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FLUCTUATIONS IN MEAN-FIELD ISING MODELS
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In this paper, we study the fluctuations of the average magnetization in
an Ising model on an approximately dy regular graph Gy on N vertices.
In particular, if G satisfies a “spectral gap” condition, we show that when-
ever dy > +/N, the fluctuations are universal and the same as that of the
Curie—Weiss model in the entire ferromagnetic parameter regime. We give
a counterexample to demonstrate that the condition dy > +/N is tight, in
the sense that the limiting distribution changes if dy ~ /N except in the
high temperature regime. By refining our argument, we extend universality
in the high temperature regime up to dy > N 173 Our results include uni-
versal fluctuations of the average magnetization in Ising models on regular
graphs, Erd6s—Rényi graphs (directed and undirected), stochastic block mod-
els, and sparse regular graphons. In fact, our results apply to general matrices
with nonnegative entries, including Ising models on a Wigner matrix, and
the block spin Ising model. As a by-product of our proof technique, we ob-
tain Berry—Esseen bounds for these fluctuations, exponential concentration
for the average of spins, tight error bounds for the mean-field approximation
of the partition function, and tail bounds for various statistics of interest.

1. Introduction. The Ising model is a discrete Markov random field which was initially
introduced as a mathematical model of ferromagnetism in Statistical Physics, and has re-
ceived extensive attention in Probability (cf. [1, 10, 14, 17, 23, 24, 29, 32, 39] and references
therein) and Statistics (cf. [5, 16, 21, 25, 34, 35, 38] and references therein). The model can

be described by the following probability mass function in ¢ := (o1, ...,0on) € {—1, 1}V:
(1.1) P(o) := ;exp EGTANa—i—BiU-
Zy(B, B) T\2 =

Here Ay is a symmetric N x N matrix with nonnegative entries, and has zeroes on its diago-
nal, and 8 > 0 and B € R are scalar parameters often referred to in the Statistical Physics lit-
erature as inverse temperature and external magnetic field respectively. The factor Zy (8, B)
is the normalizing constant/partition function of the model. The most common choice of
the coupling matrix Ay is the adjacency matrix of a graph Gy on N vertices, scaled by
the average degree dy = % Zf\f j=1 GN (i, j). Here and throughout the rest of the paper,
we use the notation Gy to denote both a graph and its adjacency matrix. A pivotal quan-
tity of interest which has attracted extensive attention in the literature is the average sum of
spins/magnetization density, defined by

— . Z{i] O
0=
N
The fluctuations for & are mostly known for very few choices of the graph Gy, including the
complete graph (see, e.g., [14, 19, 21]), the directed Erd6s—Rényi graph (see [26]), and sparse
Erd6s—Rényi graphs (see [24]). In this paper, we focus on studying fluctuations of &, when
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Al is the scaled adjacency matrix of an approximately regular graph G y. The motivation for
this work is the recent paper [4], where the authors show universal asymptotics of the partition
function Zx (B8, B) on any sequence of approximately regular graphs with diverging average
degree, which is governed by the mean-field prediction formula. In particular, it follows from
[4], Theorem 2.1, that the mean-field prediction formula is asymptotically universal in the
sense that

— + Bx — log — log 5

{ﬂxz 14+x I+4x 1—x l—x}
2 2 2 2

Lo Zy(8,8) =5 sup

N xe[—1,1]
for any sequence of approximately dy regular graphs Gy with dy — co. A natural follow up
question is to what extent this universality extends to other properties of such “mean-field”
Ising models. In this paper we try to address this question by studying the universal behavior
of the statistic o .

Our main results (see Theorems 1.1-1.4) show that o exhibits universal fluctuations for a
large class of “approximately regular” graphs with d y diverging “fast enough”, across all pa-
rameter regimes for (8, B). Our proof techniques yield tight error bounds for the Mean-Field
approximation of the partition function (see Theorem 1.5), exponential concentration for the
average of spins (see Theorem 1.6 and Corollary 1.1), and tail bounds for various statistics of
interest (see Lemmas 2.1-2.3). One of our main contributions is that our results hold even if
the minimum and maximum eigenvalue of Ay have the same magnitude asymptotically (see
Remark 2.1). Our assumptions on Ay are thus significantly weaker than the expander type
assumptions prevalent in the literature. For ease of exposition, in Section 1.2, we outline our
proof techniques in the special case where Gy is regular.

1.1. Main results. We begin with a definition which partitions the parameter set {(8, B) :
B > 0, B € R} into different domains.

DEFINITION 1.1. Let
®11::{(,8,O):0<,3<1}, ®12:={(ﬁ,B):,8>0,B;é0},
®2::{(ﬁ,0):ﬂ> 1}, ®3:=(1,0).

Finally, let ®1 := ®11 U ©®15. We will refer to ®; as the uniqueness regime, ®, as the
nonuniqueness regime, and ®3 as the critical point. The names of the different regimes are
motivated by the next lemma, the proof of which follows from simple calculus (see, e.g., [17],
page 144, Section 1.1.3).

LEMMA 1.1. Consider the fixed point equation

(1.2) ¢(x) =0 where ¢(x) :=x —tanh(Bx + B).

(a) If (B, B) € ®yy1, then (1.2) has a unique solution at t =0, and ¢'(0) > 0.

(b) If (B, B) € ©O12, then (1.2) has a unique root t with the same sign as that of B, and
¢'(r) > 0.

(c) If (B, B) € Oy, then (1.2) has two nonzero roots +t of this equation, where t > 0, and
@' (1) > 0.

(d) If (B, B) € O3, then (1.2) has a unique solution at t = 0, and ¢'(0) = 0.

We will use ¢ as defined in the above lemma throughout the paper, noting that ¢ does
depend on (8, B). The following result summarizes the fluctuations of o in the Curie—Weiss
model (see [21]), which is the Ising model on the complete graph.
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LEMMA 1.2. Suppose o is a random vector from the Curie—Weiss model with p.m.f.

CW _ 1 :3 —2
(1.3) P (U)_izgw(ﬁ, 5 exp( 50 +B§a,)

Let Z; ~ N(0, 1) with t : m for (B, B) ¢ ©3, and let W be a continuous random
variable with density proportional to e 12 Then the following hold:

JN@-1% 7z, if(B.B) €O,
VN@ - M@) S Z. i (B B) O,

N4 4w if B B) cOs.

Here M(o) is a random variable which equals t if @ > 0, and —t otherwise, whenever
(B, B) € ©,.

We will now explore to what extent the fluctuations of & are universal. We need the fol-
lowing notation to state our main results.

DEFINITION 1.2.

(i) Given two positive sequences xy, yn, we use the notation xy < yn to denote the
existence of a finite constant C free of N, such that xy < Cyy.

(i) Given a symmetric matrix Ay, let R; := Z?’Zl An(i, j) denote the row sums of
Ap,and let (A1 (An), ..., An(Apn)) denote its eigenvalues arranged in decreasing order. Let
|An|lF and || Ay [lop denote the Frobenius norm and the operator norm of Ay respectively.

(iii) Given two real valued random variables X, Y, define the Kolmogorov—Smirnov dis-
tance between X and Y by

dgs(X,Y) :=sup|P(X <x)— P(Y <x)|.
xeR

THEOREM 1.1. Suppose that (8, B) € ©1. Assume further that the sequence of matrices
Ay satisfies the following two conditions:

(1.4) max R; <1,
1<i<N
(1.5) lim kl(AN) =1.
N—o00

If o is a random vector from the Ising model (1.1), then we have

(1.6) dxs(VN@ —1), Z7) ||AN||F+Z(R —1)2 41

N\/—< i=1

where Z; is defined as in Lemma 1.2.

)

i=1

Note that Theorem 1.1 leaves out the parameter regime ®, U ®3. The following example
shows that such a universal behavior is not expected in this parameter regime, unless we
assume some notion of connectivity for Ay.

EXAMPLE 1.1. With N even, let Ay be the adjacency matrix of two disjoint complete
graphs K 2, scaled by N /2. Then the following hold:
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(a) If (B, B) € @y, then & > 180+ 1 (8, +5_,).

(b) If (B, B) € ©3, then N'/4G & (W) + W») /23/4 where Wy, W5 are i.i.d. with the same
distribution as that of W, with W defined as in Lemma 1.2.

The above example shows that if we want universal fluctuations in the regimes ®; U ®3, the
matrix Ay needs to be “connected” in some asymptotic sense. If Ay is exactly the adjacency
matrix of a dy regular graph Gy scaled by dy, then A1 (Ax) = 1, and it is easy to check that
the graph Gy is connected iff there is a spectral gap, that is, A>(Ay) < 1. Motivated by this,
we propose the following asymptotic notion of a spectral gap.

DEFINITION 1.3.  We say a sequence of symmetric matrices {Ay}y>1 with nonnegative
entries satisfies the spectral gap condition, if

M(A
(L.7) lim sup 2(4w)
N—oo Al (AN)

We note that assumption (1.7) is somewhat weak in the sense that it does not imply con-
nectivity in general. In particular this allows the existence of small disconnected subgraphs
in Gy, as shown in the following example.

EXAMPLE 1.2. Let Gy denote a graph which is the disjoint union of a dy regular graph
G1,n, on N vertices, and an arbitrary graph G2 y, on N vertices, with N1 + N, = N and
N> = o(dy). Then the average degree of the whole graph Gy is JN =dny(1+o0(1)).Itis easy
to check thatif G y, satisfies (1.7), then G y satisfies (1.7), even though G y is disconnected.

Under the assumption of a spectral gap, our next result shows universal fluctuations in the
nonuniqueness regime.

THEOREM 1.2. Suppose that (8, B) € ®,. Assume further that the sequence of matrices
Ay satisfies (1.4), (1.5), and (1.7). If 0 is a random vector from the Ising model (1.1), then
we have

To prove universal fluctuations in the critical regime, we need a stronger notion of regular-
ity on Ay, that is,

(1.8)  dgs(vV'N(@—M(0)),Z

IANIZ +Z(R -1+

)“f< 4

where M (o) and Z. are defined as in Lemma 1.2.

N
+ Y (R —1)
i=1

(1.9) limsup N/ 1max IR, — 1] < 1.

N—o0

THEOREM 1.3. Suppose that (8, B) € ©3. If 0 is a random vector from the Ising model
(1.1) where Ay satisfies (1.7) and (1.9). Then we have

dxs(N N4, W) < +8NrN

Nf N1/4

2
T Z(R — 12+ N- 1/2[2(1% —1)}

i=1

(1.10)
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where

N
- 3 712 P
ry = | (logN) 122;)3\/}2_:1 An(, ) +logN1r§e;)§V|Rl 1],

2 N
1Y 1
en =lAnIF+—=| D (Ri =D | + =D (R —*+1logN,
N i=1 N i=1
and W is as in Lemma 1.2.

REMARK 1.1. Using these results, in Section 1.3 we will show that for any sequence
of dy regular graphs satisfying the spectral gap condition (see (1.7)), the fluctuation of o is
universal in ® U @5 if dy > +/N, and in O3 if dy > VN log N. We now give an example
to show that the above conditions are actually tight (up to log factor in the critical regime).
The proof of this example will appear in an upcoming draft [36].

EXAMPLE 1.3. Let Gy denote the line graph of the complete graph K, so that N =

(;) = %(1 + o(1)). This is a regular graph with degree dy =2(n — 2) = 2+/2N(1 + o(1)),
and its top two eigenvalues are A1 (G y) = 2(n —2) and A (G ) =n —2 (see [15], Lemma 2).
It follows that Ay = ﬁGN does satisfy (1.7), and

1 al 1
lim —|Ay|% =~N An(i, j)? = —= #0.
Jim AN flr;a;xN; W)= s
In this case we have the following limiting distributions across different regimes:
VN@N -1 +p—> Z, if (8, B) €Oy,
VN(@y — M(0)) + sgn(M () —> Z, if (8, B) € O,
NGy 2 W if (B, B) € O3,
—_ Bt . . .
\ihere W= 0B 2 Ba) 1s4 strlctzly larger than 0 if (8, B) € ®1, U ©®, U O3, and
W has density proportional to exp(— 5 — %). Therefore, the fluctuations do not match that
of the Curie—Weiss model unless (8, B) € ©Oy;.

Note that in the above example, o has a different limit compared to the Curie—Weiss model
in ®13 U ®, U O3, but continues to have universal fluctuations in the high parameter regime
®11. We now state a modified theorem for the regime @11, which shows that in this regime
we can do better.

THEOREM 1.4. Suppose that (B, B) € ®11, and Ay satisfies
(1.11) lim max R; =1.

N—oo l<i<N

If o is a random vector from the Ising model (1.1), then setting ay := maxj<;<ny ijzl An(,

7)? we have
”AN”%: oN logN
dks(VNT, Z;) <
~ «/N ﬁ
(1.12)
N 5
-|— . R: — 1
[1+ [An]lFanlog N] MTI)

where Z; is defined as in Lemma 1.2.
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REMARK 1.2. It follows from the above result that in the regime ®11, ¢ has universal
fluctuations on regular graphs of degree dy > (N log N)!/3. We believe this is not tight, and
universal fluctuations should hold on any sequence of regular graphs with dy — co. In [26]
the authors prove such a result when G y is a nonsymmetric Erd6s—Rényi graph in the regime
®11 (details in example section below).

Note that we only expect a similar behavior as in the Curie—Weiss model, if the under-
lying graphs are approximately regular and have large degree. Quantifying this philosophy,
the bounds in each of the theorems have two terms, the first term controls the sparsity of
the underlying graph/matrix, and the second term controls the extent of regularity of the
graph/matrix. Recall example 1.3, which suggests that the term controlling the sparsity is op-
timal. In a similar spirit, the following example suggests that the term controlling the extent
of regularity is also optimal.

EXAMPLE 1.4.

(a) Assume that /N is an integer, and let G ~_be the disjoint union of two complete
graphs of size N — V/N and +/N respectively. Let dy denote the average degree of Gy and
~ = (dyN)"'Gy. In this case

lim — Y (R; — 1)?
Ngnoo\/_z( )>0’

but every other term in the RHS of (1.6) converges to 0. If ¢ is a random vector from the Ising
2
model (1.1) with B # 0, then v/N (@ — t) —> u + Z,, where p := % + tanh(B) —
t #0.
(b) With Gy =Ky, let Ay =

1 .
foGN. In this case

Jim T Z(R 1) >0,

but every other term in the RHS of (1.6) converges to 0. If ¢ is a random vector from the

Ising model (1.1) with B # 0, then «/N(E —1) BN u—+ Z;, where u := 1/32(1}1 tt;) #0.

The main ingredient of our proof technique is comparing the Ising model on an approx-
imately regular graph to that of an i.i.d. model/Curie—Weiss model. As a byproduct of this
approach, we also obtain quantitative bounds for the following asymptotics of the log parti-
tion function via the mean-field prediction formula, defined via the following lower bound

(ctf. [4)):

N N
logZN(B, B) > sup {gaTAN0+BZGi—ZI(ai)

oe[-1,11V i=1 i=1

where I (x) := 1+x log =5+ ix 4 1ox >~ log 1%" is the binary entropy function. By choosing o = ¢1
with ¢ as deﬁned in Lemma 1. 1, we get the further lower bound

:3 2 :3 2 N
(1.13) log Zy (B, B) > N{— + Bt — I(t)} + 5 Y (R — 1) = My (B, B).

i=1

It follows from [4], Theorem 2.1, that log Zy (8, B) — My (B, B) = o(N), as soon as
A N||2 + Z (R — 1)2 = o(N). Our next result gives a bound to the approximation er-
ror of the partition function Zy (8, B) by My (B, B), which we henceforth refer to as the
mean-field prediction in this paper.
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THEOREM 1.5. Let Ay satisfy (1.4) and (1.5).
(a) If (B, B) € ®1 then we have

N
log Zn (B, B) = My (B, B) S Al +12 ) (R = 1)*.
i=1

(b) If (B, B) € ®, then the same conclusion as in part (a) holds under the extra assump-
tion that Ay satisfies (1.7).
(c) If (B, B) € O3, then under the extra assumption that Ay satisfies (1.7) we have

1T TN 2
log Zy (B, B) — My (B, B)5||AN||%+N[Z<RI~—1>Z] *N[Z(R"‘”] +logN.
i=1 i=1

REMARK 1.3. To see how the error bounds of the above theorem compare to existing
error bounds for the mean-field prediction formula in the literature, let us take the example
where Ay is the (scaled) adjacency matrix of a dy-regular graph Gy . In this case, the above

theorem gives the error bound O (N /dy) for the mean-field prediction formula. This imme-

diately improves the bounds from [4], Theorem 1.1—o(N), [25], Theorem 1.1—O (N /d ]1\,/ 3),

[20], Example 3—O (N /d,l\,/ 2_0(1)) under strong expander type conditions not needed here)
and [2], Corollary 2.9 and Example 2.10—O (N /+/dn).

For our next result, define an i.i.d. probability measure @ on {—1, 1}V by setting

N
(1.14) Q(o1, ..., 0on) := (exp(—pt — B) +exp(Br + B))_N exp((ﬂt + B) ZUI')'

i=1

Our next theorem shows that if an event is unlikely under the above i.i.d. measure/ the Curie—
Weiss model (depending on (8, B)), then it is also unlikely under an Ising model on an
approximately regular graph with large degree.

THEOREM 1.6. Let Ay satisfy (1.4) and (1.5). Also, let Ey C {—1, 1}V be arbitrary.
(a) If (B, B) € ®1, then we have

N
logP(Ex) Slog QEN) + IANIF + 12D (R — D2

i=1
(b) If (B, B) € ©a, then under the further assumption (1.7) we have
N
log P(En) S log PV (En) + ANIIE + (R — D).
i=1

(c) If (B, B) € O3, then under the further assumption (1.7) we have
1 TN 2 1 TN 2
logP(En) SlogP™Y (En) + | AN 17 + N{Z(R,- — 1)2} + N{Z(Rl- — 1)} +log N.
i=1 i=1

As an application of the above theorem, we immediately get the following exponential
concentration for .
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COROLLARY 1.1. Suppose Ay satisfies (1.4), (1.5), and

1
lim — Y (R, — 1)? =0, lim —||Ax||% =0.
im Z( ) NEHOONH NlE

N—oo N

e If (B, B) € ©y, then for every 6 > 0 we have

1
limsup — logP(|g — 7| > §) <O.
n—>oo N
The same conclusion holds for (B, B) € O3, under the extra assumption that Ay satisfies
(1.7).
e If (B, B) € Oy, then under the extra assumption that Ay satisfies (1.7), for every § > 0 we
have

1
lim sup Nlog[@ﬂﬁ — M(o)|>9) <0,

n—oo

where M (o) is defined as in Lemma 1.2.

Similar concentration results can be obtained for other higher order polynomials of o, as
studied in [1, 12, 23] and the references therein. However, these papers focus exclusively on
the high temperature regime ®1; whereas our result applies to all temperatures. The refer-
ences cited above can deal with nonferromagnetic interactions and general external fields as
well. We note in passing that it should be possible to extend our proof technique to general
nonconstant magnetic fields.

1.2. Proof overview. For the sake of simplicity, we focus on the case where Ay is the
adjacency matrix of a dy regular graph scaled by dp. For verifying Theorem 1.1, following
[14], Theorem 2.1, form an exchangeable pair (o, ¢”) as follows:

Let I denote a randomly sampled index from {1,2,..., N}. Given I =i, replace o; with
an independent 1 valued random variable ai/ with mean E[o; (0}, j #i)] = tanh(Bm; (o) +
B), where m; (o) := Zyzl An (i, j)oj. Then, setting o :=(oy,...,0i_1, l,a,-+1, ..., ON),

we have that (o, 0) is an exchangeable pair. With Ty := VN — t) and T, := \/N(? —1),
a simple computation using a Taylor series expansion of tanh(Sx + B) around x = ¢ gives

E[Ty — Tylo] = 3/22 — tanh(Bm;(a) + B))

N
N2 |:Z — tanh(Bt + B)) Z (mi(o) —t sechz(ﬁt + B)

ol

Since Gy is regular, we have Zi:l o; = Zi:l m; (o). Also t satisfies t = tanh(8¢ + B), and
so the above display gives

N
(1.15) E[Ty — Tylo] = T—N(l —B(1—1?))+N"20p (Z(mi(a) - t)2>.

N i=1

By [14], Theorem 1.2, Ty approximately satisfies Stein’s equation if we show that the second
term in the RHS above is negligible, that is, Sy := ZlN:] (mi(0) — )% = o(+/N). This is the
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content of Lemma 2.1, which bounds the exponential moment of Sy to show that Sy =
(0] p(%). Thus we require dy > +/N to ensure the linear term in (1.15) dominates the error
term. The main ingredient for Lemma 2.1 is a version of the Hanson—Wright inequality for
{—1, 41} valued random variables (cf. Lemma 4.1). Justifying the above steps gives a proof
of Theorem 1.1. The proof of Theorem 1.2 follows on similar lines, after replacing ¢ above
by M(o), where M (o) =t if ¢ > 0, and M (o) = —t otherwise, as defined in Lemma 1.2.

The above program does not work for Theorem 1.3, which deals with the critical regime
®3. This is because (1 — t2) = 1, and so the linear term in (1.15) vanishes. With Ty =
NG, using a Taylor series expansion of tanh(x) around x = m (o) := N -1 vazl m; (o)
and following similar steps as the derivation of (1.15) we have

N s N
E[Tny — Tylo] = N4 |:Z(a,- — tanh(m(0))) + w Z(m,-(a) - ﬁ(cr))2
i=1 i=1
(1.16)

N
+O0p (Z|mi(a> - ﬁ(a)P)}.
i=1

Noting that 7 (o) = @, the leading term in the RHS of (1.16) equals N —3/%(¢ — tanh(7)) ~
31\/1—3/463' From here, provided one can ignore the two error terms in (1.16), we can use [14],
Theorem 1.2, to show that Ty converges in distribution to the nonnormal limit W, as desired.
The main obstacle is the nontrivial step of bounding the error terms in (1.16). To this effect,
note that the error terms in the RHS of (1.16) can be bounded as follows:

e N
w > (mi(o) ~7(@))’ = Op@Sy).

i=1
N ~
Y |mi(@) ~m(0)|* = Op (| max |mi(o) —m(@)|Sy).

i=1

where EN = Zf\’: ((mi(o) — m(o))2. Thus in contrast to what happened before, it no
longer suffices to bound only the quadratic term Sy, but instead we also need to bound
max;e(n] |mi(o) — m(o)|. The estimate for §N is done by introducing an auxiliary vari-
able to express o as a mixture of i.i.d. distributions, and then using Lemma 4.1. The more
challenging task is to bound max;¢[n] |m;(0) — m(0)|, which we achieve by using a novel
recursive argument, as follows:

Using the method of concentration via exchangeable pairs, we first show the approximate
fixed point equation

N
mi(e) —m(@) ~ Y AnGi, j)(m; (o) — m(@)).
j=1
Writing m(o) := (m(6) —m(o),...,my(0) —m(a)), and recursing the above fixed point

equation we get m ~ A’l‘vﬁl, which gives

N
> i ()2 (ARG D).

J=l1

S

N
(1.17) i (@)| ~ | > (ARG, j)ii (o)
j=I1

Since Ay is the scaled adjacency matrix of a connected regular graph, there can be at most
two eigenvalues with absolute value 1, and so for k large enough the contribution of all other
eigenvalues to A%‘ should be negligible. Also the corresponding normalized eigenvectors for
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these two eigenvalues must have all entries equal to ﬁ in absolute value. This suggests the
approximate inequality

2
2y o~ 2
(1.18) (AN)(Z,Z) < N

for k large enough. In Lemma 6.2, we show the above bound for general regular matrices
with nonnegative entries satisfying the spectral gap condition (1.7), but no condition on the
minimum eigenvalue (i.e., no expander type condition). Of course such a result is not correct
if (1.7) does not hold, as then Gy can be disconnected. Plugging the bound (1.18) in (1.17)
along with the estimate Sy = ZlN | i (0)2 = Op(d ) gives

(6= O < N 2) < 1
max ;(0) = — x — | < —.
T ke PWay "N/~ Jay

Because of standard union bounds, we incur a log factor and deduce the estimate

log N

max ]ml(a)—m(a)|_ max |m (0)|=0p )

I1<i< dn

Plugging this bound back into (1.16) shows that both the error terms are negligible, and hence

gives an approximate Stein’s equation for W thereby completing the proof of Theorem 1.3.
For verifying Theorem 1.4 in the regime ®;1, we use a modified version of (1.15) with

Tn = +/Na&, where we expand tanh(ﬁx) around x = 0:

E[Ty — Tylo] = N3/2Z — tanh(Bm; (a)))

1 [& N
= W[Z(m‘ — Bmi(0))+ Op <Z|m,~(a)|3>:|

i=1 i=1

:%_FOP(max |m; (0)};’” i(0) )

As before, to complete the proof one needs to show that the error term above is negligible.
The quadratic term Sy = Z,N: 1 m;(0)? is controlled using Lemma 2.1, and the max term is
controlled by setting up another fixed equation (see Lemma 2.2 part (a)).

The above sketch works for exactly regular graphs. To handle approximately regular
graphs/matrices, we need to bound the moments of cTo where ¢; = R; — 1, in the regimes O
and ®3. This requires another recursive argument, and is carried out in Lemma 2.2 part (b)
and Lemma 2.3 part (b) for regimes ®1; and ®3 respectively. In fact, the proof of Lemma 2.2
applies to general vectors ¢, and the proof of Lemma 2.3 can be modified to handle this case.

1.3. Examples. As mentioned before, the most common example of a coupling matrix
Ay inmodel (1.1) is the scaled adjacency matrix i Gy, where Gy is the adjacency matrix of

a simple labeled graph on N vertices with degree vector (d, ...,dy), and dy := % ZlN:1 d;
is the average degree of G . The scaling discussed in the above definition ensures that the
resulting Ising model has nontrivial phase transition properties (see, e.g., [4, 34]). Below we
consider some specific examples of graphs to illustrate our theorems.

(a) Regular graphs: Let Gy be a dy regular graph. Then || Ay |3 = d and R; =1, and
so applying Theorems 1.1, 1.2, 1.3, and 1.4 give
Nlog N 1

dxs(VN@ —1), Z;) < Z + 7% if (B, B) € ©11,
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_ VN .
dxs(VN(@ —1), Z:) S S, 6B eOn
N
dgs(VN (@ — M(0)), Z )5‘;—— if (8, B) € ©, and Gy satisfies (1.7),

dis (N5, W < 10gN>3/2+@

dn

4 logN if (8, B) € ©3 and G y satisfies (1.7),
an satisnes

where Z; and W are defined as in Lemma 1.2. In particular this means that o has the same
fluctuations as that of the Curie—Weiss model as soon as

dy > (Nlog N)!/3 if (B, B) e Oy,
dy >N if (B, B) € Oy,

(1.19)
dy > /N if (B, B) € ®, and (1.7) holds,

dy > ~/NlogN if (B, B) € ®3 and (1.7) holds.

Further, as already shown in Example 1.3, the requirement dy >> /N is sharp in the regimes
®12 U ®7 U O3. Note that for the particular case of the Curie—Weiss model at criticality we
get the convergence rate of N~!/21log N, which matches the rate obtained in [14] up to the
log factor. In fact, it is easy to modify our argument in the special case of the Curie—Weiss
model to get rid of the log factor. We observe that for the case of random dy regular graphs,
condition (1.7) holds with high probability, as A2(Gy) = Op(/dy) < dy (see [11]), and
so our results apply directly to random regular graphs if dy satisfies (1.19). We stress that
our results apply to regular bipartite graphs as well, and does not need the graph to be an
expander as in [10].

(b) Erdds—Rényi graphs: Suppose Gy ~ Q(N pn) is the symmetric Erd6s—Rényi random
graph with 0 < py < 1. Define Ay (i, j) := mG}v(i, J), and note that

log N
max |R; — 1| = Op )
1<i<N Npn

N
- R; — 1)‘ = 0p<\/;_N>,

R, —1)"=0p|— ).
;( ) P(PN)

Since A(Gy) = Op(J/Npn) < Npy ([22], Theorem 1.1), (1.7) holds as well. Then our
theorems conclude universal fluctuations for o as soon as

py > (log N)'PN=23 if (8, B) € Oy,
(1.21) pv>N7V2 if (B,B) € 91U O,
pn > (log N)*N™Y2 if (8, B) € ©3,

both in the quenched and annealed setting. We note that our results also apply to the asymmet-
ric Erdés—Rényi random graph G(N, py), under the same regime of py as in the symmetric
case. This is because an Ising model on the asymmetric Erd6s—Rényi graph is equivalent

(1.20)
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Gn G, DHGn (1)

to an Ising model with the symmetric coupling matrix Ay (i, j) = SN=TDpn which is
approximately regular, as
N N .
. 5 oo & .oy, BIN2WN —1), pn) P
Ri=) ANG, ) =5——"—"2 OG8vG )+GNn (D))~ ~ 1,
l ]2::1 2(N —1)pn jZ::l( ) 2(N — Dpn

where the last approximation (in the sense of (1.20)) follows by a standard application of
Chernoff’s inequality. The asymmetric case was studied recently in [26], where the authors
derive fluctuations as soon as Npy — oo, but only in the subparameter regime ®1; U @3.
The authors conjecture similar results for the symmetric case, which we are able to verify
partially in this paper. Moreover, our theorems apply simultaneously to both the symmetric
and the asymmetric cases with explicit convergence rates. A few months after our paper was
submitted, [27] was uploaded where the authors obtain fluctuations for the magnetization in
the asymmetric case for the parameter regime ®1, U ®; when N 1/3 pN — 00, in [27], The-
orems 1.1 and 1.3. In contrast, our results show universal fluctuations in the larger regime
N2 pn — oo, and apply to both the symmetric and asymmetric cases, from which the fluc-
tuation results for the magnetization in [27] follow as corollaries. On the other hand, in [27],
Theorem 1.4, the authors derive a central limit theorem for the log partition function when
N3 py — o0, a direction which is not explored in our paper.

(c) Balanced stochastic block model: Suppose Gy is a stochastic block model with two
communities of size N /2 (assume N is even). Let the probability of an edge within the com-
munity be ay, and across communities be by . This is the well-known stochastic block model,
which has received considerable attention in Probability, Statistics, and Machine Learning
(see [18, 30, 33] and references within). If we take Ay = WG N, universal asymp-

totics hold for o as soon as py := W satisfies (1.21), and liminfy_, o Z—x > 0 (needed to
ensure (1.7)). Similar results hold when the number of communities is larger than two.

(d) Sparse regular graphons: Suppose that W be a symmetric measurable function from
[0, 1]? to [0, 1], such that f[o’l] W(x,y)dy =a > 0 for all x € [0, 1], and AZ(W) <a, where
{X; (W)};>1 are the countable set of ordered eigenvalues. Also let (Uy, ..., Uy) 1 UQ,1).
For y € (0, 1], let

{GNG Dz jen b Bern(iw(l]]\;;%)).
Such random graph models have been studied in the literature under the name W random
graphons (cf. [6-9, 31]). In this case for the choice Ay = N#pNGN with py = aN77,
universal fluctuation holds as soon as y < 1/2. Indeed, note that E[R;|Uy,...,Un] =
@N)~' ¥ W(Ui, Uj) and write

N N
Ri_1:|:Ri_ j=1 i J:|+|: j=1 1 J _1:|
aN aN
By using Bernstein’s inequality conditional on (Uy,...,Uy), the first term is

Op((Npy)~'/?). Similarly, by applying Bernstein’s inequality conditional on U;, the sec-
ond term is Op(N~'/2). An application of the union bound then implies that (1.20) holds.
Also with Wy denoting the N x N matrix with Wy (i, j) = W(U;, U;), using [3], Corol-
lary 3.3, we have | Ay — (aN)_lWNllop = OP(N—*TN). Since Wy converges in cut norm to
W, it follows using [31], Section 11.6, that

lim A (Ay)=a~! lim aw) <1
N—o00 N—o0

(Wy)
N =

and so Ay satisfies (1.7). By our results, universal fluctuations hold for o as soon as (1.19)
holds.
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(e) Block spin Ising model: Suppose that N is even, and
An(@, j)=ay ifi,j<N/2ori,j>N/2
=by ifi<N/2,j>N/2,ori>N/2,j<N/2.

Ay can be thought of as the expectation of a stochastic block model with two communities.
In the particular case ay = %, by = %, this model has been studied in [5, 32] under the name
block spin Ising model. Again in this case universal asymptotics holds for o as soon as dy :=
N(@N+bN) gatisfies (1.19), and liminfy _ % > 0. This in particular matches the results
obtained from [32], Theorems 1.2, 1.4, which studies the subparameter regime ®; U ®3.
Our results apply to the whole parameter regime of (8, B) and a wide regime of scalings of
(an, bn), providing explicit convergence rates. Similar extension holds when the matrix Ay
has more than two groups as well.

(f) Wigner matrices: To demonstrate that our techniques apply to examples well beyond
scaled adjacency matrices, let Ay be a Wigner matrix with its entries {An (i, j), 1 <i < j <
N} iid. from a distribution F scaled by N u, where F is a distribution on nonnegative reals
with finite exponential moment and mean p > 0. In this case we have

log N
max |R; —1|=0p ,
1<i<N N

N N
Y (R — 1)‘ =0p(l), Y (Ri—1)*=0p().
i=1 i=1

Also [3], Corollary 3.5, shows that |[Ay — %117 [lop = N /2, and so (1.7) holds. Thus our
theorems apply giving universal fluctuations for o .

2. Main technical lemmas. In this section, we state our main technical lemmas which
could be of independent interest. Our first result in this section is an exponential moment
control lemma in all parameter regimes, which is one of the main estimates of this paper, and
is itself new. The proof of this is deferred to Section 4.

LEMMA 2.1. Suppose o is an observation from (1.1), with Ay satisfying (1.4) and
(1.5).

(a) If (B, B) € Oy, then there exists a fixed positive number § > 0 such that

s N N
(2.1) logE[exp(E Z(m,-(a) — ;)2>] SNAN|E + 12 Z(Ri — 12
i=1 i=1
(b) If (B, B) € ©,, then the conclusion of part (a) holds under the additional assumption
that Ay satisfies (1.7).
(c) If (B, B) € O3, then under the additional assumption that Ay satisfies (1.7) there
exists a fixed positive number § > 0 such that

10gIE|:exp<g Z(mi (o) — ﬁ(a))2>]

i=1

1T 2 1 TN 2
§||AN||2F+N|:Z(R1‘—1)2:| +N[Z(R,~—1)} +log N,
i=1 i=1

where m(o) ;== N~ ZlNzl m;(0).

(2.2)

Our next lemma establishes a uniform control on the m; (6)’s and a second moment bound
on a linear statistic of interest, when (8, B) € ®11. The proof of this lemma is deferred to
Section 5.
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LEMMA 2.2. Assume that o is an observation from (1.1) with (8, B) € ®11, and Ay
satisfies (1.11). Setting oy = maxj<;<n Z?’:] An(i, )* as in Theorem 1.4, the following
conclusions hold:

() logIP(maX1<,<N Iml(a)|>)m/oleogN)< -2 foranyx>0.
(b) BIXL (R — Doi > S (T (R — D[+ [ Ax |33 (log N)?].

Our final lemma yields uniform control on maxj<;<x |m; (6) —m(o)| and moment bounds
on linear statistics of interest, when (8, B) € ®3. Its proof has been deferred to Section 5.

LEMMA 2.3. Suppose o is an observation from (1.1) with (B8, B) € O3, such that Ay
satisfies (1.9) and (1.7). Suppose further that the RHS of (1.10) is bounded. Then the follow-
ing conclusions hold:

(a) logIP(maxj<j<y |mi(6) — m(a)| > AJan(logN)3 + log N maxi<ij<y |[Ri — 1]) <
—A2, for any A>0.

®) E[XN (R — Doil? ST (R — D2+ NV2[EN (R — D1P)(log N)*.

(c) N3/2E(_6) <1.

REMARK 2.1 (On the minimum eigenvalue of Apy). Note that our results work
even when Ay(Ay) — —1, as opposed to stronger spectral gap assumptions such as
maxz<;<n [A;(An)| = 0. This has been achieved by a new matrix theoretic estimate (see
Lemma 6.2) which shows that under (1.7), Ay can have at most one eigenvalue “close” to
—1 (see Remark 6.1 for connections to graph theory).

3. Proof of main results. We first state a lemma which will be needed in all parameter
regimes.

LEMMA 3.1. Suppose o is an observation from (1.1) for some Ay satisfying (1.4), and
B>0,BelR.

(a) Recalling that m; (o) = Z?’Zl An(i, j)oj, we have

N 2
E[Z(m — tanh(Bm; (o) + B))tanh(Bm; (o) + B)j| SN.

i=1

(b) Foranyc=/(cy,...,cn) € R" we have

10gIP’<

Here, part (a) follows by invoking [13], Lemma 3.2, and (b) can be obtained by making
minor adjustments in the proof of [35], Lemma 1.

2
> ci(o; — tanh(Bm; (o) +B))’ z) < —t—.

lell3

3.1. Proofs of Theorems 1.1 and 1.2. In this section, we will prove Theorems 1.1 and 1.2
using Theorem 1.6, Lemmas 2.1, 3.1, and Proposition 6.1. The statement of Proposition 6.1
is deferred to Section 6.3 as its scope is limited to the Curie—Weiss model introduced in (1.3).

Without loss of generality we may assume that the RHS of (1.6) and (1.8) are bounded by
1, because otherwise the bound is trivial. Recall the definition of M (o) for (8, B) € ®;, from
Lemma 1.2 and set M (o) =t for (8, B) € ®;. We have not made the dependence of M (¢) on
(B, B) explicit for notational simplicity. From Section 1.2, recall that Ty = /N (o — M (c))
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and Ty, = V/N(¢’ — M(c')) where o is an observation from the Ising model (1.1), and ¢ is
generated as follows: Let I denote a randomly sampled index from {1, 2, ..., N}. Given [ =
i, replace o; with an independent 1 valued random variable o*l-/ with mean tanh(Bm;(c) +
B) =E[oi|(0}, j #i)],and let ¢’ := (o1, ..., 0i-1,0/, Ci41,...,0N).

With this setup, a direct computation gives

an E[Ty — Ty|Tn] = N3/2 ZE — tanh(Bm; (o) + B)|Ty]
— V/NE[M (o) — M(a")|Ty].
where the second term in the RHS above can be expanded as

N
> tanh(Bm; (o) + B)

i=l

N
= Ntanh(BM () + B) + (1 — %)Y (mi(e) — M(0)) +Z§, — M(0))*
i=1

(3.2) =1

2

=NM(o)+B(1—1*) > (0i — M(a)) + p(1 — 1* M(G)Z(R )

i=1 i=1

=

N
B(1 —1* Z(R — (0 — M(0)) + Y_&(mi(0) — M(0))

i=1 i=1

for random variables (§;)1<; <y satisfying max;<; <y |&| S 1, where the second line uses the
identity M (o) =tanh(BM (o) + B). Setting h; = B(1 — t2)(R; — 1) and plugging (3.2) into
(3.1) we get

T N
E[TN—TMTN]:WN(I—,B(I—t Z [£(mi (o) — M(a))*|Tx]
2(Ty) —
(3.3) ) —E[Zh e ‘TN}
Hy(Ty)

N
— VNE[M(0) — M(¢")|Ty] — N~2B(1 —=t)M (@) Y _(R: — 1).

i=l

H3(Ty)

Next, we observe that

1 3
lim sup NlogIP’<|TN —Ty|> —)

N—oo N
1 1
(3.4) < limsup—log]P’(«/N|M(a) —M(a')| > _>
N—oo N N

1
< limsup v logP(M (o) # M(a')) <0,

N—o00
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where the last inequality for (8, B) € ®;, follows on using part (b) of Theorem 1.6 with
En = {ZlN:l o; € {—2,—1,0, 1, 2}} along with part (c) of Proposition 6.1 to note that

(3.5) lim sup 1 logP(M (o) # M(¢')) <limsup 1 log PV (Ex) < 0.
N—o00 N N—o00 N

From (3.3), we choose g(x) = x(1 — B(1 — tz))/N. With this choice, observe that G(x) :=

f3 ey dy = (1 — (1 —t?)x?/2N. We now set cp := N/(1 —t?) and c¢; := 2n7)"!/2,

and note the existence of positive constants ¢, and c¢3 free of N such that assumptions (H1)

and (H3) from [14], page 465, are all satisfied. By a slight variant of [14], Theorem 1.2 (see

Section 6.4) and (3.4), we then have

cimax(c3,1) E|Ty|+1
VN VN

dxs(Tn, Z:) S E‘l - E[(Ty — Tz(/)leN]' +

2(1 —12)
(3.6) 3
N
+ C—lE[Z|Ha(TN)I} +exp(—caN).
a=1

As we will see later in the proof, the exp(—c2N) term is of a smaller order than the other
terms in the RHS above. However, we choose to present it in this form so as to emphasize

that (3.6) does not follow from a direct application of [14], Theorem 1.2, for (8, B) € ®>.
We will now estimate each term in the RHS of (3.6). Proceeding to control E|H; (Tx)| we

have

(3.7) N~/N|H{(Ty)| =

N
< E(Z(m,-(a) - M(o))leN>,

i=1

N
Y E(E (mi(0) — M(@))*)|T
i=1

and so

N
(3.8) NVNE|H|(Ty)| SEY (mi(0) — M(0))* <y
i=1

using Lemma 2.1, with ny := ||AN||% + 12 II-V:] (R; — 1)%. Next, we have

NN |Hy(Ty)| <

E(i hi(o; — tan(Bm; (o) + B)ITN)>'

(3.9)
N
+ ‘E(Z h; (tanh(Bm; () + B) — tan(BM (¢) + B))‘TN)
i=1
and so
n N N
NVNE|H(Ty)| S | Y h? +J thl E) (mi(o) - M(o))?
\i=1 i=1 i=1
(3.10)

N N
S DR = D20+ aw) Sav+ D (Ri — D,
\i=1 i=1

where the penultimate line uses part (b) of Lemma 3.1, and the last line again uses (3.8). Also
observe that

N
D (R —1)

i=1

(3.11) N/ N|H3y(Ty)| S N*E(|M(0) — M(0”)|Ty) +1

’
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where the first term has an expectation which is exponentially small in N using (3.5). Finally
we have

‘E[l—ﬁ(TN—T&)Z‘TN}‘gE‘E[l— G’)( ]‘ + N?E[|M (o) — M(a")]].

The second term on the RHS above is exponentlally small, by (3.5). For the first term on the
RHS, note that
1 N

E[l - (o1 — 0])*/2(1 = ?)|o] = mZ(E[WU{W] — 1)

N
Z o; tanh(Bm; (o) + B) — ¢ )

As aresult we have
E|E[1 — (o7 — 07)?/2(1 — 12)|Ty]|

N
Z ; — tanh(Bm; (o) + B)) tanh(Bm; (o) + B)

(3.12) 1 i ( )2
+ — E(m;(0) — M(0)
VN i=1
1 2 1+
< ]Em(a) M(o)) < ———,
Nl \/‘J 2 =N
where we have used (3.8), and part (a) of Lemma 3.1. We now claim that
(3.13) ET: < 1.

Given this claim, combining the estimates from (3.6), (3.4), (3.8), (3.10), (3.11), and (3.12)
we get

t
dgs(Ty, Zv) S (Ri = 1>+ —=
f f f Z VN5
where Z; is defined as in Lemma 1.2. The desired bound follows on noting that ny =
IANIF 2 1.

It thus suffices to prove (3.13). To this effect, using (3.3) we get

T
E[TN—T](,lTN]—WN(l—,Bl—t ‘ Z|H(TN)\

By multiplying both sides of the above display by NTx and takmg expectation gives

B[T2] < [E[N (Ty — Th)Tx ] +E[N|TN|(i|Hu<TN>|)},

a=1
where we have used the fact that 8(1 — %) < 1. This follows from Lemma 1.1, parts (b)
and (c), on noting that ¢'(r) =1 — B(1 — %) where ¢ (-) is defined as in Lemma 1.1. By the
exchangeability of Ty and T, we have
1
E[N(Ty — TY)Tv] = E[N(T}, — Tv)T{] = SE[N(Ty - TV <1

~
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Also, from (3.7), (3.9), and (3.11) we have

3 N 2
2N+ (Ri = 1)
NS E[H, (Ty)] < ’ S
where the last bound uses the fact that the RHS of (1.6) and (1.8) are bounded. Using Cheby-
shev’s inequality then gives

E(Ty) S 1+ E(T}) [S_E(NHi(Tw)* $ 1+ E(TR)
a=1

1,

which implies E(T]%,) < 1. This verifies (3.13), and hence completes the proof of the theorem.

3.2. Proof of Theorem 1.4. We will now prove Theorem 1.4 using Lemmas 2.1 and 2.2
whose proofs have been deferred to Section 5.

PROOF. Without loss of generality we can assume that the RHS of (1.12) is bounded as
before. As in the proof of the previous theorems, it suffices to bound the RHS of (3.6), but
with t = M (o) = 0 which implies H3(Tx) = 0. To begin, use (3.12) to get

N 2 IANIE | 1
3.14 E|E[1 — —(Ty — T T]'< Fy —,
(.14 {1 = 5 — 7| ]| < A5
using (2.1), which allows us to replace ny in the previous proof by || Ay ||2F. Proceeding to
bound E|H;(Ty)|, use the first equality of (3.7) along with Cauchy—Schwarz inequality to
note that

N
NV/NE|H(Ty)| <E max |ml-(a)|X:m,-(a)2
1<i<N i1

N 2
2
< /ElrgiXNmi(G)z E(X;mi(d)2> SIANIF/anlogN,
i=

where the last inequality uses part (a) of Lemma 2.2. Finally, for E| Hy(Ty)| we have
N
> (Ri — Do;

N
SJ (Z(Ri — 1)2>[1 + AN lay log N1,
i=1 i=1

where we use part (b) of Lemma 2.2. Plugging in the above bounds in (3.6), we have

1+E(TE)  |AN]%/ayTogN SN (R —1)2
VN VN N

with Z; defined as in Lemma 1.2. The claimed bound follows immediately, if we can verify
(3.13). But the proof of this is the same as in the previous theorem, and so we are done. [J

(3.15)

N+/NE|Hy(Ty)| < E

dxs(Tn,Z:) S +[1+|Ayllaylog N]

’

3.3. Proof of Theorem 1.3. In this section, we will use Lemmas 2.1 and 2.3 to prove
Theorem 1.3. The proofs of the aforementioned lemmas are presented in Section 5.

PROOF. With (¢,0’) the usual exchangeable pair, setting Ty := N'/%¢ and Ty :=
N'/4G" we have
E[Ty — T)lo] = N~3/*(@ — tanh(@)) + N >/4(tanh (&) — tanh((0)))
N
+ N77/4 Z(tanh(mi (0)) — tanh(m(0))).

i=1
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Using Taylor’s expansion, this gives
|E[Ty — Tylo] — N73/4(@ — tanh(3))|
N
SN ()| + NG D (mi (o) — (o))’
(3.16) =

N

> (mi(o) —m(a))’

i=I

LN

’

and so we have E[Ty — T}, |Ty]1 = g(Ty) + H(Ty) where g(x) = N=3/2x3/3, and H(Ty)
satisfies

E[|H(Ty)|]] S N E[|Ty ]+ N*E[|g — m(o)|]

N
+ N_2E|:|TN| > (mi(o) — ﬁ(a))2:|

—

Invoking [14], Theorem 1.2, with G(x) := [ g(t)dt = N73/2x%/12 we have

4 N—7/4IE|:

N
> (mi(o) — (o))’
i=1

N3/2
(3.17) dxs(Ty, W) < E‘l - TE[(TN — T;V)Z|TN]' +N3PE[|H(Ty)|]+ N34 E Ty 2.

By part (c) of Lemma 2.3 we have [E[| Ty 1] < 1. Set

N N 2
Sni=) (Ri—1?+ N7 [Z(Ri - 1)} :

i=1 i=1

and use part (b) of Lemma 2.3 and the Cauchy—Schwarz inequality to get

E[jo —m(0)|] < VE@ —m(0))* < N~ (log N)2\/5y.

Similarly, by the Cauchy—Schwarz inequality and part (c) of Lemma 2.1 along with part (a)
of Lemma 2.3, we get

n

N 2
E[|TN| > (mi(o) —mm)z} < E(Ty)? E(Z(mi(a) —m<a))2>

i=1 i=1

Sen,

N N 2
E|:Z|mi(o)—ﬁ(a)|3:|5\/E1221§XN(mi(a)—ﬁ(o))2 E(;(mi(o)—ﬁ(a))2>

i=1
STNEN,
where ¢y is as in the statement of Theorem 1.3. Combining the above observations, we get

(3.18) N3PE[|HTW|] SN2+ N4 1og N)2V/on + N~ Véryey.
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Finally, we have

N3/2
IE'] ~ 5~ E[(Tv - Tl’\,)2|TN]‘

1 N

< NIE Zo*i tanhm; (o)
(3.19) =1

1 N 1Y 2 2

SyE > (0i — tanhm; (o)) tanhm; (o) | + NEZ(mi(a) —m(o)) +Eo
i=1 i=1
1 EN 1

S—+—+—.

VN N UN

where the last inequality follows from part (a) of Lemma 3.1, part (c) of Lemma 2.1, and part
(c) of Lemma 2.3. Combing (3.18) and (3.19) along with (3.17) gives

o1 +«/8N(logN)2 FNEN
~JN N1/4 N1/4°

as desired, with W defined as in Lemma 1.2. [

dxs(Ty, W)

4. Proofs of Theorems 1.5, 1.6, and Lemma 2.1. We will need the following propo-
sition which expresses the Curie—Weiss model as a mixture of i.i.d. random variables, first
shown in [34], Lemma 3.

PROPOSITION 4.1. Let 0 be an observation from the Curie—Weiss model in (1.3). Given
o, let Wy be a Gaussian random variable with mean & and variance (N ,8)_1. Then the
following conclusions hold:

(a) Given Wy, the random variables (o1,07,...,0y) are iid. with mean WN =
tanh(BWy + B).
2
(b) The marginal density of Wy is proportional to exp(—N f(w)), where f(w) = '3% —
logcosh(Bw + B).

We state two more lemmas necessary for proving the results of this section, the proofs of
which we defer to Section 6. The first lemma is a version of the Hanson—Wright inequality,
which controls exponential moment of quadratic forms of binary random variables.

LEMMA 4.1. Suppose X1,X2,..., Xy, N > 1 are i.i.d. =1 valued random variables
such that IE[X1] = u where pu € (—1,1). Define s, :=2u/(log (1 + ) —log (1 — w)) with
so being 1. Also assume that Dy is a N x N symmetric matrix such that
splimsupy_, o A1(Dn) < 1. Then, given any vector ¢’ :=(c1,c2,...,cN), we get

L T N
10g{E|:CXP(§ > DnG.DXiXj+ ZCiXi)“ ST (DY) + 1DV 1T+ D e
ij=1 i=1 i=1

where X; = X; — p for 1 <i <N, and TrH(Dy) = YN, max(Dy (i, i), 0).

i=1

The second lemma gives a quantitative estimate which allows us to neglect the region
where Wy 1s not close to ¢.
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LEMMA 4.2. Suppose (1.4), (1.5), and (1.7) holds, and further assume that ||AN||% =
o(N), > ;—1(R; — 1) = o(N). Also, let Viy be any random variable such that Vy < cN for
some fixed ¢ > 0, and & > 0 be fixed. Recalling Ay := Ay — 117 /N, for any (B, B) € ®, U
O3 there exists § = 5(¢, ¢, B) > 0 such that

1 ~
4.1) lim sup ¥ logECW[exp(SVN + SGTAN(T)]IQWN —M(o)| > e):| <0.

N—o0

Additionally, the proofs of Theorems 1.5, 1.6, and Lemma 2.1, require Proposition 6.1
which is stated in Section 6.3.

PROOF OF THEOREM 1.5. (a) To begin, note that

N N
gaTANa +B ;a,- = g(a — 0T AN — 1)+ ;(ﬁtR,- + B)a; — (B2/2)1T An1.

Recall that My (B8, B) = N{'BTt2 + Bt —1(t)} + ﬂth ZlN:l(Ri — 1) as in (1.13). The above
display then gives

Zn(B, B)
exp(My (B, B))

“4.2) 5 N N
=E® exp<5 3 (01 — AN, (0 — 1)+ Bt S (Ri — 1) (o — r>>,

i,j=1 i=1

where @ is the measure induced by N independent 1 valued random variables with mean ¢
(as defined in (1.14)). In this case with Dy = BA N we have

. . pt
s;limsup A (Dy) = Bs; limsup A (Ay) < Bs; = <1,
' N—>oop ' N—>oop ' ,Bt+B
for (8, B) € ®7.If (8, B) € ®11, then we have r =0, and s9o = 1, and so with Dy = BAp as

before, we have s; limsupy_, oo A1(Dy) = B < 1. Thus in both cases Lemma 4.1 is applicable
with Dy = BAn, ¢; = Bt(R; — 1), which using (4.2) gives

N N

log E® exp(g > (oi —DANG, j)oj — 1)+ Bt Y (Ri — D)(o; — z))
i,j=1 i=1

(4.3)

N
SIANIE+2Y (R — 1)
i=1
The conclusion of part (a) follows from this combined with (4.2).

(b) Define

N
Yy = (0 — Wn) T An(o — Wy) +2Wn Y (R — 1)(0; — Wy)
i=1
“4.4)

N
+ (Wi =) Y (R - 1),
i=1
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and note that o ' Ayo = Yy + 12 Zl 1(R; — 1). Using this, with Jy ¢ :=={|t| —¢ < |WN| <
|t| 4+ e} for some € > 0, by a similar calculation as in part (a) we have

ZN(,B, B) CW (ﬂ T )
T R =
Z]C\,W(ﬂ, B exp 20 Ano

4.5) = ECW[@XP(%GTAW)II(J&G)}

+ exp( 2 Z(R 1)>ECW[e§YN 1(Jy.0)]-

The first term in the right-hand side of (4.5) is o(1) by invoking Lemma 4.2 with § = 0. For
the second term, by Proposition 4.1, the inner (conditional) expectation is taken with respect
to i.i.d. £1 valued random variables with mean Wy. In this regime Bs; = Bt/Bt = 1. But
since limsupy _, oo A1 (An) < 1 by (1.7), on the set Jy . we have

limsupsWNM(,B.AN) <limsup sup s, A1(BAN) <1

N—o0 N—oo pely;

for & small enough. Therefore, Lemma 4.1 is applicable with Dy = B Ay and ¢; = ZWN(Ri —
1) to give

1ogECW(ezYN11<JNE>|WN)<C{||AN||F+Z<R —1)2} ’3‘ Z<R —1)’
i=1

for some C < 0o, which on taking another expectation gives

N ~
log EV (e5"V 1 (Jy. ) sCiHANH% + 3R - 1>2} + log Ee 2! (Ty = 2k (ki)
=1
(4.6) ’

<||AN||F+Z(R -1+ — [Z(R —1)}

i=l1

where the last step uses part (b) of Proposition 6.1. This along with (4.5) gives

2
log Zy (B, B) —log Z§™ (B, B)—ﬁ—Z(R _1)<||AN||F+Z(R — 1),
i=1 i=1

from which the desired conclusion follows by another application of part (a) of Proposi-
tion 6.1 to note that log Z]C\,W(ﬂ, B) — N[% +Bt—1(1)] S 1.

(c) In this regime we have t =0, and so s; = sop = 1, and Bsp = 1. As in the proof of part
(b), the first term in the RHS of (4.5) is o(1) invoking Lemma 4.2 with § = 0. For handling
the second term, invoking (1.7) gives

limsupsvT,NM(.AN) <limsup sup s A1(An) <1

N—o0 N—oo pelye

for & small enough. Also Lemma 4.1 with Dy = Ay and ¢; = 2WN(Ri — 1) gives

N N
B ~ ~ ,3 —~
ogEY (e2"V 1(Jy,0)|Wy) < CLIANIT + Wy D (R — D* { + EWJZV Y (R — 1)

i=1
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for some C < oo free of N. This, on taking another expectation along with (4.5) gives

1og EV (e 278 1 (Jy o)

N N
<CllAN|% + losfzIEexp(CWfv Y (R — D+ gwfv > (R — 1))

4.7) i=1 i=1

1 TN N 2
SIANIF + N[Z(Ri —D+) (R — 1>2} ,
i=1 i=1

where the last bound uses part (b) of Proposition 6.1. Combining (4.5) and (4.7) gives
[ 2ord 2
log Zy (B, B) —log Zy" (B, B) S 1 ANl + [Z(Ri —~ 1)} +~ [Z(Ri — 1>2] :
i=1 i=1

We incur an additional log factor in the final answer because log Z%,W (B,B)—N [% + Bt —
I1(1)] <log N by part (a) of Proposition 6.1. [J

PROOF OF THEOREM 1.6. (a) Using a similar calculation as in (4.5), we get

(c(N)) " 'P(o € &n)

4.8) Q B N N
=E |:CXP<§ Y (oi —DAN(o; — 1)+ Bt Y _(Ri —1)(oi — f)>]1(0 €5N)i|,

i,j=1 i=1
where the deterministic sequence c(V) satisfies

exp(Br2(1T Ax1 — N))(exp(Bt + B) +exp(—Bt — B)N -

. Zn (B, By exp(B2/2)1T Ay D) =

1’

on invoking the mean-field lower bound (1.13). Next, by using Holder’s inequality with ex-
ponent p (to be chosen later), the left-hand side of (4.8) can be bounded above by

4.9)

1

1 N N T+p
{EQ exp(@ 3 (0 — ) AN(o; — 1)+ Bt (1 + p) Y (R — 1)(0i — r))}

ij=1 i=1

p
x (Q(EN)) .
Using arguments similar to the derivation of (4.3) shows that for p small enough we have

N
IOgEQ[eXP(M Y (oi —)AN(oj — 1)+ Br(1+ p) Y (R — 1)(0; — l))}

ij i=1

N
SIANIT +12 D (R — D
i=1

Combining this along with (4.8) and (4.9) gives the desired conclusion.
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(b) With Yy as in (4.4), using a similar calculation as in the derivation of (4.5) we can
bound P (o € En) by

Z3" (B, B) pew

Zn(B, B)
(4.10) _ZyV(B. B)
~ ZN(B,B)

B2 SN (Ri—1ymCW By
+e 7 LimRi-DECW 500 1 (6 € E3)1(Jn.0)].

B
27 AN (g € Ex)

[EV i Ave (g € J§ )

For controlling the ratio of partition functions in the RHS of (4.10), use the mean-field ap-
proximation (1.13) to get a lower bound for log Zx (8, B), whereas part (a) of Proposition 6.1
gives log Z%,W(,B, B) — N[% + Bt — I(t)] < 1. Combining these two observations, we get

pr* &

4.11) log ZGY (B, B) — log Zy (B, B)+7;(R,- ~-D<l.

Also, the first term inside the parenthesis in the RHS of (4.10) is exponentially small in N, by
invoking Lemma 4.2 with § = 0. Proceeding to control the second term in the RHS of (4.10)
we have

BU+p)
2

(4.12) ECWeQYNﬂ(a € ENLne) < [EVe YNJL(JN,e)]ﬁ[PCW(a € EN)]%,

where the last step uses Holder’s inequality for any p > 0. For controlling the first term inside
the bracket in the RHS of (4.12), by choosing p > 0 small enough and repeating the same
argument as in the derivation of (4.6), we get

N

") L(Un.e) SIANIE + D (R — D2
i=1
Combining (4.10), (4.11), (4.12), and (4.13), the desired conclusion follows.

(c) All steps of part (b) above go through verbatim, except the RHS of (4.11) gets replaced
by log N (by part (a) of Proposition 6.1), and (4.13) is replaced by (cf. (4.7))

(4.13) log ECW (77"

2 N 2
BU+p) 1 [ 1
(4.14) logE™Ve 2" L(Jy o) S AN IF + ~ [Z(Ri - 1)2} +5 [Z(Ri - 1)} :
i=l i=1
Combining this with (4.10) and (4.14) gives the desired conclusion. [

PROOF OF LEMMA 2.1. (a) Invoking Theorem 1.6 and changing § if necessary, it suffices
to show the desired conclusion under @), where @ is the i.i.d. measure induced by N +1
valued random variables with mean ¢, as defined in (1.14). A direct calculation shows that
m; (o) —t equals Z _1 AN, j)(oj —1) +1(R; — 1), and so

N NT N 2 N
> (mi(e) —1)* < 22[2 AnG, j) (o) — z)} +202 ) (R — 1)?

i=1 i=1Lj=1 i=1
(4.15)

N N
=23 (A%, j)(o; — 1)(o; —t)+2tZZ(R -2
i=1j=1 i=1

It therefore suffices to control the exponential moment of the first term in the RHS of (4.15).
Since limsupN_)oo)q(A%v) <1, forany § € (0, 1/2), using Lemma 4.1 with Dy = SA%V and
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c¢; =0 we have

N
logERexp(8(c — 1) T A% (0 — 1)) < | A% ||F_ZA4 > Al = ANl

This gives the desired conclusion.
(c) By invoking Theorem 1.6, it suffices to show the desired conclusion under the Curie—
Weiss model. Start by noting that m (o) = % ZlNzl R;o;, and so

N
mi(e) —m(o) =Y An(.j)oj — Wn)+— ZR (0; — Wn) + Wy (R — R).
j=1 i=1
This shows that Z,N:1 (m; (o) — m(0))? is bounded by
N[N — 2 3 N — 2 —~ N —
32[2 An(, o) — WN):| + N[Z R;(o; — WN):| +3W5 Y (R — R)?
i=1

i=1Lj=1 i=1
(4.16)

3 ~ ~ _ N
<3 Z ( (A%)G. )+ KR )(a,- — Wx) (o) — W) +3W5 Y (R — 1),
i,j=1 i=1

Conditioning on Wy, we now control the exponential moment of the first term in the RHS of
the above display under the Curie—Weiss model. By Proposition 4.1, under the Curie—Weiss
model, given Wy, the random vector (o1, ..., oy) are i.i.d. with mean Wy . Note that

3 3
11msupk1<AN + RRT> <limsupA;(A%) + lim sup N)Ll(RRT) <1,

N—oo N—o00 N—oo

1<N 2
= R.2><1
S| R <L
Fo N\

where the last display follows from the assumption that max;<;<y R; < 1 by (1.5). Based on
these observations, on invoking Lemma 4.1 with ¢; =0, Dy = (S(A%V + %RRT) for § small
enough, we get

RRT

v

N . 7, w2 SN .
log EWe? s (@) @) _ 1og EEWe WA L (RimD® < | A |5 4 tr(43,) S 14w I

from which the desired conclusion follows on noting that

log EWVe 35W3 ,NI(R,—l)Z [Z(R —1) }

which follows from part (b) of Proposition 6.1.
(b) To begin, note that

N

N 2
> (mi — M(@))> S (mi (o) — (o))’ [ZR(J, Wm}
i=1

4.17) =1

+ (Wy — M(a))2

i=1 ‘

By Holder’s inequality, it suffices to bound the exponential moments of the three terms of the
above display at some § > 0. Exponential moment of the third term in the RHS of (4.17) is
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bounded by part (b) of Proposition 6.1, as Zf\’: 1 IR; — 1] = o(N). Proceeding to bound the
sum of the first two terms, use (4.16) to get

N

2
Z(m (o) —m(a) |:ZR (0i — WN):|

i=1
4 - — N
< Z < (A%) G, J) + Rk )(a,- — Wn)(oj — Wy) +33 (R — )%,
i,j=1 i=1
and so it suffices to bound
4 — ~
logECWeXp<5 )3 ( (43)(G. ) + 1 RiR; )(al- — ) (o} — WN>>
i,j=1

for § small enough. But this follows on invoking Lemma 4.1 with Dy = S(A%V + %RRT)
and ¢; =0 to get

4 — ~
logECWexp(5 Z ( (AR) G, )+ — R R; )(Gi —Wn)(oj — WN)>
i,j=1
S A% + w(A%) S AN,

which completes the proof of part (b). [J
5. Proofs of Lemmas 2.2 and 2.3.
PROOF OF LEMMA 2.2. (a) To begin, note that it suffices to prove the bound for X large

enough. To this effect, using part (b) of Lemma 3.1 we have the existence of a constant M
free of N, such that for all A > 0 we have

N AzlogN
> [logN Y AnG, j)?| <2 ¥,
j=1

N
]P’('mi(a) — Y An(i, j)tanh(Bm (o))

j=1

which on using a union bound with oy = maxj<j<n Z 1 AnCG, ]) (as in Theorem 1.4)

gives
mi(@) — ZANa j)tanh(Bm (o))

22 IogN
P M/anylogN | <2Ne™ .
(128573\/ = > 0N 108 ) e

On the set {maxi<;<y |m;(0) — Zyzl An(i, j)tanh(Bm(0))| < A/aylog N} using the
bound |tanh(x)| < |x| we have

max |m;(o)| <, anlogN + f max R; max
I<i<N I<i<N 1<i=N

which on using the fact that maxj<j<y R; — 1 (see (1.11)) gives max;<j<y |m;(o)| <
J/anTog N. Thus there exists a constant ¢’ such that

AzlogN
]P’(1r<nfix |mi(o)| > ck,/aNlogN) <2Ne ™

from which the desired conclusion follows for all A large enough.
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(b) More generally, we will show that for any vector ¢ € RV we have

N 2 N
(5.1) ]E(Zc,-a,-) S log N2y et
i=1 i=1

To this effect, for every nonnegative integer £ set ¢*) := ,BKAfvc, and x; :=E[(Q; c(z)o*,
and note that ¢© = ¢, and the LHS of (5.1) is just xo. Now for any £ > 0 we can write

(5.2) xe=Tie+ T+ T3,

where

2 N 2
Ti¢:= [(Zc“) — tanh(Bm; (a)))) i| T ::E[(ch@ tanh(ﬂmi(a))) }

i=1

T34 —ZIE[(Z ci”c%) (i — tanh(Bm; (5))) tanh(Bm ,(a)))}
i#]j

For controlling 73 ¢, setting mj(a) = Z,ivzl,k# Apn(i, k)oroj we have

|T3,¢| =2

Zc“)c“)ﬂz[( — tanh(Bm; (0)))(tanh(Bm ; (0')) — tanh(ﬂm;(a)))]‘

(5.3) 7

N
0.0 .o )2
SYle lle; " [AnG, 1) S 1“3,
i#j
where, in the first line, we use [E[o; — tanh(Bm;(0))[(0, j # i)] = 0 and consequently
E[(o; — tanh(,Bmi(a)))tanh(,ij.(G))] = 0 for i # j. The bound |tanh(fm;(0)) —

tanh(ﬁm{(a))| < An(i, j) is used in the second line.

Proceeding to bound 73 ¢, use a Taylor series expansion to get tanh(8m;(0)) = Bm; (o) +
&mi(a)3 for random variables {&;}1<;<y uniformly bounded by 1 in absolute value. Also
note that

xer =E[(€) 0 )] =E[(5(c) T Axa)’] = [(’3 2 cim (")ﬂ

i=1
Consequently,

N 2 N 2

Toe —Xe41 =E[(Zc§"{mi<a>ﬁ +sl~m,-<a>3}) } —E[(ﬁ Zc,?‘)mi(a)) }
i=1 i=1

(5.4)

<2510, ([ L mi@)°]+ [ BE[ S mio)]

Finally, using the Cauchy—Schwarz inequality gives

N N 2
(5.5) E(lglmi(oﬁ) < E(gnﬂ) \/Elgafo|m,-<a>\8 < C*|An|Fay (log N)?

for some C free of N, where the last inequality uses part (a) of this lemma and part (b) of
Lemma 2.1. Noting that 77 ; < [|e® ||% by part (b) of Lemma 3.1, combining (5.3), (5.4), and
(5.5) along with (5.2) gives the existence of a constant D free of N, £ such that

(5.0) xo < Xe1 + 2y/Xer1llel2Bydn + lell3By 85 + DBY liel3.
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where we have also used the bound ||c¢‘© ||, < ﬂﬁ,llcllz with By := B||An|l2, and we set 6 :=
max (1, C||Ay|lanlog N). Since By — B < 1, for all N large we have By < By for some
Bo < 1. Given constants By € (0, 1), D > 0, there exists M large enough such that M >
(Bov'M + 1)? + D. With this M, By we claim that for all £, we have

(5.7) xe < M|el383°8%,

from which (5.1) is immediate on setting £ = 0. For proving (5.7) we use backwards induction
on £. Using Cauchy—Schwarz inequality gives

xe < N||e®|3 < N llel3,

and so (5.7) holds for all £ large enough, as By < Bo. Assume that the result holds for x¢4 |
for some ¢, that is, x4 < M||c||%,8§€+2812v. Using (5.6) gives

xe < |lel3B3°8% (MB2 +2v/M By + 1+ D) < M||c|382°5%,

where the last step uses the choice of M. This verifies the claim for £, and hence proves (5.7)
by backward induction, for all £ > 0. [J

PROOF OF LEMMA 2.3.  (a) As in the proof of part (a) of Lemma 2.2, it suffices to prove
the result for A large. To this effect, define an N x N matrix Ay by setting ANG, j) =
An(i, J)/Rmax fori # j and AN(z i) :=1— R;/Rmax Where Rpax = max;<;<ny R;. Observe
that ITAN =17, and so

=

(mi(o) —m(o)) — Z NG, j)(mj(o) — n_t(a))‘

= |mi(0) — Z AN, ym (o)

j=I1
(5.8) N N
<|mi =Y AnG. pmj@)|+ Y |AnG. j) — AnG. j)]
j=1 j=1
N
< |m ZAN(z ])tanh(m](a))‘—k max |m (a)| + max |R; — 1.
j=1

Using part (b) of Lemma 3.1, a union bound as in the proof of part (a) of Lemma 2.2 shows
that for all A > 0 we have P(EY;) < 2¢=* for some constant ¢ > 0 free of N, where

<A,/aNlogN>

for some constant ¢ free of N, with oy = max;<;<n Zﬁ\;l An(i, j)2 as in Theorem 1.4. Pro-
ceeding to bound the second term in the RHS of (5.8), note that, with K :=
argmax; ;< |m;(0)| and assuming mg (o) > 0 without loss of generality, we have

mi(o) — Z An(i, j)tanh(m (o))

(5.9 En _{ max
j=1

1<i<N

N
my (0)} <mg (o) —tanh(mg (0)) < mg (o) — Z An (K, j)tanh(m (o)) + max |R; —1].
j=I
By a symmetric argument, we get

(5.10) 12;;>§v|m,.(a)}3glr_235;§v mi (o) — JZ:IAN(z j)tanh(m (o)) + max |R; — 1]
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Thus, combining (5.8) and (5.10), on the set Ex we have

=

max
1<i<N

(mi(e) —m(o)) — Z NG, j)(mj(e) —m(0))

< C[A,/ozN log N + max |R; - 1|]

for some C < oo free of N. Now, for any integer £ > 2 we have

5.11)

N
‘(mi(a) —m(0)) — Y AN, j)(mj(0) —m(0))
j=1

=<

(mi(o) —m(0)) — > Ay (G, j)(mj(o) —m(0))

j=1

3 ’

N N
+Zﬁfvl<i,j){(m,-<a>—m<a> Z (J, k) (mi (o) — mm)”
j=1 k=1
N ~
<|(mi(@) —m(@)) — > Ay, j)(m;(0) —m(a))’
j=1
N
+ max | (m;(0) —m(@)) - Z N () (mi(0) — (@),

which, via a recursive argument gives

N
(mi(0) —m(0)) — Y Ay, j)(m;(0) —ma))‘
=

max
1<i<N
N
(.12) </ max (mi(o) —m(o)) — g N@, ) (mj(o) — m(a))‘

< CE(A,/aN log N+ max_ [R; — ll),

where the last line uses (5.11) on the set Ey. Using part (a) of Lemma 6.2, we note the
existence of D free of N such that for the choice £ = Dlog N we have maxj<;<y Az(i, i) <
%. With this choice of £, we have

P(lglizgv}mi(o) —(0)| = 2C¢[ A /ey log N + max |R; — 1], Ew)

zce[xmelrgglei - ll])
%[ anlogN + max IR - 1|]2),

N

Z v, ) (mj(e) —m(0))

< max
1<i<N

262

N
< P(Z(m j(0) —mm(0))’ =
j=1
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where the last line uses Cauchy—Schwarz inequality. Fixing § small enough and using part
(c) of Lemma 2.1, this gives

logP<1r<nizE§v|m,-(a) —m(o)| > 2C€[)\,/oz1v log N + max |R; — ll], EN)
< —Nay(log N)322 — N(log N)> max [R; - 112 + log Eeb Ziti (mi(@)—m(0))?
<i<
N

2
1
352 2 2 2 2
< —Nay(logN)’A= — N(logN) lléliz;leRi—ll +||AN||F+—N|:i:§1(Ri—1):|

1 2
+N[Z(R,-—1)] +1log N,
i=1

from which the desired conclusion follows for A large enough on noting the inequality
Nay = ANz 2 1. O

In order to prove Lemma 2.3, parts (b) and (c), we need the following lemma whose proof
we defer to the end of this section.

LEMMA 5.1. Assume that (1.4), (1.5), (1.9) holds, and the RHS of (1.10) is bounded.
Then, setting vy = ]EIIV [((N'/46)®] the following conclusions hold:

23 . 13 1)2 1/2\/15[2?’:1(1?1' — Doi?

(5.13) VN Sy vy Fuy T oy N1/

’

N

2 N N 2
E{Z(Rl- - 1>oz} < (log N)* (Z(Rl- — DN {Z(Rl- - 1)} )
(5.14)

i=1 i=1 i=1

< (1+ E[(V'45)%).

PROOF OF LEMMA 2.3, PARTS (b) AND (c). Use (5.14) and the fact that the RHS of
(1.10) is bounded to get

2
E[im - 1)0,} SVN(L+E[(NY45)’]) S VNI +v)).
i=1

Along with (5.13), this gives vy < ”12\//3 + v}\,/3 + vjlv/z(l + V11v/3) + 1, and so vy must be
bounded, thereby proving part (b). Now, part (c) is an immediate consequence of part (b) and

(5.14). O

PROOF OF LEMMA 5.1. (a) Proof of (5.13).
To begin, borrowing notation from the proof of Theorem 1.3 and using (3.16) gives the
existence of C < oo such that

|E[Ty — Tyle]— N732T3 /3]

=

N
2 N2Ty P + C!N_3/4|E —71(0)| + N2 Ty| Y (mi (o) — (o))’

15 i=1
3 }

N

Y (mi(o) —m(0))

i=1

+NTA
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On multiplying both sides of the above inequality by N3/?| T |> and taking expectation gives

E[T§] < /5N~ 'PEITy® + 3c{N3/4E[|TN|3|a—m<a)|]

N
(5.15) + N—I/ZE[|TN|4Z(mi<a> — ma))z}

i=1
N

> (mi(o) — (o))’

+ N—1/4E|:|TN|3
i=1

“ +3N32|E(Ty — T) T3 |.

We will now bound each of the terms in the RHS of (5.15). To begin, note that |7y — TM <
2N3/% and E[Tn] = IE[T](,]. This, along with the fact that (T, TI(,) is an exchangeable pair
gives
E(Ty — T{) Ti = (1/2E(Ty — T}) Ty — (1/2E(Ty — T)(T5)
(5.16) = (I/DE[(Ty — T)* (T3 + Tn Ty + (T3)°)]
<6NPE[T3] <6Nu)/°,
where vy = E[(N 1/ 4E)(’] as in the statement of the lemma. Also with gy, rp as in the state-

ment of Theorem 1.3, use part (c) of Lemma 2.1, and part (a) of Lemma 2.3 to get that for
any positive integer p, we have

N p
(5.17) E[Z(mi(a)—ﬁ(a))z] <eb, E ma)§v|m,~(a)—ﬁ(a)|p,§r§.

i=1 l=i

Finally, since the RHS of (1.10) is bounded, we have

N 2
(5.18) en SVN,  eyry SNV4, IIcII%+N“/2[ZCi] <VN.
i=1

Armed with these estimates and proceeding to bound the second, third, and fourth terms in
(5.15), use Holder’s inequality to get

N 2
(5.19) N3*E[|Ty e —m(o)|] < N~V* /oy E[Z(Ri—l)a,},
i=1

. e o
(5.20) E_Tﬁ;(mz'(a)—ﬁ(a))z} <vy (E[;(mi(a)_m)z} )
Svilen SN,
E| 17 i(mi(o) — (o))’ ]
(5.21) _ L ow

4\ 1/4
SM(E[Z(’W(“}_W@))Z} ) (E[lrinizgv(mi(a)—m(a))4])l/4

i=1

< Vovenrn S JovNYA,
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where the last bounds in (5.20) and (5.21) use (5.17) and (5.18). Finally, for the fifth term
in the RHS of (5.15), note that |Tx| < N1/4, and so the first term in the RHS of (5.15) is
bounded by (2/5)E[T13]. Combining this along with (5.15), (5.16), (5.19), (5.20), and (5.21)
gives

N 2
13 4 12 4 23 12 E[} ;2 (R — Doyl
o SN o v 4w \/ e

which completes the proof of (5.13)
(b) Proof of (5.14).
To begin, for any vector h := (hy, ..., hy) write

N N

> “hio; =Y _ hi(o; —tanh(m;(0))) + Y _ h;(tanh(m;(¢)) — tanh(m(s)))

i=1 i=1 i=1
N
+ tanh(m (o)) Z

which using part (b) of Lemma 3.1 gives

N 2 N 2
E[th] S I3 + hli3en + {Zhl} Emi(o)?
i=1 i=1

(5.22) 5
< IhlZen + [Zh } (m(0)?),

i=1

where the second line uses part (¢) of Lemma 2.1, and ey equals the RHS of (2.2). Setting
¢ =R —1 and using (5.22) with h = ¢ gives

N 2 N 2
(5.23) E[Z c,-oi] S lell3 + llellzen + [Z cl-] Em(o)* SN,
i=1 i=1
where the last line uses (5.18). Along with (5.13) this gives vy S vy /3 + vy 12 + vi,/g'

l/zﬁ and so
(5.24) w<VN = Eg®<NL

Also, an argument similar to the derivation of (5.23) shows that for any positive integer p,
we have

2p
(5.25) E( —m(0))’ ZPE[Z clo,:|

N 2p
(5.26) 5N‘2P<||c||§”+||c||§”s§ (Zci) Emmz) SN,

where the last bound uses (5.18). Combining we have the following conclusions:

(5.27) Em(0)° <E@)° +E@ —m(0))° < %
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N
E(Zmi(a)6> < NEm(o)°
i=1

2

(5.28) , 2
+ E]rsnianN(mi(a) m(a) [Z mi(o) —m(o)) :|

Sl+ryen S,

where (5.27) uses (5.24) and (5.25) with p =3, and (5.28) uses (5.27) along with (5.17) and
(5.18). Armed with these estimates, we now focus on deriving (5.14).
Let Ay be as deﬁned in the proof of part (a) of Lemma 2.3, and set ¢ :=¢ Af\, and

xe = E[ IN | c a,]2 for £ > 0. As in the proof of part (b) of Lemma 2.2, we can write
= TLg + T2 ¢ —|— T3 ¢, Where

2 N 2
Tio:= |:Zc(e) — tanh m; (a)):| T := E[ch@ tanhm,-(cr):| ,

i=1

T3¢ —2E[Zc“) (07 — tanhm; (a))tanhm,(a)]
i#]j
By the argument presented in the proof of part (b) of Lemma 2.2 we have T} ¢ < || ||% <
||c||%, and T3 ¢ < ||c||%. Next, using the Taylor series expansion, we can write tanh(m; (6)) =

m; (o) + Simi(o*)3 for random variables {&;}1<;<y which are uniformly bounded by 1 in
absolute value. Consequently,

N 2
TZ,Z — Xp41 = E[GTANC(K) + ZC}Z)Eim[(O')3i| — E[O’TAVNC(E)]Z
i=1

N 2
<2x51 E[Zwami(a)ﬂ

i=1

+ 2 /51y E[e® Hyo | + E[¢© Hyo ]
N 2 N 2
(5.29) + E[Z’C(Z)mi(a)3|:| +2yE[c® Hyo ]’ E{Z}C(Om (0)3@

i=1 i=1

N
<2xerillel; [ED mi(o)®
i=1

+ 2. /%041y E[C(Z)['INO‘]2 + E[C(E)HN(T]Z

+||c||%E[Zm(a)}+2|Ic|l2\/ [¢®Hyo]* EZm(a)6
i=1

Proceeding to bound the RHS of (5.29), use (1.9) and (5.25) respectively to note that
| Hyllop < N~V4, and NE(m(0))? < NE(@)? + 1, and an application of (5.22) with h =
Hyc®) gives

5300 E[(c®) Hyo ]’ < |1 Hy 12, (en + NE@(0)%) < llel3in,
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with uy :=1+ E(N 1/45)2, where the second inequality uses (5.18) and (5.25). We now
claim that there exists a constant D > 0 such that

N 2\ 2
(5.31) XD(log N)? SMN<||CII%+N_1/2|:ZC,} ) .
i=1
Given this claim, we have the existence of a constant C free of N such that
N 2\ 2
(5.32) XDog N2 < CZMN<||CII% + N1 [Z ci:| ) .
i=1
Also, using (5.30) and (5.28), and making C bigger if needed, for all £ > 0 we have
(5.33) x¢ < xep1 +2C xerillela/mn + CPlel3un.

With L = D(log N )2, we will now show that the bound

N 2
(5.34) xg<(L—0+ 1)2C2|:||c||%+N_1/2(Zci) }

i=1

holds for all ¢ € [0, L] by backwards induction. By (5.32) we have that (5.34) holds for £ = L
Suppose (5.34) holds for £ + 1 for some £ € [0, L — 1]. Using (5.33) gives

xe < Cuyllel5[(L =07 +2(L — 0 + 1] = (L — £+ D*C*pyliel3,

verifying (5.34) for £, and thus verifying (5.34) for all £ € [0, L] by induction. Setting £ =0
in (5.34) we get the bound

N 2 N N 2
E(an,) SLZCZMN[ZCZZ+N_1/2<ZCi> :|
i=1

i=1 i=1

N N 2
< C2D2MN(10gN)4|:ZCi2 + N‘”(Zq) }
i=1 i=1
which verifies (5.14), as desired.
It thus remains to verify (5.31), for which using spectral decomposition write Ay =
Zl 1 A,q,q where we set A, =\ (AN) for convenience of notation. With L = D(log N)2,
this gives

N N-—1
¢"Ako =T ¢+ ke GGho + D e, o
i=1 i=2

+ANc quNor + O(N_CD+2),

II
.Mz

Il
—_

where the last equality uses Lemma 6.2 to get

e
~ C
max | |F < (1 — ) <N—P
2<i<N-1 log N

for some ¢ > 0. Consequently for D large enough we have

(5.35) E[c [Z c,] 1+ Iel3E[@xe)’].
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Since q;KN = )»qu where A is bounded away from 1 by (1.7), we have

N
(1—%n) Y Gn(i)o;

i=1

gn ) (oi —mi(0)) + 4y Hyo

~
[

Il
.Mz

N
Gn (i)(0i —tanh(m;(0))) + Y Gn (i) (tanh(m;(a)) — m;(0)) + qy Hyo.
1 i=1

Il
M=

~.

This immediately gives

N 2
(1 —KNVIE[ZaN(i)o,}
i=l1
N

N 2 2
§E|:2q~1v(i)(0'i —tanh(mi(a))):| +E|:Z|6N(l)||ml(g)‘3:| +E[qNHNG]2
i=1

i=1

N N N
<> NG+ J Zawﬂj E[Zmiw)ﬁ} +E[qy Hyo ]’
i=1 i=1 i=1

S 1+ | Hyllo,[en + NE(m(e)?)],

where the last bound uses (5.22) with h = qy. Since NE(m(0)?) < NE@?) +1 </Nuy,
using the last bound along with (5.35) gives

N 2 N
E(CTA%,O')ZS/,LN (N_1/2|:Zci:| —|—ch~2>,
i=1 i=1
thus verifying (5.31), and hence completing the proof of the lemma. [J

REMARK 5.1. As in the proofs of part (b) of Lemmas 2.2 and 2.3, the above argument

can be modified to bound the moments of general linear combinations ZzN:1 cjo; for any
N
ceRY.

6. Supplementary lemmas and proofs.
6.1. Proofs of Lemma 4.1 and Lemma 4.2.

PROOF OF LEMMA 4.1. Noting the presence of Tr™(Dy) in the RHS of the bound, it
suffices to prove the result for Dy with all diagonal entries set to 0. Let (Z1, Z3,..., Zy) be
i.i.d. A(0, 1) random variables. We claim that

L T

IE[exp(5 > DN(z,])XiX_,-+ZciXi>:|
i,j=1 i=l

©.1) !

N N

S .

§]E|:exp(7” > DNG.DNZiZj+ S50 ) :c,‘Z,~>i|.
i,j=l i=1

Indeed, to see this, recall that the sub-Gaussian norm of X; is given by s, for 1 <i <n
(see, e.g., [28], Lemma 1 and [37], Theorem 2.1). Consequently, for every 6 € R we have
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E[exp(0 X))l < Elexp(6./5,.Zi)]. Using this, (6.1) can be obtained by inductively replacing
each X; on the left-hand side of (6.1) with /s, Z; . The RHS of (6.1) can be computed directly
to get

log[ |:exp( ZSMDN(Z NZiZ; +@Zc, )“

i,j=1

N
= —(1/2)logdet(Iy — s, Dn) + (1/2)s,. Y ¢}
i=1

Finally, by noting the existence of p € (s, limsupy_, . A1(Dy), 1), and using the bound
—log(1 —x) < x for x € [0, 1 — p], the desired conclusion follows. [

PROOF OF LEMMA 4.2. By Holder’s inequality, for any p > 0 the left-hand side of (4.1)
can be bounded by

(ECW[exp<waTANa>i|)l/(Hp)P(}WN — M(0)| = &)T5.

Since limsupy_, o % log P(Wy — M(a)| > ¢) <0 by part (b) of Proposition 6.1, it suffices
to show the existence of p > 0 such that

(6.2) lim sup % logEW [exp(MGTANa)} <0.

N—o00 2
To this effect, setting
gp(0) = éaTA o+ ﬁzp TAno
note that

logEW [exp(waj—fh\/a)}

(6.3) N
= sup {gpw) —~ Zuai)} —1log ZG{V (B, B) + o(N),

ae[—1,1]V i=l

where the last line uses [4], Theorem 1.1, along with the observation Tr((Ay + AN)Z) =
o(N). Using spectral theorem we have Ay = Zf\’:] Aiqi qiT with A; = A;(Ay), and so

B N
sup (gp(a) -3 Zaf)

oe[—1,1]¥

Bp 117
= sup |: Z(A — 1o 'qiq/ o + 70T<A1q1q1T — —)a
oe[—1 l]N N

Bp
+ B3 ZkiaTqiqiTa
i=2

N
B Bp
SoMN)+ Y (07 qiq] o) (-5 =2+ =1 ),
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where the bound in the last line uses (1.5), and Lemma 6.1. Finally note that (1.7) shows
the existence of p < 1 such that maxa<;<y A; < p, and so there exists p = p(p) such that
masziSN(—g(l —Ai)+ ﬂTPAi) < 0. Combining we have

ﬁ N
sup (gp(d) ) Zal?) <o(N),
i=1

oe[-1,1]N
and so
B o B 2
sup (gp(0) —I(0)) < sup (gp(a) —5 > o ) + sup (5 > o7 — I(o))
oe[—1,1]N oe[—1,11¥ i=1 oe[—1,11V i=1

=o(N) + My(B, B),

where My (B, B) is the mean-field prediction defined in (1.13). Since |log Z%W(,B, B) —
My (B, B)| < log N by part (a) of Proposition 6.1, (6.2) follows, thus completing the proof
of the lemma. [

6.2. Some results on matrices.

LEMMA 6.1. Let ZINZI A (AN)qiqlT be the spectral decomposition of Ay . Suppose that
(1.5) and (1.7) hold, and Z,N:l(Ri —1)=0(N).

(a) Then ||qi — ell2 = o(1), where e := N~'/21.
(b) Further we have limsupy _, .o M1 (An) < 1, where Ay = An — %IIT.

PROOF. (a) Write e = Zf-V: 1 ¢iq; with ¢; > 0 by Perron-Frobenius theorem, and note
that

I+o(l) = Y Ri=elAye=3 " cfhi(An) < hi(AN)ET +Aa(An)(1 = ).
i=1 i=1
Along with (1.5) and (1.7), this gives c% =1+ o(1), and so (qi,e) =c; =1+ o(1), thus
completing the proof of part (a).
(b) This follows on using part (a) to note that

+ M A Qg T —ee' |, < aa(An) +o(1),
2

N
Y hi(An)aigq)
i=2

and using (1.7). U

ANz <

LEMMA 6.2. Let 'y be an N x N symmetric matrix with nonnegative entries, such that
1"Ty =17 and Ty satisfies (1.7). Then the following conclusions hold:

(a) There exists ¢ > 0 such that for all £ > 1 and N large we have
N
(b) There exists § > 0 such that for all N large enough we have

8
A (T <]l—-—-.
25?5\)/(—1| /()| = log N
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PROOF. (a) Setting A; := A; (I'y) for simplicity of notation, let 7 :={j € [2, N]: A; >
0} and J_ :={j €[2, N]: A; <0}, and use the spectral theorem to note that for any positive
integer £ we have

1
Mo=31+ 3 hjl‘aa) + 00 X Bl‘aa).

JISVA JjeJ-
where (qq, ..., qy) are the eigenvectors of I'y. To begin, use (1.7) to note the existence of
¢ > 0 such that for all N large enough we have A < e~¢, which gives
(6.4) Z A1 qu<)f<e ct,

JeT+

where g;; denotes the ith entry of the vector q;.
For ¢ odd, noting that F]{, (i,i) = 0 gives

1
> |Aj|zq,-?,-_—+ > Il ql,_—+ﬂ<—+e “,
jeJ- J€T+
where the last inequality uses (6.4). Using the fact that max2<i§ N |Ai| <1, for £ > 2 we have

Yo lha < 30 I 1q{i_ +e .
jeJ- JEJT-

Combining these two bounds, for all £ > 1 we have

2
Ty G, z>|<—+2|x|q,,+2|xlq,j_— o

JE€T+ JjeT-
thus completing the proof of part (a).
(b) Let § > 0 be such that 3e=2/¢ > 2. Using part (a) with £ = ZlngN and even, we have

N N
Y nilf =Y T, i) <2+2Ne 2leN - 2,

On the other hand, if maxo<j<y—1|Ai| > 1 — logN, then
2log N
) T _2
Z|/\|>3<1— ) —3e" <.
log N

i=1

28/c

These two together imply 3e™ <2, a contradiction. [l

REMARK 6.1. Note that if 'y is the adjacency matrix of a dy regular bipartite graph
scaled by the degree d, which satisfies the spectral gap condition, see (1.7)), then our lemma
implies

lim max |[NT% (i, i) —2| =

N—>ool<i<N

for £ = Dlog N with D large enough. This highlights the asymptotic optimality of the bound
obtained in part (a) of Lemma 6.2. Part (b) quantifies the graph theoretic fact that for a con-
nected dy regular graph, say Gy, the multiplicity of the eigenvalue —dy can be at most 1. It
is easy to check that if —dy happens to be an eigenvalue the graph must be a bipartite graph,
and all other eigenvalues will be strictly larger than —dy (i.e., there is a unique bipartition
for a connected bipartite graph). In fact, our proof can be modified to show the stronger con-
clusion that for a d regular bipartite graphs satisfying the spectral gap condition, the second
last eigenvalue is bounded away from —1, that is,

liminf N=1OM) )

N—oo dy
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6.3. Some results for the Curie—Weiss model. The following proposition collects all the
results for the Curie—Weiss model which we have used previously.

PROPOSITION 6.1. Suppose o is drawn from the Curie—Weiss model. With Wy as in
Proposition 4.1, the following conclusions hold:

(a)

8

log ZM (B, B) — N{ 5

+Bt—1(t)},§1 if (B,B)e®UB,
SlogN if (B, B) € ©s.
(b) For any A > 0, we have

log PV (|[Wy — M(0)| > 2) S —N»* if (8, B) € ©1UO,
< —Nmin(A%,2*) if (B, B) € ©5.

~

Consequently for any sequence 5y = o(N) we have

log ECW et (WN—=M©@)* <1 ¢ (8 B) c @ U®,
52
S BB 6.

(c) For (B, B) € O3, we have

1 N
lim sup NloglPCW(Za,- e{-2,-1,0,1, 2}) <0.

PROOF. (a) With f(w) = ﬂTwz — logcosh(Bw + B) as in 4.1, a direct computation gives

Zﬁw(ﬂ, B)=e¢P/2 | % Ir e W) gy, where the function f(w) has a unique global mini-
mum at w =t for (8, B) € ®1 U @3, and two global minima at &¢ for (8, B) € ®,. Also, it
is easy to verify that

fw)— f) = (w—1)?* forallweR,if (8, B) € O,
(6.5) fw)— f@O) = (w—1)? forallw>0,if (8, B) € O,
fw) — f(©) =min[(w — 1), (w —1)*] forall w e R, if (8, B) € O3.

The desired estimates follow from these bounds and using the Laplace method for approxi-
mating integrals.
(b) Noting that

|Wy — M(o)| = |tanh(BWy + B) — tanh(BM (o) + B)| < B|Wy — M (),

it suffices to prove the desired bounds Wy, which follows from straightforward computations
on using (6.5).

(c) This follows on using part (b) to note that, when (8, B) € ®», the random variable Wy
has an exponential concentration near the points ¢, none of which are near 0. [
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6.4. Proof of (3.6). In this section, we will prove (3.6) using [14], Theorem 1.2, and a
soft change of measure argument. Throughout this proof, ¢ > 0 will denote constants free of
N that might change from one line to the next.

PROOF. Define the set 7 :={o € (=1, 1}V : |XN 0;| >3} and J := {0 € {—1, 1}V :
| ZlN: 1 0il > 4}. Recall the definition of P from (1.1) and note that, by part (c) of Proposi-
tion 6.1 and part (b) of Theorem 1.6, we get

1 1
(6.6) lim sup — log P(o € J°) <limsup — log Plo € J) <
N—o0 N—oo

Next, let @) denote the probability measure induced by PP conditioned on the event o € T,
that is, Q(-) :=P(:|o € J). Therefore, for any B C {—1, l}N, we have

P(c e BNJ
Qo cB)y=CEBNT)
P(o € J)
Once again, by part (c) of Proposition 6.1 and part (b) of Theorem 1.6, we get
1 1 Plo e J¢
(6.7) limsup — log Q(o € J¢) <limsup — log Lj,v)
Nooo N Nooo N Plo eJ)

Suppose that we draw op ~ P and o ~ Q. Define Ty, := \/ﬁ(@ — M(oqg)). We will
write (Ty p, 1/\, p) = Ty, TI(,) under the law of P (recall the construction of T/ from the
proof of Theorems 1.4 and 1.2 in Section 3.1). Construct Ty, N, Similar to TN p as fol-
lows: Sample / uniformly from the set {1,2,..., N}. Given I =i, replace oq,; with an
independent +1 valued random variable aé’ ; w1th mean Eqloq,il(og,;, j # i)], and set

=(0Q,1, -+, 0Q,i—1,00 j» OQ,i+1s -+ OQN)s Ty g i= W(% — M(ag)).
By construction (TI(,’Q, Ty.q) forms an exchangeable pair under . Moreover,
(6.8) Rloglog=0)=P(oplop=0) foroeJ,
and

QTy.q—Tv.al < oN"VH) =1,

which follows by observing that max'’_, |o} i oqil <2
Define § := 2N ~!/2. By using the above display, coupled with [14], Theorem 1.2, we get

sup|Q(Ty,q <z) — P(Z; <2)|
zeR

6.9) SEqll = (c0/2Ea((Tv.q — Ti.q) I Tv.0)|
+ ¢y max{(l, C3)}5 + (Co/Cl)EQ{r(TN’Q)}
+8%co{(2 + ¢3/2)Eqcog(Tn.q)| + c1c3/2}.

where Z; is defined as in Lemma 1.2 for (8, B) € O3, r(-) := 22:1 H,(-) with g(),
{Hu(')}a:1,2,3 from (3.3).

In the remainder, we will quantify the cost of moving between the probability measures PP
and @Q in (6.9). First, we present a claim which will be used to prove (3.6). The proof of this
claim is deferred to the end of the proof.

Claim: Given any function v(-) : {—1, 1}V — R, such that SUPge(_1, 1} lv(e)| < aN? for
constants a, b free of N,

(6.10) |EQU(O’Q) —EPU(O']}D)| <exp(—cN),
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where ¢ depends only on a, b, and the implied constant in (6.6). We will now complete the rest
of the proof assuming Claim (6.10). For any z € R, with v,(¢) := 1(~/N(@ — M(0)) < z2),
note that sup, g SUp, ¢(—1 1jn¥ vz(0) < 1, which by (6.10) yields

(6.11)  sup|Equ;(0q) — Epv.(ap)| =sup|Q(Ty.q < z) — P(Tw.p < 2)| <exp(—cN).
zeR zeR
A similar computation as in (6.11) further yields

(6.12)  max{Eq|r(Tn.q)|—Ep|r(Tn p)||, IEqle(Tn.)| — Ep|g(Tn p)|} < exp(—cN).
Next, we will focus on the term Eq ((Ty,q — T[<]7Q)2|TN,Q) in (6.9). By (6.8), we have

Eq[1 — (co/2)(Tn.q — Tiy.0y) 1o g = 0] = Ep[1 — (co/2)(Tw.p — Ty p) lop = 0] =1 u(0),
for o € J. Therefore,
Eq[Eq[u(0)1(e € NITv.q)| = (Pl € 7)) 'Ep|Ep[u(0)1(o € 1) Ty p|
=Ep|Ep[u(0)1(o € I)|Tn.p]| + ra,

where |r;,| < exp(—cN) by (6.6).

Using the above observation with (6.6) and (6.7), we further get

[Eq[Eq[1 - (c0/2)(Tn.q = Th.q) ITn.c]|[—Ee[Ee[1 — (c0/2)(Tw.e = T p) | Tw 6]

Sexp(—eN) + NQ(o € T¢) 4+ NP(o € T) Sexp(—cN).

Combining the above observation with (6.12), (6.11), and (6.9), completes the proof of (3.6).
To complete the proof, it remains to prove (6.10), which is done below.
Proof of Claim (6.10): Observe that

Equog) — Epv(op)| = EP[”&)PHS)G I _ Epu(op)
- Ep[lv(op)|L(v(op) € T)IP(op € T°)
- Pop e J)
+ Ep[|v(op)|1(op € T)]
<aNPP(op € J¢) < exp(—cN),

where the last line follows from (6.6). This establishes Claim (6.10). [
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