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1 | INTRODUCTION

Let G, be a simple labeled undirected graph with vertex set V(G,) := {1,2,...,|V(G,)|}, edge set
E(G,), and adjacency matrix A(G,) = {a;(G,),1,j € V(Gy)}. In a uniformly random c,-coloring of
G,, the vertices of G,, are colored with ¢, colors as follows:

P(v € V(G,) is colored with colora € {1,2,...,c,}) = l,
Cn

(1.1

independent from the other vertices. An edge (a, b) € E(G,) is said to be monochromatic if X, = X,
where X, denotes the color of the vertex v € V(G,) in a uniformly random c,-coloring of G,. Denote
by

T(K>, G = ), awG)U{X, =X}, (1.2)

1<u<v<|V(G,)|

the number of monochromatic edges in G,,.
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The statistic (1.2) arises in several contexts, for example, as the Hamiltonian of the Ising/Potts
models on G, [2], in nonparametric two-sample tests [15], and the discrete logarithm problem [16].
Moreover, the asymptotics of T(K>, G,) is often useful in the study of coincidences [12] as a generaliza-
tion of the birthday paradox [1,10-12]: If G, is a friendship-network graph colored uniformly with ¢, =
365 colors (corresponding to birthdays), then two friends will have the same birthday whenever the cor-
responding edge in the graph G,, is monochromatic.! Therefore, P(T (K3, G,,) > 0) is the probability that
there are two friends with the same birthday. Note that P(T'(K>, G,,) > 0) = 1 -P(T(K;,G,) =0) = 1—
x6,(cn)/ CLV(G”)l , where ¢, (c,) counts the number of proper colorings of G, using ¢, colors. The func-
tion y is known as the chromatic polynomial of G,, and is a central object in graph theory [13,17,20].

It is well known that the limiting distribution of T(K3, G,) exhibits a universality, that is,
T(Kz. Gy) = Pois(4), whenever E(T(K», G,)) = £C)
¢p — oo. This was shown by Barbour et al. [1, Theorem 5.G], using the Stein’s method for Poisson
approximation, for any sequence of deterministic graphs. Recently, Bhattacharya et al. [4, Theorem
1.1] gave a new proof of this result based on the method of moments, which illustrates interesting
connections to extremal combinatorics.

For a general graph H, define T(H, G,) to be the number of monochromatic copies of H in G,,
where the vertices of G, are colored uniformly at random with ¢, colors as in (1.1). Conditions under
which T'(H, G,) is asymptotically Poisson are easy to derive using Stein’s method based on dependency
graphs [7,9]. However, the class of possible limiting distributions of T(H, G,), for a general graph H in
the regime where E(T(H, G,))) = O(1), can be extremely diverse (including mixture and polynomials
in Poissons [4]), and there is no natural universality, as in the case of edges. Recently, Bhattacharya
et al. [5] proved the following second-moment phenomenon for the asymptotic Poisson distribution
of T(H, G,), for any connected graph H: T(H, G,) converges to Pois(4) whenever ET(H,G,) —» A
and Var T(H,G,) — A. Moreover, for any graph H, T(H, G,) converges to linear combination of
independent Poisson variables, when G, is a converging sequence of dense graphs [6].

However, there is no description of the set of possible limits of T(H, G,), other than the case of
monochromatic edges (H = K3) or dense graphs G, (where the limits are Poisson or a linear combina-
tion of independent Poissons, respectively). In this paper, we consider the case of the r-star (H = K ;).
This arises as a generalization of the birthday problem, for example, with » = 2 and a friendship net-
work G,, T(K| 2, G,) counts the number of triples with the same birthday where someone is friends
with the other two. This is especially relevant when G, has a few influential nodes which have many
friends (“superstar” vertices [3]), and we wish to count the number of triple birthday matches with
a superstar. Related statistics also appear as the Hamiltonian in exponential random graph models
(ERGMs) [8, 18, 19], which capture the more realistic scenario of dependent edges in social networks,
as opposed to the Erdés-Rényi random graph model where the edges are mutually independent.

In this paper we identify the set of all possible limiting distributions of T'(K ,, G,), for any graph
sequence G,. We show that the asymptotic distribution of 7(K| ,, G,) is a sum of mutually independent
components, each term of which is a polynomial of a single Poisson random variable of degree at most
r, and, conversely, any limiting distribution of T'(K, ,, G,) has this form.

— A, for any graph sequence Gy, as soon as

1.1 | Limiting distribution for monochromatic r-stars

Let G, be a simple graph with vertex set V(G,,) and edge set E(G,). For a fixed graph H, denote by
N(H, G,) the number of isomorphic copies of H in G,. Note that N(K} ,, G,) = ZVGV(G ) (dr) where
d, is the degree of the vertex v € V(G,).

'"When the underlying graph G, = K, is the complete graph K, on n vertices, this reduces to the classical birthday problem.
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Now, suppose G, is colored with ¢, colors as in (1.1). If X,, denotes the color of vertex v € V(G,),
then the number of monochromatic copies of K , in G, is

V(G,)I

T(Ky,,G,) := Z Y, aw GOX, =X,), (1.3)

v=1 ue(V(f‘n))
where

(V(rG”)) is the collection of r-element subsets of G,,;

s

o 1{X,=X,} :=1{X,=X,, = =X, },forve V(G,) andu € (V(rG")), as above.

o a,,G,) =[],_; au(G,), forv e V(G,) andu = {uy,uz, ... ,u,} € (V(rG"))'

Note that
[V(G,)I

ETK G == >, > a@G)= —N(K1 G-

Z =1 ug(On)
It is known that the limiting behavior of T(K] ,, G,) is governed by its expectation:

Proposition 1.1 [5, Lemma 3.1] Let {G,},>1 be a sequence of deterministic graphs colored
uniformly with c, colors as in (1.1). Then

O j 1. — 00 E T K s G = 0
TK1.Goy r zf .1m,1 (T(K1,r,Gn))
oo if lim,_.o E(T(K ,, Gp)) = 00

Therefore, the most interesting regime is where E(T(K} », G,)) = ©(1),% that is, ¢, — oo such that

N(K,,, G,
IE(T(KI,,,G,Z»—#:% > < > o). (1.4)
Cn veV(G

ﬂ

Theorem 1.2  Let {G,},>1 be a sequence of graphs colored uniformly with c, colors with ¢, — 0,
asin(1.1).

(a) Assume that the following hold:

(1) Foreveryk € [1,r + 1], there exists Ay > 0 such that

ZFE??,,( Nind(F’ Gn)
lim * = (1.5)

n—oo c;

where Ning(F, G,,) is the number of induced copies of F in G, and €,y = {F 2 K1, : |[V(F)| =
r+1and N(K,,,F) = k}.

(2) Letdqy > dpy > -+ 2 dqv,)) be the degrees of the vertices in G, arranged in nonincreasing
order, such that

d
lim -2 =g, (1.6)
n—o C,
for each v € V(G,) fixed.
2For two nonnegative sequences (a,),s; and (b,),s1, @, = O(b,) means that there exist positive constants Cy, C,, such that

Cib, < a, < Cyb,, for all n large enough.
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r+1

T(Kl,,G)—>Z< > Zka, (1.7)

where the convergence is in distribution and in all moments, and

o 11, T,,..., are independent Pois(0;), Pois(0,), ..., respectively;

o« A — % Yo 6 > 0, and Z\,Z,...,Zy41 are independent Pois(A; — _ Zu 00,
Pois(4y), ... Pois(4,41), respectively;

o the collections {Ti,k > 1} and {Z;,1 < k < r+ 1} are independent.

(b) Conversely, if T(K, », G,) converges in distribution, then the limit is necessarily of the form as in
the RHS of (1.7), for some nonnegative constants ) > 0y > - -+, and {4, 1 <k <r+1}.

This result gives a complete characterization of the limiting distribution of T(K; ,, G,), in the
regime where E(T(K| ,, G,)) = ©(1) (in fact, under the assumptions of the theorem E(T(K; ,, G,)) —

,r:'i kAr). Note that the limit in (1.7) has two components:

e a nonlinear part Y, | (Tr) which corresponds to the number of monochromatic K, in G, with

central vertex of “high” degree, that is, the vertices of degree ©(c,); and
e alinear part Z,ﬁ:ll kZ; which is the number of monochromatic K, from the “low” degree vertices,
that is, degree o(c,);

and, perhaps interestingly, the linear and the nonlinear parts are asymptotically independent. The proof
is given in Section 2. It involves decomposing the graph based on the degree of the vertices, and then
using moment comparisons, to establish independence and compute the limiting distribution.

Remark 1.1. An easy sufficient condition for (1.5) is the convergence of —v=— \vm\ + Nind (K1, Gp) for every

super-graph F of K , with |V(F)| = r+1. However, condition (1.5) does not require the convergence for
every such graph, and is applicable to more general examples, as described below: Define a sequence
of graphs G, as follows:

G = { disjoint union of n isomorphic copies of the 3-star K| 3 if nisodd

disjoint union of n isomorphic copies of the (3, 1)-tadpole A if niseven,

where the (3, 1)-tadpole is the graph obtained by joining a triangle and a single vertex with a bridge.
Now, choosing ¢, = |n'/3], gives E(T(K}3,G,)) — 1. In this case,

Yree,, NndF.Gn)  Noy(Ky3,G,) + Nina(As, Gy)

a e

-1,

d C%ZFE%HA Ninda(F, Gn) = Ci3 Zpeg,ﬂ Nig(F, Gp) = C%Zpeg“ Ninda(F,G,) = 0. Therefore,

D
Theorem 1.2 implies that T(K 3, G,) — Pois(1) (which can also be directly verified, because, in this
case, T(K 3, G,) is a sum of independent Ber(c%) variables). However, it is easy to see that individually

both de(Kl 3, Gy )and Nlnd(A+, G,) are nonconvergent.

The limit in (1.7) s1mp11f1es when the graph G, has no vertices of high degree. The following
corollary is a consequence of Theorem 1.2.
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Corollary 1.3  Let {G,,},>1 be a sequence of deterministic graphs. Then the following are equivalent.

(a) Condition (1.5) and lim,,_, o, @ =0, where A(G,) := maXx,ey(G,) dv-

n

D
(b) T(K;,,Gp) — er;ll kZy, where Zy, ..., Z.+1 are independent Pois(A1), ... Pois(4,41), respectively.

The proof of the corollary is given in Section 2.6. Applications of this corollary and Theorem 1.2
are discussed in Section 3. In Section 4 we discuss open problems and directions for future research.

2 | PROOFS OF THEOREM 1.2 AND COROLLARY 1.3

The proof of Theorem 1.2 has four main steps:

(1) Decomposing G, into the “high”-degree and “low”-degree vertices, and showing that the resulting
error term vanishes (Section 2.1).

(2) Showing that the contributions from the “high”-degree and “low”-degree vertices are asymptoti-
cally independent in moments (Section 2.2).

(3) Computing the limiting distribution of the number of monochromatic r-stars with central vertex
at one of the “high”’-degree vertices, which gives the nonlinear term in (1.7) (Section 2.3).

(4) Computing the limiting distribution of the number of monochromatic r-stars from the
“low”-degree vertices, which gives the linear combination of independent Poisson variables in
(1.7) (Section 2.4).

The proof of Theorem 1.2 can be easily completed by combining the above steps (Section 2.5).
The proof of Corollary 1.3 is given in Section 2.6.

2.1 | Decomposing G,

Before proceeding, we recall some standard asymptotic notation. For two nonnegative sequences
(an)n>1 and (by)y>1, an S b, means a, = O(b,), and a,, ~ b, means a,, = (1+0(1))b,. We will use sub-
scripts in the above notation, for example, O(-), S to denote that the hidden constants may depend
on the subscripted parameters.

To begin with, note that the number of r-stars in G, remains unchanged if all edges (¢, v) in G, such
that max{d,,d,} < r — 1 are dropped. Hence, without loss of generality, assume that max{d,,d,} >
r, for all edges (u,v) € G,. This ensures that N(K;,,G,) = X %) has the same order as
2eviG,) v as shown below: Zoevee) ( r)

Observation 2.1 [fmax{d,,d,} > r, for all edges (u,v) € G,, then assumption (1.4) implies

2 d’ = 0(ch). Q2.1

vev(G,)

Proof In this case, the following inequality holds

% Y a< Y did =) (2.2)

veV(G,) veV(G,)

To see this note that if an edge (#,v) € E(G,) has min{d,,d,} > r, then that edge is counted

two times in the RHS above, and an edge (#,v) € E(G,) which has min{d,,d,} < r — 1 (but
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max{d,,d,} > r) is counted once in the RHS, whereas every edge of E(G,) is counted twice in
the LHS.
Then

di= Y dil{d,<r}+ ) di{d >r)

veV(G,) veV(G,) veV(G,)

<G-07t Y de+r ) <dr‘>

veV(G,) veVv(G,)

<2 Y dM{dy i Y <d”> (using (2.2)

Vvev(G,) veviG) N

o 3, (0 3, (0 2 ()

vev(G,) veV(G,) vev(G,)

from which the desired conclusion follows on using (1.4). [

Throughout the rest of this section, we will thus assume, that max{d,, d,} > r, for all edges (&, v) €
G, and, hence, (1.4) implies (2.1). Note that (2.1) implies

A(G)) = max)dv = 0(cy).

n

In fact, using (2.1) it can be shown that there are not too many vertices v € V(G,) with d, = ©(c,). To
thisend, for8; > 6, > - - - asin (1.6), let ||0]|» := max,cy 6,. Now, we have the following definition:

Definition 2.1. If ||0]|, > O, fix € € (0, ||0]|) such that € # 6, for any u € N. (This can be done, as
the set {0,, u € N} is countable.) A vertex v € V(G,) is said to be e-big if d, > ec,. Denote the subset
of e-big vertices by V.(G,). Let = n(e) € N be such that §, > & > 6, (which exists, as §, | 0
when u - o0).

The following lemma is an easy consequence of (2.1) and the above definition.

Lemma 2.1  Assume (2.1) holds and 8, > 6, > - - - as in (1.6). Then the following hold for all large
n:

(a) If |0l = O, then the set e-big vertices |V (G,)| is empty.
(b) If |0|lc > O, then for all € € (0, |0]|w) such that € # 0, the number of e-big vertices |V.(G,)|
equals n (as defined in Definition 2.1), which does not depend on n.

Proof 1f ||0]| = 0 (which is equivalent to max,eg, d, = o(c,)), given € > 0 we have max, ¢, d, <
ec, for all n large. This means V.(G,) is empty, which proves (a).
For (b), for all n large enough we have d,+1) < ec, < d(,), hence |V.(G,)| = #, as desired. |

Hereafter, we proceed with the case ||| > 0, which implies by Lemma 2.1 that V.(G,) is not
empty, and has cardinality #(¢) free of n. We will return to the case ||0]|, = O at the end.

Definition 2.2. Denote by G, the subgraph of G, obtained by removing the edges between the e-big
vertices, and let (K ,, G, ) be the number of monochromatic r-stars in G, ..

The following lemma shows that removing the edges between the e-big vertices of G,, does not
change the number of monochromatic r-stars in G, in the limit.
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Lemma 2.2  Assume (1.4) holds. Then for every fixed € > 0, as n — oo,

N(F,Gy) = N(F,Gye) = 0(c;) and  Ning(F, Gy) — Nind(F, Gne) = 0(cp),

forall F 2 K, , with |V(F)| = r + 1. Consequently,

hm Il:ElT(Kvl,r, Gn) - T(Kl,ra Gn,e)l - 0

Proof Ifagraph F 2 K, with |[V(F)| = r+ 1 is a subgraph of G,, but not a subgraph of G, ., then it
must have at least one edge with both end-points in V,(G,). Choosing this edge in | V,(G,)|* ways and
the remaining r— 1 vertices in O(c,”!) ways (since the maximum degree A(G,) = O(c,)), it follows that

N(F,G,) = N(F, Gyc) = Oy |Ve(G)I?) = o(cp),

as n — oo, since by Lemma 2.1 |V.(G,)| = O(1). As the number of induced copies of F in G, which
are not in G, ¢, is bounded by the total number of copies of F in G, which are not in G, the result on
induced copies follows.

In particular,

1., 1
EIT (K, Ga) = T(K1r, Gr)l $ (€] VeGP = C—lvf,(Gm2 -0,

as ¢, — oo. m
We now decompose the graph G, . based on the degree of the vertices as follows:

e Let Gy, be the subgraph of G, . formed by the £-big vertices and the edges incident on them. More
formally, it has vertex set V.(G,) |J Ng, (Ve(Gy)), where Ng, (Ve(Gy)) is neighborhood of V¢(G,)
in G,,> and edge set {(u,v) € E(G,..) : v € V.(G,)}. Note that by construction G, is a bipartite
graph.

e Let G, denote the induced subgraph of G, with vertex set V(G,)\V:(G,).

The decomposition of the graph G, . is illustrated in Figure 1. Note that Gy, and G, , have common
vertices (the black vertices in Figure 1), but no common edges, and consequently no common r-stars.
This implies

T(Kl,r’ Gn,e) = T+(K1,r7 G:L—g) + T(Kl,r, G;,e) + R(Kl,r, Gn,e),

where T(K,, G, ) is the number of monochromatic r-stars in G, ; and (recalling the definition of

a,(u, G,) from (1.3))
[Ve(G,)I

To(KipGro) i= ) Y @@, GOX, = X,), 23)

v=1 ue(V((r?n))

counts the number of monochromatic r-stars in G;f, with central vertex in V.(G,);* and the remainder
term
R(Kl,ra Gn,e) = z z Z Ay, (Goa,(u, G)1{X, = Xul =Xu}. 24
veV,.(G,) u, €V.(G,) ue(V(GT))

3For a graph H = (V(H), E(H)) and S C V(H), the neighborhood of S in H is Ny(S) = {v € V(H) : 3 u € S such that (u,v) €
EH)}.

“Note that 7, (K, G},) is not the number of r-stars in G},: It does not include the r-stars in G}, with central vertex in
Ng,, (V.(G,)) (the black vertices in Figure 1). Instead, these r-stars are included in the remainder term R(K ,, G, ).
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FIGURE 1 The decomposition of G, : the graph formed by the blue edges is G, and the graph formed by the red edges is
G, Note that the black vertices belong to both G;, and Gj,[Color figure can be viewed at wileyonlinelibrary.com]

The following lemma shows that the remainder term goes to zero in expectation, and therefore, in
probability.

Lemma 2.3 Let R(K, ,, G, ) be as defined above in (2.4). Under the assumptions of Theorem 1.2,

lirr(l) limsup E(R(K ., Ge)) = 0.
£E—

n—oo

Proof Note that for v & V.(G,)

> a@.G)<d < (e, 2.5)

V(Gp)
r—r )

ue(

Moreover ngsv (G.) G, (Gne) £ dy,. Then, using (2.4), for any M > 0,

(Scn)r_l
E(R(Ky . Gne)) S—— Y dy,
u, €V(G,)

Cﬂ
£r—l
=cn< Z d, + 2 du>

uec,<d,<Mec, u:d,>Mec,

n=%u

7=

< Y dr—— Y 2.6)

Cn u:ec,<d,<Mzec, " uev(G,)

Since limsup,,_, Ci Yuevic,) du < oo (from Observation 2.1), the second term in the RHS of (2.6)
converges to 0 on lentting n — oo followed by M — 0.

Next, recall from Lemma 2.1 that for all £ small enough there exists # = 5(g) such that 8, <

€ < 0,. Thus, for all n large enough, d,.; < €c, < d,, and as n — oo, the first term in the RHS
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above becomes

n " -
dr
limsup ¥ —<1{d, < Mec,} < ¥ 041{0, < Me} = ¥ 0i1{e < 0, < Me},

n—oo ; (&% MZ; uz:;
which converges to 0 on letting e — 0, by using DCT along with the fact that Z;":] 0, <
- 2uev(G,) du < oo (by Fatou’s lemma). i

o
n

limsup,_,

Combining Lemmas 2.2 and 2.3 it follows that

T(Kl,r’ G,) =T(Kl,r, Gn,e) +op(1)
=T (K1, Gy,) + T(K1,, Gre) + op(1). 2.7

Here the op(1) term converges to 0 in probability as n — oo followed by € — 0. Therefore, the limiting
distribution of the T'(K ,, G,) under the double limit is the same as that of 7,.(K ,, G,J{’E) +T(K,, G ).

2.2 | Independence in moments of the contributions from G, and G,

In this section we show that the number of monochromatic K, coming from G, and G, is asymp-
totically independent in moments. Without loss of generality, assume the vertices in V(G,) are labeled
1,2,...,|V(Gy)| such that d; > dy > - -+ > djy(G,), and n = n(€) be as in Definition 2.1 such that
0y+1 < € < 6,. Then, by Definition (2.3),

n

T+<K1,,-,G:,£)=Z(TGI;(V)), where Tg, ) 1= Y aw(GDl{X, =X}, @8)
ueV(G,,)

v=1
is the number of monochromatic r-stars in G, ¢, with central vertex v € V.(G,).
Now let g := lim._q n(¢g), and fix a finite positive integer K < #o. Then, for € > 0 small enough,
n(e) = K, and so {Tg+ (v) : 1 < v < K} are well defined. The following lemma shows that this
collection and T'(K ,, G,ZE) are asymptotically independent in the moments.

Lemma 2.4  Assume (1.4) holds. Then for every finite K < no and nonnegative integers s,t, ..., tx,
K K
1in(1) lim |E <T(K1,r, G..) H T+ (v)’v> -ET(X,,,Gye)’ (IE T+ (v)’V> =0. 2.9
e—>0Un—oo el ne oy ne
Proof of Lemma 2.4
For any labeled subgraph H of G, define
1 V)| —v(H)
pan :=E ] 1x.=x)= (—) , (2.10)
Cn

(u,v)EE(H)

where v(H) is the number of connected components of H. Note that the definition of f(-) is invariant
to the labeling of H, and so, it extends to unlabeled graphs as well. Thus, without loss of generality,
we will define f(H) as in (2.10), for an unlabeled graph H as well.
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Let H, = (V(H,), E(H,)) and H, = (V(H>), E(H;)) be two (labeled) subgraphs of G,,, that is, V(H;)
and V(H,) are subsets of V(G,), which inherits the labeling induced by V(G,), and E(H,) and E(H;)
are subsets of E(H). Let H, | H> = (V(H;) | V(H2), E(Hy) | E(H2)).

Lemma 2.5  For any two finite graphs H, and H,, f (H1 U H2) > P(Hy)P(H,), where f(-) is defined
above in (2.10).

Proof Denote by F = H, U H,, and let Fy, F», ..., F\yr) be the connected components of F. Define

I = {s € V)] : VE) (| V(HD # @ and V(F,) [ V(H2) = @},
L={s€vF)]: VFE)(|VH) =@ and V(F,) (| V(H,) # @},
Iy = {s € W) : VE) [ V(H) # @ and V(F) (| V(H:) # @). @.11)

Fix s € I12, that is, V(Fy) (| V(H)) # @ and V(F,) (| V(H2) # @. Then F, = F;|J F}/, where
Fi= (V) [\ VHD, EF) [ EHD), and  FY = (V(F,) (| V(H), E(F,) () E(H)).
Let /|, F!, ... F, be the connected components of Fy and similarly, F!|, F”, ... F!, be the connected

components of F}', where a = v(F}) and b = v(F}). Construct a bipartite graph B, = (B} | | BY/, E(By)),

where B = {F/|,F/,, ... Fy,} and B = {F/|,F/,, ... F!, } and there is any edge between Fy, and Fj if

and only if V(FJ) V(F;;) # @, for x € [a] and y € [b]. Note that |V(F}) (| V(F})| > |E(Bs)|, and
since the graph F| is connected, the graph By is also connected. Therefore,

[V(F) ﬂ V(FD| 2 [EBY)| 2 [V(By)| = 1 = v(F§) + v(F{) - 1,
This implies,
[V(F)| = [V(F)I + [V(FD| = [V(FY) ﬂ VFD| < IVIFD] = v(F) + [VF)| = v(F{) + 1.

Then, recalling (2.11), it follows that

pc) =] pED [ s [] BFD

S€l} s€l, SE€l,
1 [V(FI-1

=11 <C—> [1sFE0 ] pFo

s€l}, n s€l, s€l,

1 [V(FDI=v(F}) 1 [VIEDI-v(F)
> — FY —_— Fv
()" ) () e
S€l|, s€l; s€l|, S€l,
=p(H\)(H>),
completing the proof of the lemma. [

Now, recall the definitions of the graph G, from Section 2.1, and note that

T(KiGre)= Y, Xz, (2.12)
ues (G;,)
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where

o 8,.(G,,) is the collection of ordered (r + 1)-tuples u = (ug, u, ..., u,), such that ug, uy, ..., u, €
V(G,) are distinct and (uo, u;) € E(G,,), fori € [1,r]; and
o 1{X_,)=1{X,, =X, =---=X,}.

1

For any u € V(G,), let NGL (u) be the neighborhood of u in GIE. Index the vertices in NGL (u) as
{D1(v), b2(v), ... b+ (v)}, where dyf is the degree of the vertex v in G . Let

K
r =[] Vo, 0" x $:(Gyoy

v=1
denote the collection of vertices {b;(v),1 <j <t,,1 <v <K} and s ordered (r + 1)-tuples
wy = (10, U11, W12, ..., U1r), Ua = (U0, U2, U2,y oo s UDp), oo s Uy = (U0, U, ... Ug),

such that b;(v) € NGL(V), forj € [t,]andv € [1,K], and u, € (G, ), fora € [1,s].
Then expanding the product T(K», G, )’ Hf=1 T Gt (v)» over the sum, the LHS of (2.9) can be
bounded above by:

t,

K 1, K K ) s
> ‘E <HH1{XV = Xy} Hl{xzua}> -11 (JEHl{xv =xb,<v>}EH1{X=ua}>
r v=l j=I a=1 v=I Jj=1 a=1
=2
r

where f(-) is defined in (2.10) and

(2.13)

p(mn U #2) - peHACH:)

e Hj is the simple labeled subgraph of G,tg obtained by the union of the edges (v, bj(v)) forj € [1,¢,]
andv € [1,K].

e H, is the simple labeled subgraph of G, obtained by the union of the r-stars formed by the
collection of (r + 1)-tuples {uy, ..., u,}. More formally, H, = (V(H,), E(H>)), where

s s

V(H,) = qu and E(H,) = U {(o,ui) : 1 <a<r}.
J=1 j=1

Note that if V(H;) (| V(H2) = @, then (H1 U Hz) = B(H)B(H>), and so without loss of generality
we may assume that the sum over I" includes only terms for which H, [ H, # @.

Definition 2.3. Let H,,, ,, denote the set of all unlabeled graphs H = (V(H), E(H)) which can be
formed by the union of m; edges and m; copies of K| .

Now, recalling that g (H, |JH,) = B(H\)B(H>), if VH)(\V(H) = @, and p (H,JH,) >
B(H)P(H>) otherwise, the RHS of (2.13) can be bounded as follows:

; 'ﬁ (Hl UHz) — PHDP(Ho)| < ;ﬁ <H1 UH2>
- 2 2 Z Z ﬂ(Hl UH2>

m=1my=1HeH,, ., T:H, |JH,=H

K K

S YYD BHNHGLIK]L Gy, (2.14)

m=1my=1 HEH,

mymy
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where

e G, [K] be the induced subgraph of G;, formed by the vertices labeled {1,2,...,K} and its
neighbors, that is, the 1-neighborhood of the K highest degree vertices in G,; and

e N(H,G}/,[K],G;,) is the number of ways the graph H can be obtained as the union two graphs
Hi | Ha, such that H; is formed by the union of m; edges from GIE[K] and H, is formed by the
union of m, copies of K, , from G;,, and V(H;) (| V(H,) # @.

o § = Z\If:l 1.
Now, using f(H) = m (by Lemma 2.5), and since the sum over my, my, H in (2.14) are all
finite, to prove (2.9) it suffices to show that for every H € Hy, m,»

N(H.G}IK.Gy)

lim sup lim sup V(H)—v(H)
Cn Y

e—0 n—oo

(2.15)

To this end, fix H € H,,, m,, and let H be isomorphic to H| U H, such that H; is formed by
the union of m; edges from GIe [K] and H; is formed by the union of m; copies of K, from G,,
and V(H;) (| V(H,) # @. Such a pair (H;, H,) must exist, otherwise N(H, G;,[K],G,,) = 0. Let
Ci,Cy, ..., Cya the connected components of H. Fix 1 < j < v(H) and consider the following three
cases:

e V(C)) only intersects V(H,). Since G/ [K] is a bi-partite graph with bi-partition with |E(G; . [K])| <
KA(G,) 5r Kc,, (using A(G,) = O(cy)), this gives

N(Cj, Gf[K]) < |E(G KDV <, (Ke, )V

e V(C)) only intersects V(H,). Then there exists 1 < h < my such that H, is spanned by 4 isomorphic
copies of K ,. Thus, using the bound N(K} ,, G,) = O(cy,), gives

N(Cj. Gye) < N(Ki GAG)V @I+t <, MO

where the final step uses A(G,,) = O(cy).

e V(C;) intersects both V(H,) and V(H;). Then, since C; is connected, there exists vertices (u, v, w)
such thatv € V(H;) (| V(H>), and (u, v) is an edge in G,tg [K], and (v, w) is an edge G, .. Thus, using
the estimate A(G,) = O(c,),

N(Cj, G [K], Gro) S 1E(G [KD) (é%%" )dv> AG)M

ne

V(C)|-1
hS Kscl, @ .

Taking a product over 1 < j < v(H) and, since V(H;) (| V(H>) # @, gives
N(H Gr-ts [K] G: ) < £K|V(H)|—V(H)C|V(H)|—V(H)
5 R s Une rmy,my n 5

~

which implies (2.15), from which the desired conclusion follows. O
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2.3 | Contribution from G,

In this section we compute the asymptotic distribution of T (K ,, G;,) (recall (2.3)). This involves
showing that the collection {7+ (v) : 1 <v < K} are asymptotically independent, by another moment
comparison.

Lemma 2.6 Assume (1.4) holds, and € > 0 small enough. Then for all nonnegative integers

Sty 05 SK»
K
lim (H Tg: (V)" ) - T E7e: | =o. (2.16)
v=1
D
As a consequence, T(K,, G,té) — Z:l (7;‘), as n — oo, where T1,T,,...,T, are independent

Pois(81), Pois(6), ..., Pois(8,), respectively. (Recall that n = n(¢) is such that 6,1 < € < 0,.)
Proof Expanding the moments, we have

K s,

K K
E H TGIE (V)‘Y" - H ETG;E (V)‘Y" = Z E H H I{X Xb A7) } - H E H I{X Xb (v)}
v=1 y=1 >

r v=1 j=1
K
= | (U H(v)) - H BCH(v)
r v=1 v=1

where

e Iis the collection of all possible choices of b;(v) € N(;“(v) forj € [s,] and v € [K]; and

e H(v) denotes the simple graph formed by union of all the edges (v, b;j(v)), for j € [s,]. Note
that H(v) is isomorphic to a star graph, for every v € [K].

If Ule H(v) is a forest, then the collection of random variables {1{X, = ij(v), j € [s,],v € [K]}
are mutually inlglependent, and so, ﬂ(Uf=l H®W)) = Hle P(H(v)). Thus, without loss of generality,
assume that | J,_, H(v) is not a forest, that is, it contains a cycle. Then denoting H,, to be the set of
unlabeled graphs with m vertices and s := Zf,(:l sy, using Lemma 2.5 gives

K K
effreor-[leror|sS 53 ﬂ(uﬂw)
v=1

m=2 HEH,, r:U*%, Hy)~H v=1
H contains a cycle Uit

2s
=Y ), NHGIKDAH)
m=2 HeH,
H contains a cycle

2 o
~ Z 3 N(H, G [K]) 017
- IV(H)|-v(H) * :
m=2 HeH,, (&
H contains a cycle
Now, fix H € H,, with connected components H;, Hy, ..., H,u), and assume without loss of gen-

erality that H, contains a cycle of length g. Also since H, is a subgraph of the bipartite graph G/, [K],
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it follows that g > 4. Invoking [4, Lemma 2.3] gives,
N(Hy, G [K]) S |EGy [KDVI782 5 (KAG,) Ve,
where the last inequality uses |E(G,J{’E [K]] < KA(G,). Also, by [4, Lemma 2.3], forj > 2,
N(H;, Gy [KD) S |E(G KD < (KAG)V I,

Taking a product over j and using A(G,,) = O(c,), gives
v(H)

N(H, GEAKD < [ NGH;, Gy 5 KVl gy ==/,
=1

which implies lim sup,,_, % =0, as g > 4. Since the sum in (2.17) is finite (does not depend
on n, £), the conclusion in (2?16) follows.

Moreover, since Tg: (v) = Pois(8,) in distribution and in moments, (2.16) implies that

lim

n—oo

n n
E (11 Tg:, (v)‘") - H E Pois(6,)"

This implies, as the Poisson distribution is uniquely determined by its moments,

(Ter, (1), Tg¢ (2), ... . Tgr () = (T1, T2, ..., Ty),

as n — oo, in distribution and in moments, where T;, 75, ..., T, are independent Pois(6,), Pois(6»),
..., Pois(8,), respectively. Finally, recalling (2.8) and by the continuous mapping theorem

T TN o )
T, (K Gro)=X" ( GI; (V)) -, ( r) in distribution and in moments, as n — 0. n

2.4 | Contribution from G,

In this section we derive the limiting distribution of T(K| ,, G, ), by invoking [5, Theorem 2.1], which
gives conditions under which the number of monochromatic subgraphs (in particular monochromatic
stars) converges to a linear combination of Poisson variables.

Lemma 2.7 Asn — oo followed by € — 0,

r+1

T(Ki . Gre) = Y, kZ,
k=1

in distribution and in moments, where Z\,7Z,,...,Z,.1 are independent Pois(1; — %Z;":I 0.),
Pois(4;), ... Pois(A,41), respectively.

Proof of Lemma 2.7

We will prove this result by invoking [5, Theorem 2.1] which we restate in Appendix A (Theorem A.1)
adapted to the case of r-stars, for the sake of completeness.
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To begin with, let F' be a graph formed by the join of two isomorphic copies of K ,, such that
[V(F)| > r+ 1 (refer to Definition A.1 for a formal definition). This ensures that F' is a t-join of K ,,
for some ¢ € [2, r]. Moreover, F is connected by definition, and

N(F,Gro) S N(Ki . Gre) - A(Gr)V =1 < N(Ky,, G,) - (ec,) V1!

< €|V(F)|—r—lCLV(F)|—1.

Therefore,

lim lim ——N(F, G.) = 0, 2.18)

e—>0n—o0 VE)-1
Cp

when |V(F)| > r + 1. This verifies condition (A2).

To invoke Theorem A.1, it remains to establish (A1). To this end, consider super-graphs F' 2 K ,
with |V(F)| = r+ 1. Recalling €, :={F 2 Ky, : |[V(F)| =r+ 1 and N(K, ,, F) = k}, we have the
following lemma.

Lemma 2.8 Forany F € Gy, withk € [2,r + 1], Nig(F, Gue) = Nina(F, G, ) + o(cp), asn — oo
followed by € — 0.

Proof Letk € [2,r + 1] and suppose F' € B, is an induced subgraph of G, , such that V(F) is
not completely contained in V(G,, ). Then, since F has at least two vertices of degree r and any two
degree r vertices must be neighbors, the vertices of F' can be spanned by a r-star whose central vertex
isin Ng, (Ve(Gy)). (Note that by construction there are no edges between the vertices of V.(G,) in the
graph G, ., and so NGM (Ve(Gyp)) does not intersect V. (G,).) Therefore, the difference Njg(F, Gy ) —
Ninda(F, G, ) is bounded above by (up to constants depending only on r)

Y @ Goa@, G < )™ Y Y aw,(Gy) (by (2.5))

VEV(G,) 1 EV(G,) ue (V) VEV(G,) u, €V (Gy)

<(eey™ Y d,

u, €V,.(G,)

which is o(c},) (as n — oo followed by € — 0), by (2.6), and the argument following it. [

Using the above lemma and Njq(F, G,) = Nipa(F, G, ¢) + o(c;,) (by Lemma 2.2), it follows that,
forke[2,r+1],

Yrew,, Nna(F. G Yrew,, Nia(F, Gy)
lim lim - = lim lim .
£—0n—oo0 c; e—>0n—oo c;

= Mt (2.19)

where the last equality uses (1.5). This establishes (A1) for k € [2,r + 1].
It remains to consider the case k = 1. To begin with, observe that for any graph G,

r+1

NKi.G) =D, D, kNina(F.G). (2.20)
k=1 FEE,,
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Moreover, using Lemmas 2.2 and 2.3 gives

1
_ d, ,
N(K . Gre) = N(K1 1, Gp) = ) < ; > + o(c}).
v=1
Now, using this and (2.20) with G = G, gives

Yree Nina(F,Gr,) _ N(Ky, Gy " s Nina(F, Gy,
Fee,, . (1, )_lz< > Z Z d(cr ’)_,’_0(1)

-
Cn Ch Cn =2 Fee,, n

v=1

- Z kA — Z 2 Z kA (using (2.20) with G = G, and (1.5))

—h- X 2.21)

u=1

as n — oo followed by € — 0. This establishes (A1) for k = 1.

Finally, combining (2.18), (2.19), and (2.21) and using Theorem A.1, we have T(K\,, G, ) £>

,::11 kZy, where Z|,2,, ..., Z.4| are as in the statement of the lemma. The convergence in moments

is a consequence of uniform integrability as E(T'(K , G, ) < ET (K, G,)" = O,(1) for every fixed
integer r > 1 [4, Theorem 1.2].

2.5 | Completing the proof of Theorem 1.2
We begin with the proof of (a). Note that by Lemma 2.3 it suffices to find the limiting distribution of

n(e)
y <TG:,5(V)> + T(K1,. Gy, 2.22)

v=1 r

under the double limit as n — oo followed by € — 0. Fix an integer K > 1 and write the above random
variable as

K n(e)
Ty, (v) Tgr, (v) -
z( )+ z( : )+T<K1,,,Gn,e>.

v=1 v=K+1

Under the double limit the random vector

B D r+1
(Tot, (D oo To (KT (KL Gr0) ) =  Thoo o T Y2 ).
k=1

by invoking Lemmas 2.4, 2.6, and 2.7. By continuous mapping theorem this gives

r+1

K K
Z <TGL(V)> + T(K1 . Gro) > D <Tr> + Y kZi, (2.23)
k=1

v= v=1
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the RHS of which on letting K — oo converges in distribution to Y, -, (Tr) + ZZ: kZ. It thus suffices
to show that

" o To:, ()
lim lim lim Z E( % =0. (2.24)
K-> e-0n—o0 Nyt r
The LHS above is bounded above by Z'Z:K + %f—‘, which on letting n — oo followed by € — 0 gives

% Y2 k41 05 This converges to 0 as K — oo, as Yoo, 0 < o, as noted in the proof of Lemma 2.3.3

Combining (2.22), (2.23), and (2.24) gives

n(e) r+1

Ty, (v) -2 < (T,
> < : > +T(Ky,.Gy,) ; < r) + ];kzk, (2.25)

v=1

which proves the distributional convergence in (1.7). (Note that the proof above works for the case
[[0]lc > 0.1f [|0]|c = O, the proof follows on noting that T(K ,, G,,) = T(K,,, G, .)+op(1), by Lemma
2.1, and then invoking Lemma 2.7.)

Finally, to complete the proof of Theorem 1.2(a) we need to show convergence in moments,
which is a consequence of uniform integrability as all moments of T(K| ,, G,) are bounded: that is,
ET(K:,, Gy)" = O,(1) for every fixed integer r > 1 (this follows from the proof of [4, Theorem 1.2]).

Next, we prove the converse (b). By invoking Proposition 1.1 we can assume, without loss of
generality, that N(K ,, G,) = O(cy,). This in turn implies that for every graph F on r+ 1 vertices which
is a super graph of K, we have Nina(F, G,,) = O(c},). Thus by passing to a subsequence, assume that
Nina(F, G)/cl, converges for every F which is a super graph of K ,. This implies existence of the
limits in (1.5). Finally, using (2.2) we have max,ev(c,) d, = O(c,), and so the infinite tuple {d, Jcntus
is an element of [0, K]N for some K fixed. Since [0, K]N is compact in product topology, there is a
further subsequence along which d, /c, converges for every v > 1 simultaneously. Thus, moving to a
subsequence, we can assume that d,/c, converges to 0, for every v. Invoking the sufficiency part of
the theorem gives that (K| ,, G,) converges in distribution to a random variable of the desired form,
completing the proof.

2.6 | Proof of Corollary 1.3

The proof of (@) = (b) is immediate from Theorem 1.2, so it suffices to prove (b) = (a). To this

D
end, note that (K, ,, G,) — 21::11 kZy implies that (1.4) holds (Proposition 1.1). Thus, by a similar
argument which was used to prove the converse of Theorem 1.2, it follows that along a subsequence the
limits lim,,_, o C—l,_Nind(F , Gp,) exist for all super graphs F of K; , on r+1 vertices, and so, fork € [1, r+1],

. Nina(F, G
4 =1im Y M
n—oo C
FeC,; n

is well defined. Then, as before, by passing to another subsequence the limits €, := lim,_ f— exist

‘n

for every v > 1, and by the if part of Theorem 1.2 along this subsequence,
r+1

d - [T
T(Kl,r, Gn) - < V) + kZ/,

>Note that if 7y = lim,_#(e) < oo, then the term Y/_, | (TGK; ) + T(K, . G;,) vanishes for M = #, thus simplifying the
proof.
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where {7}},>1 and {Z] }1<k<+1 are mutually independent, and T}, 77, ..., are independent Pois(6,),
Pois(f)é),..., respectively, and Zi,Z;,...,Z; ., are independent Pms()/1 - %Z;":l(g;)r), Pois(/l’z),
. ,Pois(/li L1)» Tespectively.

However, since T(K),, G,) converges in distribution to ,:: kZ; which has finite exponential
moment everywhere, it follows that §, = 0 for all v > 1, and consequently, the maximum degree
A(G,) = o(cy). This also gives

r+1 r+1

Yz 2 Y iz,
k=1 k=1

and so the corresponding probability generating functions must match, that is,

r+1 r+1

He’lk(sk‘l) = He%(sk‘l), for all s € (0, 1).
k=1 k=1

This implies, 21:: M(sF=1) = ,r:l A (s*=1), forall s € (0, 1), and so the corresponding coefficients

. e K,,.G
must be equal, giving 4x = 4. Therefore, every sub sequential limit of Fec, —'“d(c“ n)

k € [1,r + 1], hence, (1.5) holds.

equal Ay, for

n

3 | EXAMPLES

In this section we apply Theorem 1.2 to different deterministic and random graph models, and
determine the specific nature of the limiting distribution.

Example 1. (Disjoint union of stars) The proof of Theorem 1.2 shows that the quadratic term in the
limiting distribution of T(K, ,, G,) appears due to the r-stars incident on vertices with degree ®(c},).
This can be seen when G, is a disjoint union of star graphs.

e To begin with suppose G, = K, is the n-star. Then N(K,,,Ky,) = (”) and if we color K, with ¢,

colors such thatn/c, — 1, then E(T(X, ,, G,)) = —. Note that the maximum degree d(;) = n, which
implies 8; = 1. Moreover, d(;) = 1, which 1mp11es 9 = 0, for all v > 2. Therefore, by Theorem 1.2,

T(K,,.Gy) = (T‘>,
r

where T| ~ Pois(1). (Note that the graph G, is empty in this case.)

o Next, consider G, to be the disjoint union of the following stars: K, |nq, |» K1, (na,]> --- » K1,[na, | » SUCh
that ¥2, @} < oo. In this case, N(Ky, G,) = Yy (") ~ L ¥ al. If G, is colored with ¢,

colors such that n/c, — 1, then E(T(K,,, G,)) — % 2:1 a;. Also, diy = |na,|, which implies
6, = a,, for v > 1. This implies, by Theorem 1.2, ‘

D~ [T
T(K,.G, 5,
(K, )es;(r)

where T, ~ Pois(ay) and Ty, T, ... are independent. Here, the linear terms linear in Poisson do not
. _ 1
contribute, as G, is empty, and ET(Ky,,, G,) ~ = >, 0.
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o Finally, consider G, to be the disjoint union of the following stars:

L]

r=1 ,K =1 5 .. =1 .
1,|na;+n7 | 1,|na,+n 7| 1,|na,+n 7" |

In this case,

1 n
r r
n

c S+ r% r
N(Ki1p,Go) =) (L”“ " J) ~ DYl

s=1 s=1
k
since Z:f:l a'§ = 0(n1_7), for 1 < k < r (see Observation 3.1). If G,, is colored with ¢, colors such

that n/c, — 1, then E(T(K,,, G,)) — % (1 + Z:il af). Also, d(y) = |na, + n;lj, which implies
0, = a,, forv > 1, and so Theorem 1.2 gives

D~ [T
T(K;,, G, )+ 2,
(K, )eb;(r)

where Ty ~ Pois(a,) and T, T3, ... are independent, and Z ~ Pois(%) independent of {7 },>1.

Observation 3.1  If {a,}>1 is a sequence of nonnegative real numbers such that Y, | a; < oo then
k
Sk =07, for1 <k <.

Proof Fixing € > 0 and a positive integer N > 1 we get

n N n 1 n .
Za§=2a§+ Z d1{a, <en v} + Z d1{a; > en™ "}
s=1 s=1 s=N+1 s=N+1

N _r )
S2a1§+ekn1 r 4+ _; ay
s=1 2 s=N+1

Zk a 1 0
lim sup % <&+ 2 a;.

noeo ity E7 SN+

The desired conclusion now follows on letting N — oo followed by € — 0, on noting that ) . | a} < 0.
]

Next, we see examples where there are no vertices of high degree, in which case, the quadratic
term vanishes (Corollary 1.3).

Example 2. (Regular graphs) Let G, be a d-regular graph. In this case, N(K; ,, G,) = n(‘r{) Con-

sider uniformly coloring the graph with ¢, colors such that Cin(”:) — A. In this case, A(G,) =

D
max,ey)dy, = d = o(c,). Therefore, by Corollary 1.3, T(Ky,,G,) — Z,:: kZ;, where
21,2y, ..., Z.+ are independent Pois(4), Pois(4,), ..., Pois(4,4+1) (recall (1.5)). (Note that E,Z:ll kA, =
A.) The limit simplifies in special cases:
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K, 3
Kl,n

P

n

FIGURE 2 Illustration for Example 3 [Color figure can be viewed at wileyonlinelibrary.com]

e G, = K, ,, the regular bipartite graph. Since, bipartite graphs are triangle-free, Ninq(F, G,) = 0, for
any super-graph F of K, , with |V(F)| = r + 1. This implies 4, = 0,for2 <k <r+1,and 4} = 4,

D
and T(K, ;, K,,.n) = Pois(4).
e G, = K, the complete graph on n vertices. In this case, any induced graph on r + 1 vertices is

D
isomorphic to K,;. This implies 44 = 0, for 1 < k < rand 4,4 = r-l—Ll’ and T(K;,, K,) —

(r + 1)Z,41, where Z,4| ~ Pois(r%])-

Note that in all the above examples, the limiting distribution either involves only the quadratic part
or only the linear part. It is easy to construct examples where both the components show up by taking
disjoint unions (or connecting them with a few edges) of the graphs in the above examples, as shown
below:

Example 3. Let G, be the graph in Figure 2. Note that it has three parts, a K ,, where one of the leaves
is connected by a single edge to a K,;2/3, which is connected by a single edge to a path P,.. Consider
coloring this graph by ¢, colors such that ¢, /n — k. This implies

(") +3("N) + 2

1
BT (K12, Gn)) = N(K12,Go) ~ =

- 22

Next, note that A(G,) = n, which corresponds to the central vertex of the K ,,. Therefore, 6, = . For
every other vertex the degree is o(n), which implies 6, = 0, for all v > 2. Finally, since N(K3, G,,) =

(["23/3]), v = limys e C%N(K3, G, = ’%2. Therefore, by Theorem 1.2

b (T,
T(Ky2,G,) > < ) > + 375 + 74,

where T} ~ Pois(k), Zs ~ Pois(%z), and Z; ~ Pois(’“;).

Remark 3.1. (Extension to random graphs) By a simple conditioning argument, Theorem 1.2 can
be extended to random graphs by conditioning on the graph, under the assumption that the graph


http://wileyonlinelibrary.com

BHATTACHARYA AND MUKHERJEE WI LEY 21

and its coloring are jointly independent (see [5, Lemma 4.1]). In this case, whenever the limits in
(1.4) and (1.6) exist in probability, the limit (1.7) holds. For example, when G, ~ G(n, p(n)) is the
Erd6s-Rényi random graph, then the limiting distribution of 7(K ., G,) (when ¢, is chosen such that
ch]E(N (K1,,Gp)) = 4) canbe easily derived using Theorem 1.2. In this case, depending on whether (a)

n#p(n) - 0O(1), (b) p(n) = 0, n%p(n) — o0, or (c) p(n) = p € (0,1) is fixed, T(K; -, G,) converges
to (a) zero in probability, or (b) Pois(4), or (c) a linear combination of independent Poisson variables
(see [5, Theorem 1.3] for details).

4 | CONCLUSION AND OPEN PROBLEMS

This paper studies the limiting distribution of the number of monochromatic r-stars in a uniformly
random coloring of a growing graph sequence. We provide a complete characterization of the limiting
distribution of T(K ,, Gy), in the regime where E(T(K, ,, G,)) = O(1).

It remains open to understand the limiting distribution of T(K,,, G,) when E(T(K,,,G,)) =
chN (K1, G,) grows to infinity. For the case of monochromatic edges, [4, Theorem 1.2] showed that

f(Kz, G,) (centered by the mean and scaled by the standard deviation) converges to N(0, 1), whenever
E(T(K,,Gp)) = Ci|E(Gn)| — oo such that ¢, — oo. Error rates for the above CLT were obtained by

Fang [14]. It is natural to wonder whether this universality phenomenon extends to monochromatic
r-stars, and more generally, to any fixed connected graph H.

On the other hand, when E(T(K;, G,))) — oo such that the number of colors ¢, = c is fixed, then
T(K,, G,) (after appropriate centering and scaling) is asymptotically normal if and only if its fourth
moment converges to 3 [4, Theorem 1.3]. It would be interesting to explore whether this fourth-moment
phenomenon extends to monochromatic r-stars.
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APPENDIX: MISSING INGREDIENTS FOR THE PROOF OF LEMMA 2.7

Here, we recall [4, Theorem 2.1], a limit theorem for general monochromatic subgraphs, which is used
in the proof of Lemma 2.7. We begin with a few definitions. For a finite set S and a positive integer N,
denote by Sy the set of all r-tuples s = (s1, ..., s,) € SV with distinct entries.® Next, we need to define
the notion of join of graphs.

Definition A.1. Let H = (V(H), E(H)) be a fixed graph and 7 € [1, |V(H)|]. Let H' be an isomorphic
copy of H, with V(H) = {1,2,...,|V(H)|} and V(H') = {1',2,...,|V(H)|'}, where 7 € V(H)
is the image of z € V(H). For two ordered index sets J; = (fi1,j12,.---j1;) € [|V(H)|]; and J, =
(J21>J225 --- »j2r) € [[V(H)|];, denote by H,(J1, J>) the simple graph obtained by the union of H and H’,
when the vertex j;, € V(H) is identified with the vertex j,2a € V(H"), for a € [t]. More precisely,

H( 92 = (Ve | rovan, ean | rEa'y ),

where

SFor a set S, the set SV denotes the N-fold Cartesian product S X S X --- X S.
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FIGURE 3  2-Join of H = K ; (the 3-star) with pivots J;, = (2,4) and J, = (1,4) [Color figure can be viewed at
wileyonlinelibrary.com]

o Y(V(H")) = {y(V') : V' € V(H'")}, where y is a relabeling of the vertices of V(H’) such that
Y(,) = jia» for a € [t], and y(v') = V' otherwise.

o This induces a relabeling of the edges y(E(H')) = {y(@',v)) : @,V) € E(H)}, where
y(@' V) = (@), y (), for (',v') € E(H').

The graph H,(Jy,J,) will be referred to as the t-join of H with pivots at J; and J, (see Figure 3).
Denote by #,(H) := {H:(Jy,J2) : J1,J2 € [|V(H)|];} the collection of all graphs (up to isomorphism)
which can be obtained as the #-join of H. Finally, a graph F is said to be a join of two isomorphic
copies of H, if F € #,(H), for some t € [1, |V(H)|].

Now, we can restate [4, Theorem 2.1] specialized to the case of the r-star. Note that this result
captures the asymptotic regime where T(K) ,, G,) is asymptotically ‘linear’. We apply this result in the
proof of Lemma 2.7 for the sequence of graphs G, .

Theorem A.1 [4, Theorem 2.1] Suppose W, is a sequence of graphs colored uniformly with c,
colors, such that the following hold:

o Foreveryk € [1,r + 1], there exists Ay > 0 such that

Zpegrk Nind(Fa Wn)
lim ' = A, (AD

n—oo C

I3
n

where €, :={F 2K, : |V(F)|=r+1and NK,,,F) = k}.
o Forte[2,r] and every F € F,K,,), asn — o,

N(F, W,) = o(cly 1. (A2)
Then
D r+1
T(Kiy, Wo) = Y kZi,
k=1

where Z; ~ Pois(Ay) and the collection {Z; : 1 < k < r+ 1} is independent.
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