/ 2P(S,5q> = 0) — ¢, for some
finite constant ¢, > O readily follows from the local CLT for {Sbsq)}, asin [32, Theorem
2.1.3]. Hence, comparing (1.16) with (1.17), parts (a)-(d) of the corollary are an
immediate application of Theorem 1.8 for p@) (1) € Ry /2 (indeed, part (a) of Theorem
1.8 takes care of d > 5, part (b) handles d = 1, while part (c) deals with both d = 3
for which I5(T) = O(/T) and d = 4 for which I5(T) = ©(log T)). Part (e) is an
application [9, Theorem 1.6], the details of which are provided in Sect. 3. O

Remark 1.11 Corollary 1.10 gives the exact order of decay for any d # 2, as well
as existence of a limiting persistence exponent for d = 1 and d > 5. In doing so it
improves upon the earlier results of [26] (where the decay rate is determined for d =
1, d > 5 without the existence of a limit, and decay rate upper and lower bounds within

alog T factor are given for d = 2, 3, 4). Recall that ]P’(SL(,’I) =0)=0(/u)whend =

2, hence the process {g;// Eglz} then has auto-correlation A(s, r) = ©(1/log |t —s|)
for 1 < |s —t| = ©O(¢). This corresponds to « = 0, a case for which Theorem 1.2
does not apply, but Proposition 1.5 predicts that

(logT)* < —logP| sup {g} <0 )< (logT)*,
tell,T]

as indeed proved in [26].

Remark 1.12 As another application of Theorem 1.2, we determine the exact rate of
persistence decay for stationary fractional Brownian motion of order H € (1/2, 1)
defined by the stochastic integral

t
Yo (1) = / e O dBy (),

—00

where By (.) is two sided fractional Brownian motion of order H € (1/2, 1). We refer
to [31] for a definition of stochastic integration with respect to fBM with Hurst index
H > % Using [31, (1.1)] we find that the stationary correlation function of Yg(-) is

1 T
Ag0,7)=¢e"" + —/ eI R(s)ds,
" E[Yr (021 Jo
where

R(S) = H(ZH — 1)/00 e_”(v +S)2H—2dv
0

is asymptotically of order H(2H — 1)s2H~2 for s large. Consequently we have that

i At t+1) HQH-1)
im su = ,
mSP—n2 E[Yx(0)2]
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with conditions (1.7) and (1.10) satisfied for the regularly varying p(r) =
min(1, 72#72). As for (1.9), recall that Ay (0, 7)> A1/2(0,7) = €7, hence by
Slepian’s lemma,

E[ sup {YuO} =E[ sup ({Y12(0)}]

tels,s+ul tels,s+ul

for the stationary OU process Yi,2(-), which satisfies (1.9). Consequently, so does
Yy () and from Theorem 1.2 we conclude that

—log]P’(sup Yu(t) < O) = @(TZ_ZH logT).
[0,T]

Section 2 is devoted to the proof of Theorem 1.2, with Theorem 1.2 applied in
Sect. 3 to yield part (c¢) of Theorem 1.8 (and [9, Theorem 1.6] utilized for deducing
the complementary parts (a) and (b) of Theorem 1.8, as well as part (e) of Corollary
1.10).

2 Proof of Theorem 1.2

We first collect a few standard, well known results about Gaussian processes, that will
be used throughout this paper.

2.1 Preliminaries on Gaussian processes

A key tool in our analysis is the following comparison theorem, known in literature
as Slepian’s lemma (see [1, Theorem 2.2.1]).

Theorem 2.1 (Slepian’s Lemma) Suppose centered Gaussian processes {X;}:e; and
{Y:}1e1 are almost surely bounded on 1. If

EX? =EY?, Viel, EX,X; <EY,Y,, Vs,tel,
then for any u € R one has
IP(supX, < u) < P(squt < u) .
tel tel

Combining Slepian’s lemma and sub-additivity, one has the following immediate
corollary.

Corollary 2.2 If {X,};>0 is a centered, stationary Gaussian process of non-negative
correlation function, such that sup,co 71 X, is almost surely finite for any T < 00,
then the limit

1
— lim —logP{ sup X; <O
T—oo T t€[0,T]

exists in [0, o0].
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The Sudakov-Fernique inequality (see [1, Theorem 2.2.3]), is another comparison
tool we use.

Theorem 2.3 (Sudakov—Fernique) Suppose centered Gaussian processes {X;};cr
and {Y:}1eq are almost surely bounded on 1. If

E(X; — X;)? <E(Y, — Y,)?, Vs,tel,

then one has

E |:sup X{| <E |:sup Y,:| .
tel tel
We often rely on Borell-TIS inequality (see [1, Theorem 2.1.1]) to provide concen-

tration results for the supremum of Gaussian processes.

Theorem 2.4 (Borell-TIS) If centered Gaussian process {X;};cr is almost surely
bounded on 1, then E[sup,¢; X;] < 0o and for o? := sup,.; EX? and any u > 0,

IP’(supX[ —Esup X, > u) < e/}

tel tel

We conclude with the standard formula for the distribution of a Gaussian process
conditioned on finitely many coordinates.

Theorem 2.5 If centered Gaussian process {Z;}1>0 has covariance A(-, -), then for
any £ distinct indices 0 < t| < --- < ty, conditional on (Z;;, 1 < i < £) the process
Z; has Gaussian distribution of mean

4
m(t) = Q. HA, 1)Zy,

i,j=1
and covariance function

14

As. 1) = Als. 1) — D Al 1)Q0, j)A(s. 1)),
ij=1

where Q™! is the €-dimensional covariance matrix of the centered Gaussian vector
(Zy, 1 <i<?).

2.2 Proof of Theorem 1.2
We begin by showing the positivity of persistence probabilities over compact intervals

for centered Gaussian processes of unit variance, non-negative correlation and a.s.
continuous sample path.
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Lemma 2.6 Suppose the centered Gaussian process {Z (t)} has a.s. continuous sam-
ple paths, unit variance and non-negative correlation. Then, for any u € R and
compact interval I,

P (sup{Z(t)} < u) > 0.
tel

Proof Let M(I) := sup;c;{Z(t)} and suppose that P(M (1) < u) = O for some

u € R and compact interval I;. Representing I; as the disjoint union of intervals 12(7)

and 12(+) each of half the length of /;, we get by the non-negativity of correlations and
Slepian’s lemma (Theorem 2.1) that

0=P(M,) <u)>P (M(Iz(_)) < u) P (M(12(+)) < u) .

So, either P(M(Iz(f)) <u)=0or P(M(12(+)) < u) = 0 and proceeding inductively
with the sub-interval for which we have zero probability, we construct non-empty
nested compact intervals I; of shrinking diameters such that P(M (I;) < u) = 0 for
all k. By Cantor’s intersection theorem, (), I is a single non-random point t,. Thus,
by the continuity of sample paths we get that a.s.

lim M(Iy) = Z(1,).
k— 00

Consequently,

0= lim P(M(L) <u) = P(Z(t,) < u) > 0.

a contradiction which rules out our hypothesis that {M (I1) < u} has zero probability.
O

We recall some properties of positive, measurable slowly varying functions, that
are used throughout this paper.

Remark 2.7 For any L € Ry (namely, positive, measurable, slowly varying function
on R ), the convergence of LL(();’)) to 1 is uniform over A in a compact subset of (0, co)
(see [3, Theorem 1.2.1]). Further, by the representation theorem (see [3, Theorem
1.3.1]), there exists then Le Ro such that

and x — x"L (x) is eventually increasing (decreasing) if n > 0 (n < 0 resp.). That
is, up to a universal constant factor (that depend on L(-)), the function x7L(x) may
be assumed eventually increasing (decreasing) if n > 0 (n < O resp.).
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W.Lo.g. we assume throughout that {Z(-)} has been re-scaled so that E[Z(1)?] = 1
for all ¥ € R, and state next three auxiliary lemmas which are needed for proving
Theorem 1.2 (while deferring the proof of these lemmas to the end of the section).

Lemma 2.8 Fora > 0and p € Ry, let L,(x) = x¥p(x) € Ro for which we further
assume the eventual monotonicity properties of Remark 2.7.

(@ f0<a<l,

L) — 1 1
lim  sup o )1 ”(“3 _ —0. @.1)
b—>00 4e0.b) | Lo(B)(D' ™ —a'™¥) 1 -«
®) Ifa>1,
I,(a) — 1,(b 1
lim  sup ‘ p@) — 1)) ‘ —0. 2.2)

L,(b)y(b1— —al=@) o —1

b—00 4 (b, 00)

Lemma 2.9 Suppose p € Ry fora > 0.

(a) The function 1,(-) is a regularly varying function of order (1 — o) 1 and

MY p(EM)

lim sup 2.3)
n,M—00 Ip (nM)
If 1,(00) < oo, then we have the stronger conclusion
o
lim sup M Z p(tM) = 0. (2.4)

M—o00 =1

(b) Suppose a € [0, 1], with p(x) — 0 when o = 0 and 1,(00) = co when a = 1.
Then, fixing ;v > 0 we have for M := u1,(T) that

[T/M]

1
li M) = —. 2.
Jim ; p(EM) p 2.5)

Lemma 2.10 If the auto-correlation A(-,-) of a centered Gaussian process {Z(-)}
satisfies (1.7) for some p € Ry and o € (0, 1]. Then, there exist n, § > 0 such that

lim sup logP sup {Z()} < +/8logM | = —o0. (2.6)
M—colog M >y rels,s+M]

Proof of Theorem 1.2 Throughout the proof, all constants implied by the notation <
depend only on the function A(-, -).
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(a) By (1.7) there exist > 0 small, 7, finiteand r = 1 — 7 € (0, 1) such that

sup A, t+1)Sp(), V=0, T>T,. 2.7
te[rT,T—1]

For some large universal constant A < oo to be chosen in the sequel, we set M =
M(T) := M ,(T) andn = n(T) := L(l r)TJ both of which diverge with T — oo
due to our assumptions on p(-). We then con51der the following subset of [rT, T,

n
J = U Je.
(=1
That is, J is the union of every other sub-interval 7, := [s¢, S¢+1], where sy :=

rT + (L — 1)M for ¢ > 1, and n(T) is the largest £ € N such that 5o < T. With
J C [0, T1, we trivially have that

P{ sup {Z®)} <O ) <Pl sup{Z(@®)} <O0]. 2.8)
t€[0,T] teJ
Fort € J let J(t) = £ when t € J¢ for some ¢ € {1,2,...,n} noting that for all
s,teJ,
1 1
A(s, 1) < EA(S’ Hlyys=s0)y + EB(J(S), J(@)), (2.9)
where

B(i, j) :==2sup{A(s, 1) : s € Joi, t € o}, ifi #j, B(i,i)=1. (2.10)
Ifs,t € J with J(s) # J(t), then clearly
MIJ(s) = J(@)| < |s —t] =3M|J(s) — J(@)I. (2.11)

Since M = M(T) — oo, we have from (2.7), (2.10) and (2.11), that with p(-)
regularly varying,

B(i, j) S sup px) S p(Mli —jl), (2.12)
xelMli—j|.3Mlij|}

uniformly in i # j and for all M large enough. We thus deduce by (2.12) and (2.3)
that

n

§T):= sup { > BG,)) <Zp(eM><

I=j=n |i—1i#j =1

I, (nM)

v X (2.13)
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where the right-most inequality results from having chosen M = Al,(T)andnM < T
(so I,(nM) < I1,(T)). The universal constant on the RHS of (2.13) is independent of
A, hence there exist A = A and T, finite, such that £(T) < 1/2 for all T > Ti..
Using hereafter A = X1 for the remainder of part (a) and the fact that B(i,i) = 1, it
follows by the Gershgorin circle theorem and the interlacing property of eigenvalues,
that for any 7 > T,., the principal sub-matrices of the symmetric n-dimensional
matrix B = {B(i, j)} have all their eigenvalues within [1/2, 3/2]. In particular, B is
positive definite, and with {X, }2’:1 denoting the centered Gaussian random vector of
covariance matrix B, upon applying the argument in [9, display following (2.5)] for
principal sub-matrices of B, we get that forany L > Oandall 1l <ij <--- < iy <mn,

g (sﬁp{xi,} < —«/Z) < 3%2p(X, > 2L/3) . (2.14)
=1

!

Next, we denote by {7(t), t € J} the centered Gaussian process which has the same
law as {Z(t)} when restricted to each sub-interval >, while being independent across
different sub-intervals and independent of the random vector {X,}7_,. Then by (2.9),
upon applying Slepian’s lemma we get that for all L > 0 and 7 > max (T, Ty,

n(T)
P(sup{Z(t)} < 0) <E|[] (IP’( sup {Z(1)} < JZ) + l{Xz<—«/Z}) (2.15)

teJ =1 SVEY)

(c.f. [9, (2.4)] for a more detailed version of this argument). Utilizing now (2.14), we
deduce from (2.15) in a similar manner as the derivation of [9, (2.6)] that for all L > 0,

P(sup{Z(1)} < 0) < [f((S, T) + V3P(X; > w/zL/3)]"(T)
teJ

< 2MT) max [f((;’ T), V3P(X; > \/M)]”(T)’ (2.16)

where

£, T) = Sip IP( sup {Z(t)} < ﬁ)
V4

=1 teJn

Moreover, setting L = L(T) := 6log I,(T), upon considering (2.6) for the intervals
Jr¢ within [rT, T], of length M(T) = A11,(T) each, we can choose § > 0 small
enough so that

log /D) _ _ 2.17)
T—oo logl,(T) ’ ’
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Persistence of Gaussian processes: non-summable correlations

Since n(T)L(T) = (1 r)6 ~—7—a,(T), considering —a,(T)~ 1 log of both sides of (2.16),
we deduce from the usual tail estimates for the N (0, 1) law of X, that

1 1—r)$
— lim sup logP{ sup{Z(#)} <0 ) > ( ) >0
T—00 ap(T) reJ 61

(with a negligible contribution of f (8, T') due to (2.17)). Combined with (2.8) this
yields the stated upper bound (1.8).

(b) Step I We first show that suffices for (1.11) to have for some r € (0, 1) and finite
C1, T,

Pl sup {Z®O)} <0 )=e CD v1>T17. (2.18)
telrT,T]
To this effect, for T > T} setm = m(T) := (%1 and
m .
Qy(T) =D ay(Ty), T;:=r'"'Ty, i>0, (2.19)

i=1

so that 7,,, € [T, T/r]. With A(-, -) non-negative, by Slepian’s lemma and (2.18) we
have

IP’( sup {Z(1)} < O) ( sup {Z(1)} < O)H]P’( sup {Z(1)} < 0)
tel0,7T] t€[0,To] te[Ti—1,T;]

> IP’( sup {Z(1)} < o)ec@m. (2.20)

1€[0,Tp]

Next, by Lemma 2.6 the event {sup,cy 7,){Z(#)} < 0} has positive probability, so
considering the lim sup as T — oo of —ap(T)_1 log of both sides of the preceding
inequality, we get (1.11) upon showing that

a,(T) S ap(T). (2.21)
To this end, recall by Lemma 2.9 that r — 1, () is regularly varying of order 1 — o,
hence a, (t) = tlog I,(t)/1,(t) is regularly varying of order a > 0. Thus, there exists

K > 1 finite such that a,(T;—1) < r"‘/zap(T,-) for all i > K, from which we deduce
that

K o
a,(T) < Zap(Ti) +a,(Ty) Zral/z'

i=1 =0
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The first sum on the RHS is finite and independent of 7. Further, with ¢« > 0 and
r € (0, 1), the same applies for the second sum there. Lastly, since a,(-) is regularly
varying of positive order, a,(7;,) < a,(T), yielding (2.21) and thereby (1.11).

Step II We proceed to verify (2.18) forr = 1 — n € (0, 1) and n small enough so
that by (1.10) in addition to (2.7), we further have for all T large enough

p0) < _ inf JAG D), Voo, (2.22)

elrT, T—

Then, for such T large, set M = M(T) = A1,(T) for some finite A to be chosen in
the sequel, and cover the interval [rT, T'] by

for the corresponding open sub-intervals 7y = (s¢, S¢+1), withsy = rT 4+ (£ —1)M for

£=1,...,n andn’ =n'(T) := ((I;A?TW the smallest integer for which [rT, T] C

J . An application of Slepian’s lemma gives

2 n'
JP’( sup {Z(1)} < 0) > HP(sup{Z(t)} < 0), T =) T
te (=1

[r7.T] iz \veJi

We will show that fori = 0,

lim inf
T—o00 dap

! logP{ sup{Z(#)} <0 ) > —o0 (2.23)
T) teJ!

and with the same reasoning applicable for i = 1, 2, the bound (2.18) follows for suit-
ably chosen Cy, T finite. Turning to show (2.23), we take L = L(T) := BlogI,(T)
for some f = B(A) finite to be determined later, and get a lower bound by enforcing
the event

= {—JZ < Z(s30-1) < —GB/MVL, €=1, n’}

which is measurable with respect to the o-algebra F := o (Z(s3¢—1), 1 < £ < n').
Indeed,

’ n/
P(sﬁp sup {Z(1)} < O) >E|P ﬂ sup {Z(t)} <O |F ) 1r (2.24)
=l1eTs t=11€T3

and proceeding to bound the RHS of (2.24), let m(¢) denote the conditional mean of
Z(t) given F. We claim that for some choice of A = X, and Cy = C»(A) > 0 one has
that
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' = —y/C2L > sup {m(1)}, (2.25)
teJ0
Cov(Z(u), Z(v)|F) > 0. (2.26)

We next complete the proof of (2.23) assuming both (2.25) and (2.26) hold (deferring
to Step III the proof of the latter estimates). Indeed, by Slepian’s lemma it then follows
that

P ﬂ sup {Z(1)} < OIF | Ir = HP( sup {Z(1)} < 0|f)1p

(=11€T 3 =1 \teJx

> HIP’( sup {Z(1) —m(1)} < @If)1r~

=1 ISV,
(2.27)

Conditional on F, the centered normal random variable Yy, ,, := Z(u) —m(u)—Z(v)+
m(v) has variance E[YMZ’U | F1 < E[(Z(u) — Z(v))?]. Thus, by the Sudakov-Fernique
inequality (Theorem 2.3), for any s, u > 0, a.s.

E|: sup {Z(t)—m(t)}l]—':|§E|: sup {Z(t)}:|.

tels,s+u] tels,s+ul

Thus, from (1.9) there exist #g > 0 and K < oo (independent of 7" and M), such that
a.s.

supE sup {Z(@t) —m@®}F | <K.
s>0 tels,s+upl

Upon covering J3, by intervals of length u(, in each of which we apply the Borell-TIS
inequality (Theorem 2.4), for the conditional Gaussian centered process {Z(¢) —m ()}
of maximal variance one, we get by a union bound that a.s.

]P’( sup {Z(t) —m(t)} > /C2L |.7-")

teJ3e

< [M/uo] SUPP( sup {Z() —m()} =/ CoL |7:)
s>0 tels,s+uol
< 2—Mexp [—l(@— K)Z] .
uo 2

With M = A21,(T), L = BlogI,(T) and 1,(T) 1 oo, upon taking B > 2/C> the
RHS is bounded by 1/2 for all T large enough. In this case, we deduce from (2.24) and
(2.27) that
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IP’( sup {Z(1)} < o) > 27"P() =27"P ﬂ{Z\/Z < Z(s3—1) < VL)

teJ0 =1
, 3 "
> 127" /2p (szL <7< sz) ,

where noting that by (2.28) all eigenvalues of the covariance matrix I + A are within
[1/2,3/2], the last inequality follows by the same argument employed in [9, display
following (2.5)]. Considering the limit as 7 — oo of —a,o(T)_1 log of both sides,
results with

. 1 (1-r)B
lim inf logP{ sup{Z(t)} <0 ) > ——F—,
T—oo a,(T) e g0 1612

thereby establishing (2.23), and consequently (2.18).
Step III It remains only to establish (2.25) and (2.26). To this end, setting A the
n’-dimensional matrix of non-negative entries

A, 0) := COV(Z(s30—1), Z(s3e—1)) forl <€ #£0 <n', AL, 0) :=0,

we claim that there exists A, such that for all A > A, the following estimates hold
simultaneously:

n' n’
n' 1
AL, L), A(t, s30— < -, 2.28
max | max Z ) SuPoZ (t,53¢-1) f < > (2.28)
=1 1€ 1=1
i LS pwsenawsn=t em)
max sup u, $3¢—1 U, 83¢-1) = 5> :
a,b=1,a#b v€?3a,u€73b A(u7 U) =1 2
A ! HZ/A(b 0)A( )< 1 (2.30)
max sup —— s v, 83¢-1) = - :
a,b=1 ve?r; A(v, s3p—1) P 3=l 2

While deferring the proof of (2.28)—(2.30) to Step IV, we fix hereafter A = A, and
rely on these bounds to establish (2.23). Indeed, setting the vectors

y@) = [A(t, s30-1),1 <€ <nl, z:=[Z(s30-1),1 <€ <n]

and utilizing Theorem 2.5, the conditional mean of Z(¢) given F is

o)
m(t) = (y(), A+ A)~'z) = > (y(t), A* A - A)z)
k=0
where the expansion as a power series requires that the operator norm of A is less than

1. To verify this, recall that the operator norm of a symmetric matrix is bounded by
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the maximum row sum, which coupled with (2.28) gives ||Al]ls < 1/2. In view of
the latter bound on A, the event I" implies that

3 L
(D), A*A = 2)z) < —VL <y(r), A% [Zl - A1}> < —%(ym, A1),
In particular, this is negative for any k > 1, hence under I,

m(t) = (y(r), I - A)z) < —£( (,1) = ——ZA(I s3¢-1).  (231)

Further, recall that for any t € 7° the elements of {|t — s3¢_1|/M} are of the form
{0 + 3Z}, for some 0 = 6(t) € [1, 2]. Hence, with p(-) and I,(-) regularly varying,
by (2.22) and (2.5) (for 3M /1,((1 = r)T) — p = ciy),

n'—1

1
f A(t, > inf 0+3kM)t = —. 2.32
tg}OZ (tosy-) 2 inf 1D p(0+3k)M) W (232)

Combining (2.31) and (2.32), we get the existence of C; independent of 7" and L for
which (2.25) holds. Proceeding to bound the covariance of the conditional process
across blocks, we set

n

ag(u, v) = D A, s3- DA ) AW, s30-1),
0,0'=1
foru € J3j,v e J3j with 1 < j # j" < n’, and use Theorem 2.5 to note that
o o
Cov(Z(u), ZW)|F) = A, v) = D (=Dar(u, v) = A, v) = D az(u, v),

k=0 k=0
(2.33)

where AY := I. Note that by (2.30), for any k > 1,

’ !

n n
ar(u,v) = D A, s3e- )AL DT AE AW, s30-1)
£,0"=1 =1

1 & B 1
5 2 Al s DA AW, s31) = Sa1w, v)
L0=1

IA
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and consequently, for any k > 0, by (2.29),

1 k 1 k+1
ar(u,v) < (5) aop(u,v) < (5) A(u, v). (2.34)

Combining (2.33) and (2.34) we deduce that
0 /1 2k
Z Z A 1— - .
Cov(Z(u), ZW)|F) = Au, v) [ > (2) } >0

thus verifying (2.26) as well.

Step IV In proving (2.28)—(2.30) we repeatedly use properties of regularly varying
functions, and in particular, having o« > 0, assume hereafter WLOG that p(-) is even-
tually non-increasing (see Remark 2.7). Starting with (2.28), note that by the same
argument used for deriving (2.32),

n'—1

n/
sup 1> Altsze-) p S sup 1D p((0+30M) 1<
eg | i oer12l | 1= A

1

The same calculation shows that
,on n' 1
n
A0 < 3kM) < —,
Ig‘j{‘; ( )ng( )Nk

so choosing A large enough guarantees that (2.28) holds. Next, in view of (2.7), (2.22)
and having p(-) regularly varying and eventually non-increasing, the LHS of (2.29)
and (2.30) are both bounded up to a universal constant multiplicative factor, by

p(M)+ max {Rp .},
1<a<b=<n’

where setting I} = [l,a — 1], b =[a+1,(a+b)/2], Iz = [(a+ D)/2,b — 1],
Iy =[b+1,n,

L plse — sap(se — spl) <
o Z;  pUsa— ) Z_l
a, =

and R;; corresponds to the sum over £ € [;. It thus suffices to show that max; 4 » Ry, <

1/A (so choosing A large enough guarantees that also (2.29) and (2.30) hold). Now
with p(-) eventually non-increasing, we have that for M large enough and all a < b,

a—1 n'
Ry <" plsa—se), Riy < D plse—sp).
(=1 {=b+1
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Further, I, and I3 are empty unless a < b, in which case sé’ = 8p — S4 > M and

S s —s0) s
Ry, = Z —hp(sf —8q) < sup [ ba } Z oS¢ — Sq)
L PG peri2 L PG9) ) 2=
(a+b)/2
<C D plse—sa)
l=a+1
while by the same reasoning also
b—1 p(S s ) b—1
. —
D I CICEL D ST
{>(a+b)/2 p{Sq {>(a+b)/2
Combining the latter four bounds, we conclude that
n' 1
max{R;} < C M) < —
max{Rj;} = C > p(tM) 5 5
=1
as claimed. |

Proof of Proposition 1.5 The bulk of the proof of Theorem 1.2 dealt with
sup;er,r.7{Z (1)} for some fixed r € (0, 1). This part of the proof applies even for
p € Ro, under our extra assumptions that o (-) is eventually non-increasing and decays
to 0 at co. Thus, for some r € (0, 1)

1
—00 < liminf logP{ sup {Z(t)} <O
oo ap(T) ¢ (,e P

[rT,T]
) 1
< lim sup logP{ sup {Z(¥)} <0 ) <0, (2.35)
T—oc ap(T) telrT.T]

from which the LHS of (1.13) trivially follows. As for the RHS of (1.13), the derivation
of (2.20) remains valid here, leading to

1
lim inf — logP{ sup {Z(#)} <0} > —oo,
T—oo a,(T) (te[O,T]

for a,(T) of (2.19). Since T + p(T) is non-decreasing, the map T +> a,(T) is
differentiable a.e., with

dloga,(T) -

Th(T)y— = >

T
/0 (p(x) — p(T))dx.
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The RHS is eventually non-negative due to our assumption that the positive and even-
tually non-increasing p(7') decreases to zero as T — oo. Thus, the slowly varying
a, () is eventually non-decreasing, resulting for large enough 77 with

@p(T) =D ay(Ti) < may(Ty) < ap(T)logT,

i=1
thereby completing the proof. O

Proof of Lemma 2.8 (a) Recall that 1,(b) — I,(a) = fah x %Ly(x)dx.Leté :=a/b
and pq denote the probability measure on [0, 1] of density (1 — «)y~*. The change
of variable x = yb transforms our claim (2.1) to

1 {L,(yb)
. j;; ( Lpﬂ(yh) - 1) dMa(y)
lim sup =0. (2.36)
b—00 5¢10,1) e (8, 11)

For bounded below § > O this follows from the uniformity of the convergence
L,(yb)/L,(b) — 1, w.rt. y in a compact subset of (0, 1] (see Remark 2.7). Fur-
ther, uq ([0, 8]) = 1= > 0ass — 0,s0 fixing 0 < n < 1 — «, it suffices to show
that for some bg and « finite, all b > by and any § € (0, 1],

b Lp(yb) 1—a—n
/0 mdﬂa()’) <«é . (2.37)

Indeed, recall Remark 2.7 on existence of K finite, such that L,(yb) < y~"L,(b)
whenever b > yb > K. Hence, with fés Yy d g (y) = ¢8'=*7" for some ¢ = c¢(«, 1)
finite, we only need to consider the contribution of y < § A K /b to the LHS of (2.37).
Since p € Ry is (0, 1]-valued, the latter is at most (8§ A K /b)/ p (b) which for b > by is
further bounded by 8(1 A K /(8b))b*™™, so the elementary inequality (1 A x) < x%*7
yields (2.37).

(b) For « > 1 taking as p the probability measure on [1, co) of density (o — 1)y ™,
the same change of variable as in part (a), transforms (2.1) into

b)
I (5% = 1) dna
lim  sup : (Lp 2 ) ’ =

b—00 §¢(1,00) pa([1, 3])

As in part (a), for bounded above § this trivially follows from the uniform convergence
L,(yb)/L,(b) — 1, and since iy ([8, 00)) = 8= 5 0as § — oo, it suffices to
show that <L (vb)
Jim lim sup / 200 e (y) = 0. (2.38)
30 psoo Js L,(D)
To this end, we fix 0 < n < o — 1 and recall that L,(yb) < y"L,(b) whenever
yb > b > K. Since faoo yldug(y) — 0 for § — oo, this completes the proof of
(2.38) and of the lemma. O
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Proof of Lemma 2.9 (a) In case o € [0, 1) it follows by (2.1) (for a = 0), that

1,(b) 1
m —— =
booo bp(b) 1 —a

(2.39)

and consequently /,(-) is regularly varying of order 1 — «. Turning to show that the
increasing function [, (-) is slowly varying when o = 1, it suffices to show that for
any A > 1,

1,(A\T) — I,(T
lim sup [M] <0. (2.40)
T—o00 Ip(T)
To this end, fixing § € (0, 1), we have that
1,(T) > /T Lp(x)dx >log(1/8) inf {L,(x)}, (2.41)
P e x - xelsT.11 "
whereas
AT Lp(x)
I,(AT) — 1,(T) = ———dx <logh sup {L,(x)}. (2.42)
T X xe[T.AT]

Dividing (2.42) by (2.41) and taking T — oo, we arrive at the bound

lim sup
T—o00

[IP(AT) — Ip(T)] __logh
1,(T) = log(1/8)°

Taking now 6 — 0 yields (2.40) and thereby that 1, (-) is slowly varying. Finally, since
1,(00) < oo when « > 1, the function /,(-) is then (trivially) slowly varying at co.
Proceeding to establish (2.3), by the regular variation of p(-) we have that for any

M >0,
Mp(LM) p(x)
SUPY — o < sup sup [ =:k(M),
1\ [ p(ndt x=Moe(1,2] | p(0x)

with « () non-increasing, hence uniformly bounded by universal «, finite (on some
[Mp, 00)). Consequently, for any M > My andn > 1,

MZ,D(KM) Skllp((n+1DM) — 1,(M)], (2.43)
=1

and (2.3) follows by the regular variation of 1,(-). If 1,(0c0) < 0o, the RHS of (2.43)
goes to zero when n — oo followed by M — o0, thus yielding (2.4).
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(b) Fixing € > 0, by the regular variation of p we have that for any M > M, and
> K,

oM

Sy Pt

S 1< sup
Mp(EM) rell-1/¢,1]

M) 1‘ 3
ey |~

Thus, setting n := [T /M| we have for any M > M.,

1,(T) < Z/ p()dt < I(KcM)+ (1+ €)M D" p(EM). (2.44)
e=17DM =1

(M

Ifa € (0, 1]then the regularly varying /,(-) hasorder 1—o < 1,hence I,(KM)/M —
0 when M — oo and K is fixed. From (2.39) the same holds even for « = 0, provided
p(x) — 0. Note that when o < 1 necessarily I,(-) diverges, and our hypothesis
extends this conclusion to the case of « = 1. Thus, fixing £ > 0 we have that
M(T) = pul,(T) — oo when T' — oo. In particular, dividing both sides of (2.44) by
M = pl,(T), then taking T — o0, yields

1 n

—=<( lim inf LM).

;= A+ lmin ;p( )

Taking now € | 0 establishes the lower bound of (2.5). The same reasoning we have
used in deriving (2.44), leads also to

LnM) = I,(KeM) +(1— M > p(tM). (2.45)
(=K +1

We divide both sides by M = u1,(T), then take T — oo followed by € | 0. This in
turn results with the corresponding upper bound of (2.5), since by (2.43), upon fixing
K < o0,

K

I,(K+1)M
lim supr(EM) < K4 lim sup M =

07
M—00 =1 M— o0 M

while by (2.39), n > M_IT/IP(T) — 00 and hence

L2 L) TyM)
= 1(T) ~ I,((n— M)

where the RHS converges to 1 when T — oo, due to the regular variation of 1,(-). O
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Proof of Lemma 2.10 By (1.7) we have the existence of C < oo and n € (0, 1) such
that for any 7( large enough,

sup sup A(t,t+ 1) < Cp(10). (2.46)

T2T70t>T/1

Fixing € > 0 we take 7¢ large enough to assure that Cp(tp) < € (which is always
possible since p(t) — 0 when T — 00). For such 7y and n := [M/19] we set

tii=s+@@—Drels,s+M], i=1,...,n,

noting that if s > M /n then forany 1 <i, j <n,

M > (n— 11 - lti — 1;]

>85> — =
n n n

and consequently, by (2.46)
E[Z(#)Z(tj)] = A(ti, tj) < Cp(z0) < €.
By Slepian’s lemma and the union bound, we then have for i.i.d. standard normal

{X,'}:?:O, anyr e R,s > M/nande <5/9,

tels,s+M] i=1

P( sup  {Z(1)} < r) <P (sﬁp{Z(t,-)} < r) <P (sﬁlla{«/HXi+\/EXo}<r)
i=
<P (Xo < —re*l/z) +P(X) < 3r)" . (2.47)
Setting r = /8 log M we note that for § < 0.1 and all M large enough
P(X; <3r)' < e "PX123r) o e‘m.

Thus, from (2.47) we deduce that

1)
lim sup sup logIF’( sup {Z(1)} < \/SlogM) < ——

M—oo 102M >y rels,s+M] 2e

and taking € | O results with the desired conclusion (2.6). O

3 Proof of Theorem 1.8

Part (c) of Theorem 1.8 relies on Theorem 1.2 whereas parts (a) and (b) follow from
[9, Theorem 1.6]. For the latter task we extend the scope of [9, Lemma 1.8] to non-
stationary Ay (-, -) and, for fully handling the y = 2 case, relax the uniform correlation
tail decay requirement of [9, (1.15)].
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Lemma 3.1 Suppose {Z,(k) }, for 1 < k < oo, are centered Gaussian processes on
[0, 00), of non-negative covariance Ay normalized to have Ay (s, s) = 1 forall s > 0,
such that Zt(oo) is a stationary process and Ar(s,s + 1) - Ax(0, T) when k — oo,
uniformly in s > 0. Suppose

lim sup sup
k,t—>00 s>0

{—A"(S’Hf)} <00 G.1)

p(7)

for some integrable p € Ry, a > 1, and in addition A (0, T) is non-increasing, such
that

Aso(0,601) — As(0, 1
a; p = inf (0,00 = 4= 0.0 | 0, (3.2)
’ 0<t<h 1 —Ax(0,1)
and there exists n > 1 such that
lim sup |log u|” sup (1 — Ax(s,s + 1)) < o0. 3.3)
ul0 1<k<00,5>0,7€[0,u]
Then we have
. ) _
— lim —loglP{| sup {Z,} <0 ) =b(Ax)- 3.4
k,T—oco T 1€[0,T]

Proof The statement (3.4) is shown in [9, Theorem 1.6] to hold under the following
assumptions:

lim sup sup
k,t—o00 s>0

[logAk(s,s—i-r)] - 35)

logt

1
—lim sup — logP{ sup Z,(OO) <M " )=b(Ay) foralln >0, 3.6)
Moo M 1[0, M]

and there exists ¢ > 0, M| < oo such that for any z € [0, {] we have

Pl sup z <z ) <liminf ian( inf z®), <z)
1€[0,M] k—o0 s>0 te[0O,M]

SlimsupsupIE”( inf Z;l_?t <z) <P{ sup Zt(oo)fz .
k—o0 s>0 1e[0,M] 1€[0,M]

3.7

We verify that both (3.6) and (3.7) hold here, then adapt the proof of [9, Theorem 1.6]
to apply also when o = 1 in (3.1) (while (3.5) follows from (2.19) if ¢ > 1).
It follows from the proof of [9, Lemma 1.8], that (3.3) yields the a.s. continuity

of s — ka) for 1 < k < oo, and that for any M < oo, the collection {Zyj_)., k e
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N, s > 0} is uniformly tight in the space C[0, M] of continuous functions on [0, M],
equipped with the topology of uniform convergence. Thisand A (s, s+-) — A (0, -)
uniformly in s, result with (3.7). Indeed, the failure of (3.7) amounts to having M < oo,
zeR, e >0,k, 1 ooands, > 0, such that either

inf Py sup {Zs(k'fH} <z |=P{ sup {Zt(oo)} <z|)+e or
n te[0,M] te[0,M]

sup]P’( sup {ng’;),} < z) < IP’( sup {Z°V}) < z) —e. (3.8)

n tel0,M 1€[0,M]

Since Ay, (sp,sn + ) — Ax(0,-), all f.d.d.-s of the Gaussian processes {Z(k" B

converge to those of Z ) Thus 2 is the limit in distribution on ClO, M]of {Z; " (k) }
and necessarily

kn)
sup {ZS( +z}_> sup {Z(oo)}
te[0,M] tel0,M]

in contradiction with (3.8).
Next, recall [20, Theorem 3.1(iii)], that for non-increasing t — A (0, 7), (3.6)
yields the continuity of ¢ = b(A; €), where

1
b(Axo, ) := — lim —logP{ sup Z,(OO) <e¢ (3.9)
T—ooo T t€[0,T]

exists by Slepian’s lemma, which in particular verifies the weaker condition (3.6) as
well.

It thus remains to modify the proof of [9, Theorem 1.6] to work under the assumption
(3.1) instead of (3.5). Since the lower bound of [9, Theorem 1.6] does not involve [9,
(1.15)] it suffices to adapt the proof of the matching upper bound. To this end, by
(3.1) and the regular variation of p, there exist kg, 7o and C finite such that p is
non-increasing on [1g, co) and

Ap(s,t) < Cp(ls —t]), Vk>ky, s>0,|t—s|>10. (3.10)

Fixing § > 0 and M > 1(/38, consider, as in [9, proof of Theorem 1.6], a maximal
collection J7 of N intervals I; C [0, T] of length M each, which are § M -separated.
Then, setting

y = y(6M) :=4C Y p(isM), 3.11)
i=1
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and the symmetric N-dimensional matrix B = {B(i, j)} with B(i,i) = | and other-
wise B(i, j) = %ﬁ(li — j|6 M) non-increasing in |i — j|, we have that

(S

max 386, < 253" pism) <
I<i<N <~ Yy -
J#i i=1

Hence, all eigenvalues of B lie within [1/2, 3/2]. Further, if s € /; and t € I}, then
Ax(s, t) < vy B(i, j) by (3.10) and the monotonicity of p. Consequently, the relation of
[9, (2.3)] holds for any s, t € Jr. The latter allows us to proceed along the derivation
of [9, (2.4)-(2.6)], except for replacing the terms %, from the RHS of [9, (2.4)] onward,
by ¢ > 0 (independent of y). We thus deduce the following variant of [9, (2.6)],

1
lim sup — logP{ sup {Z,(k)} <0
k,T—00 T t€[0,T]

1 (00) —-1/2
S S log |:IP’( sup {Z\} < 38)+J§P (X1 > /2/3¢ey )}

rel0,M]
(3.12)

Here X is standard normal and My (§M) — 0 when M — oo (by (2.4) and (3.11)),
hence

1 2
lim sup ~— log P (X1 > ,/2/383/—1/2) < —%%riigmy)—l — 00, (3.13)

M—00

soin the limit M — oo the RHS of (3.12) is at most —b(Aso; 38)/(1+6), for b(Aco; -)
of (3.9). Thus, considering &, § | 0 yields the upper bound of [9, Theorem 1.6].
Finally, from Lemma 2.6 the events {sup, o, M]{Z,(OO)} < 0} have positive proba-
bility, hence b(Axo; 0) is finite (by the non-negativity of A, and Slepian’s lemma).
Further, in view of (3.13) the RHS of (3.12) is strictly negative for M large enough,
hence its LHS, namely —b(Axo; 0) is also strictly negative. O

Proof of part (e) of Corollary 1.10 This is a direct application of Lemma 3.1. Indeed,

the relation between occupation times of 0 by S,Eq), and the number of returns to 0 by
the corresponding embedded discrete time random walk, implies that

Lo (00) = L () =E [ G,
for a unit rate Poisson process {N;}. Thus, here the auto-correlation of (1.18) is

_ 1
Coo0.1) = —E[G]. (3.14)
GO
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Clearly, G’ — 1 = G\ = G\ > G{¥), forall k > 1, resulting with the bounds
_ 1
1=P(N: 2 D) = Cpo(0,7) = 1 = —P(N: = 1), (3.15)
GO

so by the assumed convergence to one of G(()q") we have that

lim C )0, 7)=1—-P(N, > 1) =e¢"".
d—oo P

Recall that the stationary Ornstein-Uhlenbeck (OU) process has persistence exponent
b = 1, continuous sample path and the correlation function e ~!?! for which holds. In
addition, from the uniform lower bound on the LHS of (3.15),

lim |logu|?>sup(1 — C o (0,u)) =0,
u—0 d P

50 (3.3) holds as well. Finally, from (3.14)
C (0.7 < P(N; < 7/2) + G4,

hence (3.1) follows from the assumed uniform tail bound qu/d; <kt 2

Equipped with Lemma 3.1 we proceed to establish Theorem 1.8.

Proof of Theorem 1.8 (a) To prove (1.20), we apply Lemma 3.1 for the normalized,
centered Gaussian processes {Z,(k)}, 1 < k < o0, of correlation functions

Ap(s, 1) :=Cp(s +k,t + k), Acs(s,t) :=Cp(s, 1), s,t>0.

Specifically, from (1.18) we see that A (0, 7) is non-increasing and A (s, s + 1) —
Ax(0, 7) as k — oo, uniformly in s > 0. Further, with p € R,, uniformly bounded
and I, () strictly positive, non-decreasing, it follows from (1.17) that fors > 1,7 > 0,

1,25 +27) — 1,25 + 1) + 1,(7) - 2sup,so{p(x)}
1,(2s) - 1,(2)

1 -Cp(s,s+1) <

Thus ¢ — Y, () is a.s. continuous on [1, 0o) and with the preceding holding for Ep ),
so does (3.3). Since C,(-) is non-negative, by Slepian’s lemma we have that for any
ke(,T),

P sup {Y,(0)} <0 )=P sup {Y,(1)} <0
telk,T+k] tel[l,T+k]

> ]P’( sup {Y,(H)} < O)]P’( sup {Y,(0)} < O)
tell,k] telk,T+k]
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and with Y, (¢) continuous the first term on the RHS is strictly positive (see Lemma
2.6). It thus suffices to confirm that

— lim lim —log]P’ sup {Y,(1)} <O :b(fp). (3.16)
k—ooT—oo T telk, T+k]

With Z; (0 = Y, (k+1), the identity (3.16) is merely (3.4). We thus complete the proof
upon Verlfymg the remaining two assumptions of Lemma 3.1, first showing that (3.1)
holds for the integrable p(s) = sp(s), then establishing the positivity of a,zl‘g (5,,) of
(3.2). Turning to the first task, setting sy = 2s + 2k > 2 note that for any s > 0,

I,(sp + 1) — 1,(7) 1,(00) — 1,(7)
Ak (s, =L L L P, 3.17
k(s,s + 1) NACESDIAT =< RP) (3.17)

out of which we get (3.1), since by (2.1) (fora 1 cocand o = y > 1),

Ip(00) = (1) 1
Tp(T) y —1

< . (3.18)

Next, setting g(6, 1) := f; p(ty)dy we have from (1.18) that

80, T)] > (1—9) infrejom PO) 0.

aj ¢(Cp) = [
MORTPT T o< T<h 80, 1) SUPyef0,n] P (X)

by our hypothesis that p € R, is uniformly bounded away from zero on compacts.
(b) Considering the Lamperti transformation t = eV on [0, V] (where T = e"),
similarly to part (a), due to Lemma 2.6 and the sample path continuity of Y,(-) we
establish (1.21) upon showing that

— lim lim élogP( sup {Y, (e”*k)} < O) = b(C;) € (0, 00). (3.19)

k—o00 V—o00 vel0,V]

The identity (3.19) is merely (3.4) for the centered Gaussian processes Zf)k) =
Y, (eV*) of correlation functions

Ar(v,u) = Cp(e"*, ™), Ano(v,u) == C) (v, 1), v,u>0.

Thus, (3.19) follows once we verify all the assumptions of Lemma 3.1, at least for all
k > ko finite. To this effect, for y € [0, 1) we have from (1.19) that Ay (v, v + 1) —
Ao (0, 7), uniformly over v > 0, with Ay (0, ) non-increasing. Further, for any
0 € (0, 1), setting g(0) =1 — =7 > 0 makes

C;(0,07) — C;(0,7)

S T
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a continuous and strictly positive function on [0, co). Thus, a,zl’ o (C]*/) being the infi-
mum of g(t) over [0, 4] must be positive, and so (3.2) holds.
Turning next to verify (3.1), setting vy := e’T¥ > ¢* we have that

I,((e" + D) — 1,((e" — Dwp)

VT, Qo) T, et vy) '

Hence, three applications of (2.1) with @ = y, for b = (e* + 1)vg, b = 2ev; and
b = 2uy, yield that

Ar(v,v+1)=

Yv, 7 > 0. (3.20)

A )
lim sup |Ry(up, o) kLT D g (3.21)
k— 00 v,7>0 AOO(O, ‘L')

where by the eventual monotonicity of x 2L o(x) (see Remark 2.7), we further get
that
VECOL,C0

Ly((e™ + 1)v)

forany n > 0, v > vo(n) and all ¢ > 0. Since y +— C; (0, 7) is non-increasing, we
have that for any y € [0, 1),

Ry(v, 1) =

(3.22)

Ax(0,7) < C50,7) = 71712,

Combining this with (3.21) and (3.22) (say, for n = 1/4), we deduce that A; (v, v +
7) < 2¢~ /4 for any k > ko and all v, T > 0, which is more than enough for (3.1).
It thus remains to verify (3.3). To this effect, set & := (1 —e™7)/2 < 7 and

_ 1) — 1,(A = §)b) + 1,(ED)

fé&:b,1): 1,(e=7h)

(3.23)

Then, considering b = 2¢ vy in (3.20), we find that for any v, T > 0 and finite k > 1,

I —Ar(v,v+1) < sup {f(&;Db, 1)}

szek‘H

As1 — C; 0,7) < |7|'7 for || small enough, we get (3.3) upon showing that for
n > 0 and «, by finite, f(&; b, 1) < Kél_”_”, uniformly over T € [0, 1] and b > by.
To this end, setting

© L, (by)
F(a,a)z/ 2O 40 (),
p(ai, ar W Lo

for 0 < a; < a» < 1 and the measure 1, on [0, 1] of density (1 — y)y~7, recall
(2.36) that

Fp(5,1)

lim sup m

b—00 5¢0,1)

_1':0
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and (2.37) that for some b finite,

sup sup
b>bo §€(0,1]

[ F,(0,6) ] - o

§l=r—n

Further, we find as in the proof of Lemma 2.8(a), that

R =& D+ F0,6)
f&: b, t)= Fo 0.0 0) :

where by the preceding, once b is large enough Fj,(1 — &, 1) < 2& and F,(0,&) <
kE=Y=1 forall £, while F;(0, e~F) > F3(0, e~!) are bounded below away from zero.
(c). We get (1.22) upon applying Theorem 1.2 for the centered Gaussian process
Y, (1), t € [1, 00) (with non-integrable p(s) = sp(s) € R, —_1). Turning to verify the
three hypothesis of Theorem 1.2, recall first that while proving part (a) we saw that
t > Y, () is a.s. continuous and further showed that sup,. | (1 — C, (s, s + 7)) decay
fast enough in 7 — 0 to imply that E[sup, g 1j{Y, (s + 1)}] is uniformly bounded in
s > 1. Next, similarly to (3.17),

1,(00) — 1,(7)

Colt,t+71) < 1,2

and (1.7) follows from (3.18). Finally, if ¢ € [0, nt] then by (2.1) with ¢ = y, we
deduce that for T — o0,

Cott+1) 1y(ht) — 1,(7) . 1 —hl-v
oty = p()ly(00) (y = DIp(00)

which since & := 142/n diverges with n | 0, yields (1.10) and thereby proves (1.22).
O
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