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Disentangled	=		
if	we	change	one	factor	of	the	true	underlying	representa6on	
then	only	one	factor	of	latent	representa6on	changes	
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Disentangled	=		
if	we	change	one	factor	of	the	true	underlying	representa6on	
then	only	one	factor	of	latent	representa6on	changes	

Imagine	we	generate	data	(faces)	according	to		
face	azimuth	(a),	skin	illumina6on	(s),	and	hair	length	(h)	

The	ideal	latent	representa6on	

instance, for images of faces this could be face azimuth,
skin brightness, hair length, and so on. Disentangled rep-
resentations can then be defined as ones in which indi-
vidual latent variables are sensitive to changes in indi-
vidual generating factors, while being relatively insensi-
tive to other changes [3]. Although quantifying disentan-
glement is nontrivial, several metrics have been proposed
[20, 16, 7].

Note also, that disentanglement is impossible without
first learning a sufficiently expressive latent representation
capable of good reconstruction.

In an unsupervised setting, the generating factors are
of course unknown and the learning has to resort to sta-
tistical properties. Linear dimensionality reduction tech-
niques demonstrate the two basic statistical approaches.
Principle Components Analysis (PCA) greedily isolates
sources of variance in the data, while Independent Com-
ponent Analysis (ICA) recovers a factorized representa-
tion, see [33] for a recent review.

One important point to make is that disentanglement is
sensitive to rotations of the latent embedding. Follow-
ing the example above, let us denote by a, s, and h, con-
tinuous values corresponding to face azimuth, skin bright-
ness, and hair length. Then, if we change the ideal latent
representation as follows
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0
@

0.75a + 0.25s + 0.61h
0.25a + 0.75s � 0.61h

�0.61a + 0.61s + 0.50h

1
A , (5)

we obtain a representation that is equally expressive in
terms of reconstruction (in fact we only multiplied with a
3D rotation matrix) but individual latent variables entirely
lost their interpretable meaning.

2.3 PCA and Latent Representations
Let us examine more closely how PCA chooses the align-
ment of the latent embedding and why it matters.

It is well known [5] that for a linear autoencoder with
encoder Y 0 2 Rd⇥n, decoder Y 2 Rn⇥d, and square error
as reconstruction loss, the objective

min
Y,Y 0

X

xi2X

kxi � Y Y 0xik2 (6)

is minimized by the PCA decomposition. Specifically, by
setting Y 0 = Pd, and Y = P>

d , for Pd = Id⇥nP 2

Rd⇥n, where P 2 Rn⇥n is an orthogonal matrix formed
by the n normalized eigenvectors (ordered by the mag-
nitudes of the corresponding eigenvalues) of the sample
covariance matrix of X and Id⇥n 2 Rd⇥n is a trivial pro-
jection matrix.

However, there are many minimizers of (6) that do not
induce the same latent representation. In fact, it suffices to
append Y 0 with some invertible transformations (e.g. ro-
tations and scaling) and prefix Y with their inverses. This
geometrical intuition is well captured using the singular
value decomposition (SVD), see also Figure 1.

Theorem 1 (SVD rephrased, [12]). Let M : Rn ! Rd be
a linear transformation (matrix). Then there exist

• U : Rn ! Rn, an orthogonal transformation (ma-
trix) of the input space,

• ⌃ : Rn ! Rd a “scale-and-embed” transformation
(induced by a diagonal matrix),

• V : Rd ! Rd, an orthogonal transformation (ma-
trix) of the output space

such that M = V ⌃U>.

Remark 1. Since orthogonal transformations of the la-
tent space will play a vital role in further considerations,
we will for brevity refer to them (with slight abuse of ter-
minology) simply as rotations of the latent space.

Now we can adequately decribe the minimizers of (6).

Example 1 (Other minimizers of the PCA objective). De-
fine Y and Y 0 with their SVDs as Y = P>⌃Q and and
its pseudoinverse Y 0 = Y † = Q>⌃†P and see that

Y Y 0 = P>⌃QQ>⌃†P = P>Id⇥nIn⇥dP = P>
d Pd

(7)

so they are indeed also minimizers of the objective (6) ir-
respective of our choice of Q and ⌃.

It is also straightforward to check that the only choices
of Q, which respect the coordinate axes given by PCA, are
for |Q| to be a permutation matrix.

The take-away message (valid also in the non-linear
case) from this example is:

Different rotations of the same latent space are
equally suitable for reconstruction.

3
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Rotated	representa6on	
no	longer	“disentangled”	
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But	do	we	have	to	worry	about	rotated	latent	representa3ons?	
Yes!		Because	the	VAE	objec3ve	is	exactly	the	same	under	rota3ons	of	the	latent	space.	
In	other	words,	our	op3miza3on	doesn’t	preferen3ally	select	for	a	“good”	rota3on	

The	idealized	VAE	objec3ve	

mechanism. On the contrary, the idealized log-likelihood
objective is, for example, invariant to rotational changes
in the alignment.

Such observations have planted a suspicion that the in-
ner workings of the VAE are not sufficiently understood.
The recent works on the subject made intriguing empirical
observations [6, 2], gave a fresh theoretical analysis [9],
and raised pressing questions [1]. However, a mechanistic
explanation for the VAE’s unexpected ability to disentan-
gle is still missing.

In this paper, we isolate an internal mechanism of the
VAE (also �-VAE) responsible for choosing a particular
latent representation and its alignment. We give theo-
retical analysis covering also the nonlinear case and ex-
plain the discovered dynamics intuitively. We show that
this mechanism promotes local orthogonality of the em-
bedding transformation and clarify how this orthogonal-
ity corresponds to good disentanglement. Further, we un-
cover strong resemblance between this mechanism and
the classical Principle Components Analysis (PCA) algo-
rithm. We confirm our theoretical findings in experiments.

Our theoretical approach is particular in the following
ways: (a) we base the analysis on the implemented loss
function in contrast to the typically considered idealized
loss, and (b) we identify a specific regime, prevalent in
practice, and utilize it for a crucial simplification. This
simplification is the crucial step in enabling formalization.

The results, other than being significant on their own,
also provide a solid explanation of “why �-VAEs disen-
tangle”.

2 Background
Let us begin with reviewing the basics of VAE, PCA, and
of the Singular Value Decomposition (SVD), along with
a more detailed overview of disentanglement.

2.1 Variational Autoencoders
Let {xi}N

i=1 be a dataset consisting of N i.i.d. samples
xi 2 X = Rn of a random variable x. An autoen-
coder framework operates with two mappings, the en-
coder Enc' : X ! Z and the decoder Dec✓ : Z ! X ,
where Z = Rd is called the latent space. In case of the
VAE, both mappings are probabilistic and a fixed prior

distribution p(z) over Z is assumed. Since the distri-
bution of x is also fixed (actual data distribution q(x)),
the mappings Enc' and Dec✓ induce joint distributions
q(x, z) = q'(z|x)q(x) and p(x, z) = p✓(x|z)p(z), re-
spectively (omitting the dependencies on parameters ✓
and '). The idealized VAE objective is then the marginal-
ized log-likelihood

NX

i=1

log p(xi). (1)

This objective is, however, not tractable and is approxi-
mated by the evidence lower bound (ELBO) [23]. For a
fixed xi the log-likelihood log p(xi) is lower bounded by

E
z⇠q(z|xi)

log p(xi | z) � DKL(q(z | xi) k p(z)) , (2)

where the first term corresponds to the reconstruction loss
and the second to the KL divergence between the latent
representation q(z | xi) and the prior distribution p(z).
A variant, the �-VAE [16], introduces a weighting � on
the KL term for regulating the trade-off between recon-
struction (first term) and the proximity to the prior. Our
analysis will automatically cover this case as well.

Finally, the prior p(z) is set to N (0, I) and the encoder
is assumed to have the form

Enc'(x) ⇠ q'(z|x) = N
�
µ'(x), diag �2

'(x)
�
, (3)

where µ' and �' are deterministic mappings depending
on parameters '. Note particularly, that the covariance
matrix is enforced to be diagonal. This turns out to be
highly significant for the main result of this work. The
KL-divergence in (2) can be computed in closed form as

LKL =
1

2

dX

j=1

�
µ2

j (x
i) + �2

j (xi) � log �2
j (xi) � 1

�
.

(4)

In practical implementations, the reconstruction term
from (2) is approximated with either a square loss or a
cross-entropy loss.

2.2 Disentanglement
In the context of learning interpretable representations
[3, 16, 6, 2, 34] it is useful to assume that the data orig-
inates from a process with some generating factors. For

2

there exists a small perturbation a0
i of ai for i = 1, . . . , N

such that

1

N

NX

i=1

ai >
1

N

NX

i=1

a0
i � (S53)

 
NY

i=1

a0
i

!1/N

=

 
NY

i=1

ai

!1/N

(S54)

Proof. Since (S52) is a sharp inequality, we have ai > aj

for some i 6= j. Then setting a0
i = ai/(1+�), a0

j = aj(1+
�), and a0

k = ak otherwise, will do the trick. Indeed, we
have aiaj = a0

ia
0
j as well as ai + aj > a0

i + a0
j for small

enough �. This ensures both S53 and S54.

An analogous statement for Lemma S2 has the follow-
ing form.

Lemma S5 (Locally improving Hadamard’s inequality).
Let M 2 Rk⇥k be a non-singular matrix with SVD M =
U⌃V >, and column vectors c1, . . . , ck, for which

kY

i=1

kcik > | det M |. (S55)

Then there exists an orthogonal matrix V 0, a small per-
turbation of V , such that if we denote by c01, . . . , c0k the
column vectors of M 0 = U⌃V 0>, we have

kY

i=1

kcik >
kY

i=1

kc0ik. (S56)

Proof. We proceed by induction on k. For k = 2, it can be
verified directly that for some small � (in absolute value)
setting V 0 = V R� , where R� is a 2D rotation matrix by
angle �, achieves what is required.

For the general case, the sharp inequality (S55) implies
that c>i cj 6= 0 for some pair of i 6= j. Without loss of
generality, let i = 1, j = 2. In such case, we consider
V 0 = V R2D

� , where

R2D
� =

✓
R�

Ik�2

◆
(S57)

is a block diagonal matrix, in which R� is again a 2 ⇥ 2
rotation matrix. By design, we have ci = c0i for i > 2.
This, along with the fact that U can be set to Ik (isometry
does not influence either side of (S55)), allows for a full
reduction to the discussed two-dimensional case.

It is easy to see that the performed perturbations con-
tinuously translate into perturbations of the parameters
�2

j (xi) and Vi in estimates (S49) and (S51). Conse-
quently, any non-optimal values of �2

j (xi) and Vi can be
locally improved. This concludes the proof.

7.2 Rotational invariances
Let us start by fleshing out the common elements of the
proofs of Propositions 2 and 3. In both cases, the encoder
and decoder mappings Enc',U , Dec✓ ,U induce joint dis-
tributions pU (x, z), qU (x, z) described as

pU (x, z) = p(z)p(x | U>z) (S58)

qU (x, z) = q(x)q(U>z | x) (S59)

Lemma S6. For every xi 2 X we have p(xi) = pU (xi).

Proof. We simply compute

pU (xi) =

Z
pU (xi, z) dz

=

Z
p(z)p(xi | U>z) dz

=

Z
p(Uz)p(xi | z) dz

=

Z
p(z)p(xi | z) dz = p(xi),

where in the third equality we used the Change of Vari-
able Theorem to substitute Uz for z (keep in mind that
| det(U)| = 1 as U is an orthogonal matrix). In the
fourth equality, we used the rotational symmetry of the
prior p(z).

Proof of Proposition 2. This immediately follows from
Lemma S6.

Proof of Proposition 3. We utilize the full identity from
ELBO derivation. For fixed xi 2 X we have [23]

ELBO = DKL(qU (z | xi) k pU (z | xi)) + log pU (xi)
(S60)

In order to prove invariance of ELBO to the choice of U ,
it suffices to prove invariance of the right-hand side of
(S60). Due to Proposition (3) we only need to focus on
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Let	U	be	a	fixed	rota3on	matrix.	The	rotated	latent	space	induces	a	joint	distribu3on	

rota3onal	symmetry	of	prior	p(z)	
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U⌃V >, and column vectors c1, . . . , ck, for which

kY

i=1

kcik > | det M |. (S55)

Then there exists an orthogonal matrix V 0, a small per-
turbation of V , such that if we denote by c01, . . . , c0k the
column vectors of M 0 = U⌃V 0>, we have

kY

i=1

kcik >
kY

i=1

kc0ik. (S56)

Proof. We proceed by induction on k. For k = 2, it can be
verified directly that for some small � (in absolute value)
setting V 0 = V R� , where R� is a 2D rotation matrix by
angle �, achieves what is required.

For the general case, the sharp inequality (S55) implies
that c>i cj 6= 0 for some pair of i 6= j. Without loss of
generality, let i = 1, j = 2. In such case, we consider
V 0 = V R2D

� , where

R2D
� =

✓
R�

Ik�2

◆
(S57)

is a block diagonal matrix, in which R� is again a 2 ⇥ 2
rotation matrix. By design, we have ci = c0i for i > 2.
This, along with the fact that U can be set to Ik (isometry
does not influence either side of (S55)), allows for a full
reduction to the discussed two-dimensional case.

It is easy to see that the performed perturbations con-
tinuously translate into perturbations of the parameters
�2

j (xi) and Vi in estimates (S49) and (S51). Conse-
quently, any non-optimal values of �2

j (xi) and Vi can be
locally improved. This concludes the proof.

7.2 Rotational invariances
Let us start by fleshing out the common elements of the
proofs of Propositions 2 and 3. In both cases, the encoder
and decoder mappings Enc',U , Dec✓ ,U induce joint dis-
tributions pU (x, z), qU (x, z) described as

pU (x, z) = p(z)p(x | U>z) (S58)

qU (x, z) = q(x)q(U>z | x) (S59)

Lemma S6. For every xi 2 X we have p(xi) = pU (xi).

Proof. We simply compute

pU (xi) =

Z
pU (xi, z) dz

=

Z
p(z)p(xi | U>z) dz

=

Z
p(Uz)p(xi | z) dz

=

Z
p(z)p(xi | z) dz = p(xi),

where in the third equality we used the Change of Vari-
able Theorem to substitute Uz for z (keep in mind that
| det(U)| = 1 as U is an orthogonal matrix). In the
fourth equality, we used the rotational symmetry of the
prior p(z).

Proof of Proposition 2. This immediately follows from
Lemma S6.

Proof of Proposition 3. We utilize the full identity from
ELBO derivation. For fixed xi 2 X we have [23]

ELBO = DKL(qU (z | xi) k pU (z | xi)) + log pU (xi)
(S60)

In order to prove invariance of ELBO to the choice of U ,
it suffices to prove invariance of the right-hand side of
(S60). Due to Proposition (3) we only need to focus on

16
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But	do	we	have	to	worry	about	rotated	latent	representa3ons?	
Yes!		Because	the	VAE	objec3ve	is	exactly	the	same	under	rota3ons	of	the	latent	space.	
In	other	words,	our	op3miza3on	doesn’t	preferen3ally	select	for	a	“good”	rota3on	

The	ELBO	approxima3on	

Disentangling Disentanglement

independent subspaces.

To connect our framework with existing approaches for
encouraging disentanglement, we provide a theoretical anal-
ysis of the �-VAE (Alemi et al., 2018; 2017; Higgins et al.,
2016), and show that it typically only allows control of la-
tent overlap, the first decomposition factor. We show that it
can be interpreted, up to a constant offset, as the standard
VAE objective with its prior annealed as p✓(z)

� and an addi-
tional maximum entropy regularization of the encoder that
increases the stochasticity of the encodings. Specialising
this result for the typical choice of a Gaussian encoder and
isotropic Gaussian prior indicates that the �-VAE, up to a
scaling of the latent space, is equivalent to the VAE plus a
regulariser encouraging higher encoder variance. Moreover,
this objective is invariant to rotations of the learned latent
representation, meaning that is does not encourage the latent
variables to take on meaningful representations any more
than an arbitrary rotation of them.

We confirm these results empirically, while further using
our decomposition framework to show that simple manipu-
lations to the prior can improve disentanglement, and other
decompositions, with little or no detriment to the recon-
struction accuracy. Further, motivated by our analysis, we
propose an alternative objective that takes into account the
distinct needs of the two factors of decomposition, and use
it to learn clustered and sparse representations as demon-
strations of alternative forms of decomposition.

2. Background and Related Work
We begin with a brief review of VAEs and an overview of
prior work on disentanglement.

2.1. Variational Auto-Encoders

Let x be an X -valued random variable distributed according
to an unknown generative process with density pD(x) from
which we have observations, X = {x1, . . . , xn}. The aim
is to learn a latent-variable model p✓(x, z) that captures
this generative process, comprising of a fixed1 prior over
latents p(z) and a parametric likelihood p✓(x|z). Learning
proceeds by minimising a divergence between the true data
generating distribution and the model w.r.t ✓, typically

arg min
✓

KL(pD(x) k p✓(x)) = arg max
✓

EpD(x)[log p✓(x)]

where p✓(x) =
R

Z p✓(x | z)p(z)dz is the marginal likeli-
hood, or evidence, of datapoint x under the model, approxi-
mated by averaging over the observations.

However, estimating p✓(x) (or its gradients) to any suffi-
cient degree of accuracy is typically infeasible. A common

1Sometimes one may also wish to learn parameters of the prior,
but we omit consideration of this for simplicity.

strategy to ameliorate this issue involves the introduction of
a parametric inference model q�(z|x) to construct a varia-
tional evidence lower bound (ELBO) on log p✓(x) as follows

L(x;✓,�), log p✓(x) � KL(q�(z|x) k p✓(z|x))

=Eq�(z|x)[log p✓(x|z)]�KL(q�(z|x)kp(z)).
(1)

A variational auto-encoder (VAE) (Kingma and Welling,
2014; Rezende et al., 2014) views this objective from the
perspective of a deep stochastic auto-encoder, taking the
inference model q�(z|x) to be a encoder and the likelihood
model p✓(x|z) to be a decoder, where ✓ and � are neu-
ral network parameters, and where learning happens via
stochastic gradient ascent (SGA) using unbiased estimates
of r✓,�

1
n

Pn
i=1 L(xi; ✓,�). Note that when clear from the

context, we simply denote L(x; ✓,�) as L(x).

2.2. Disentanglement

Disentanglement, as typically employed in literature, refers
to independence among features in a representation (Bengio
et al., 2013; Eastwood and Williams, 2018; Higgins et al.,
2018). Conceptually, however, it has a long history, far
longer that we could reasonably do justice here, and is far
from specific to VAEs. The idea stems back to traditional
methods such as ICA (Hyvärinen and Oja, 2000; Yang and
Amari, 1997) and conventional auto-encoders (Schmidhu-
ber, 1992), through to a range of modern approaches em-
ploying deep learning (Achille and Soatto, 2019; Chen et al.,
2016a; Cheung et al., 2014; Hjelm et al., 2018; Makhzani
et al., 2015; Mathieu et al., 2016; Reed et al., 2014).

Of particular relevance to this work are approaches that ex-
plore disentanglement in the context of VAEs (Alemi et al.,
2017; Chen et al., 2018; Esmaeili et al., 2018; Higgins
et al., 2016; Kim and Mnih, 2018; Siddharth et al., 2017).
Here one aims to achieve independence between the di-
mensions of the aggregate encoding, typically defined as
q�(z) , EpD(x) [q(z|x)] ⇡ 1

n

Pn
i q(z|xn). The signifi-

cance of q�(z) is that it is the marginal distribution induced
on the latents by sampling a datapoint and then using the
encoder to sample an encoding given that datatpoint. It
can thus informally be thought of as the distribution for
“sampling” representations.

Within the disentangled VAEs literature, there is also a
distinction between unsupervised approaches, and semi-
supervised approaches, where one knows the true generative
factors for some subset of data (Bouchacourt et al., 2018;
Kingma et al., 2014; Siddharth et al., 2017). Our focus
however is on the unsupervised setting.

Much of the prior work in the field has either implicitly or
explicitly presumed a slightly more ambitious definition of
disentanglement than considered above: that it is a measure
of how well one captures true factors of variation (which

the KL term. Similarly as in the proof of Lemma S6, we
calculate

DKL(qU (z | xi) k pU (z | xi))

=

Z
qU (z | xi) log

qU (z | xi)

pU (z | xi)
dz

=

Z
qU (z | xi) log

qU (z | xi) · pU (xi)

pU (z) · pU (xi | z) dz

(3)
=

Z
q(U>z | xi) log

q(U>z | xi) · p(xi)

p(z) · p(xi | U>z)
dz

(4)
=

Z
q(z | xi) log

q(z | xi) · p(xi)

p(Uz) · p(xi | z) dz

(5)
=

Z
q(z | xi) log

q(z | xi) · p(xi)

p(z) · p(xi | z) dz

=

Z
q(z | xi) log

q(z | xi)

p(z | xi)
dz

= DKL(q(z | xi) k p(z | xi)),

where we again used the Change of Variable Theorem in
equality (4), rotational symmetry of p(z) in equality (5),
and Lemma S6 in equality (3).

7.3 Other proofs
Proof of Proposition 1. Recall from Lemma S3 that
column orthogonality of M is equivalent to M>M being
a diagonal matrix.
(b) ) (a): Let M = U⌃V > where |V | is a permutation
matrix. Then

M>M = V ⌃>U>U⌃V > = V ⌃0V > (S61)

where ⌃0 = ⌃>⌃ is a diagonal matrix. But then V ⌃0V >

only permutes the diagonal entries of ⌃0 (and possibly
flips their signs). In particular, V ⌃0V > is also diagonal.
(a) ) (b): Let again M = U⌃V > be some SVD of M
and assume M>M = D for some diagonal matrix D.
Since M has d distinct nonzero singular values, M>M
has d distinct nonzero eigenvalues (diagonal elements).
Moreover, these eigenvalues are precisely the squares of
the singular values captured by ⌃. Next, if we denote by
P the permutation matrix for which PDP�1 has decreas-
ing diagonal elements, we can write

PDP�1 = ⌃>⌃ (S62)

Then using (S62) and the SVD of M similarly as in (S61),
we obtain

D = M>M = V ⌃>⌃V > = V PDP�1V >. (S63)

Further, the resulting identity (V P )D = D(V P ) implies
that columns of V P are eigenvectors of D, i.e. the canon-
ical basis vectors. Since V P is additionally orthogonal,
these eigenvectors are normalized. It follows that |V P | is
a permutation matrix and the conclusion follows.

Proof of Proposition 4. First, note that for any random
variable X 2 Rk with EX = µ and a constant b 2 Rk,
the following identity holds

E kX � bk2 = E kX � µk2 + kµ � bk2. (S64)

In our case, we set X = Dec✓(Enc'(xi)), the unbiased-
ness assumption translates to EX = Dec✓(µ(xi)), and
finally we set b = xi.

The identity we obtain, is exactly what was required to
prove.

8 Experimental details

8.1 Disentanglement Score
As introduced in the paper, for disentangled representa-
tions, single latent variables should be sensitive to indi-
vidual generating factors and insensitive to all others. To
quantify this behavior, for each generating factor wi, all
latent variables are evaluated for their sensitivity to wi.
The sensitivity difference between the two most respon-
sive variables then reflects both desired properties; the
sensitivity of the associated best matching latent variable
and also the insensitivity of all others. A set of quantities
capturing disentanglement can therefore be described as

Disent. =
1

Nlabels

NX

i=1

✓
Ai,m(i) � Ai,s(i)

Mi

◆
(S65)

for m(i) = arg max
l

(Ai,l) (S66)

for s(i) = arg max
k 6=m(i)

(Ai,k) , (S67)
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there exists a small perturbation a0
i of ai for i = 1, . . . , N

such that

1

N

NX

i=1

ai >
1

N

NX

i=1

a0
i � (S53)

 
NY

i=1

a0
i

!1/N

=

 
NY

i=1

ai

!1/N

(S54)

Proof. Since (S52) is a sharp inequality, we have ai > aj

for some i 6= j. Then setting a0
i = ai/(1+�), a0

j = aj(1+
�), and a0

k = ak otherwise, will do the trick. Indeed, we
have aiaj = a0

ia
0
j as well as ai + aj > a0

i + a0
j for small

enough �. This ensures both S53 and S54.

An analogous statement for Lemma S2 has the follow-
ing form.

Lemma S5 (Locally improving Hadamard’s inequality).
Let M 2 Rk⇥k be a non-singular matrix with SVD M =
U⌃V >, and column vectors c1, . . . , ck, for which

kY

i=1

kcik > | det M |. (S55)

Then there exists an orthogonal matrix V 0, a small per-
turbation of V , such that if we denote by c01, . . . , c0k the
column vectors of M 0 = U⌃V 0>, we have

kY

i=1

kcik >
kY

i=1

kc0ik. (S56)

Proof. We proceed by induction on k. For k = 2, it can be
verified directly that for some small � (in absolute value)
setting V 0 = V R� , where R� is a 2D rotation matrix by
angle �, achieves what is required.

For the general case, the sharp inequality (S55) implies
that c>i cj 6= 0 for some pair of i 6= j. Without loss of
generality, let i = 1, j = 2. In such case, we consider
V 0 = V R2D

� , where

R2D
� =

✓
R�

Ik�2

◆
(S57)

is a block diagonal matrix, in which R� is again a 2 ⇥ 2
rotation matrix. By design, we have ci = c0i for i > 2.
This, along with the fact that U can be set to Ik (isometry
does not influence either side of (S55)), allows for a full
reduction to the discussed two-dimensional case.

It is easy to see that the performed perturbations con-
tinuously translate into perturbations of the parameters
�2

j (xi) and Vi in estimates (S49) and (S51). Conse-
quently, any non-optimal values of �2

j (xi) and Vi can be
locally improved. This concludes the proof.

7.2 Rotational invariances
Let us start by fleshing out the common elements of the
proofs of Propositions 2 and 3. In both cases, the encoder
and decoder mappings Enc',U , Dec✓ ,U induce joint dis-
tributions pU (x, z), qU (x, z) described as

pU (x, z) = p(z)p(x | U>z) (S58)

qU (x, z) = q(x)q(U>z | x) (S59)

Lemma S6. For every xi 2 X we have p(xi) = pU (xi).

Proof. We simply compute

pU (xi) =

Z
pU (xi, z) dz

=

Z
p(z)p(xi | U>z) dz

=

Z
p(Uz)p(xi | z) dz

=

Z
p(z)p(xi | z) dz = p(xi),

where in the third equality we used the Change of Vari-
able Theorem to substitute Uz for z (keep in mind that
| det(U)| = 1 as U is an orthogonal matrix). In the
fourth equality, we used the rotational symmetry of the
prior p(z).

Proof of Proposition 2. This immediately follows from
Lemma S6.

Proof of Proposition 3. We utilize the full identity from
ELBO derivation. For fixed xi 2 X we have [23]

ELBO = DKL(qU (z | xi) k pU (z | xi)) + log pU (xi)
(S60)

In order to prove invariance of ELBO to the choice of U ,
it suffices to prove invariance of the right-hand side of
(S60). Due to Proposition (3) we only need to focus on

16
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Challenging Common Assumptions in the Unsupervised Learning of Disentangled Representations

2018). This is not a limiting assumption especially in se-
quential data, i.e., for videos. We focus our study on the
setting where factors of variations are not observable at all,
i.e. we only observe samples from P (x).

3. Impossibility result
The first question that we investigate is whether unsuper-
vised disentanglement learning is even possible for arbitrary
generative models. Theorem 1 essentially shows that with-
out inductive biases both on models and data sets the task
is fundamentally impossible. The proof is provided in Ap-
pendix A.

Theorem 1. For d > 1, let z ⇠ P denote any distribution
which admits a density p(z) =

Qd
i=1 p(zi). Then, there

exists an infinite family of bijective functions f : supp(z) !
supp(z) such that @fi(u)

@uj
6= 0 almost everywhere for all

i and j (i.e., z and f(z) are completely entangled) and
P (z  u) = P (f(z)  u) for all u 2 supp(z) (i.e., they
have the same marginal distribution).

Consider the commonly used “intuitive” notion of disentan-
glement which advocates that a change in a single ground-
truth factor should lead to a single change in the repre-
sentation. In that setting, Theorem 1 implies that unsu-
pervised disentanglement learning is impossible for arbi-
trary generative models with a factorized prior3 in the fol-
lowing sense: Assume we have p(z) and some P (x|z)
defining a generative model. Consider any unsupervised
disentanglement method and assume that it finds a repre-
sentation r(x) that is perfectly disentangled with respect
to z in the generative model. Then, Theorem 1 implies
that there is an equivalent generative model with the la-
tent variable ẑ = f(z) where ẑ is completely entangled
with respect to z and thus also r(x): as all the entries
in the Jacobian of f are non-zero, a change in a single
dimension of z implies that all dimensions of ẑ change.
Furthermore, since f is deterministic and p(z) = p(ẑ) al-
most everywhere, both generative models have the same
marginal distribution of the observations x by construction,
i.e., P (x) =

R
p(x|z)p(z)dz =

R
p(x|ẑ)p(ẑ)dẑ. Since the

(unsupervised) disentanglement method only has access to
observations x, it hence cannot distinguish between the two
equivalent generative models and thus has to be entangled
to at least one of them.

This may not be surprising to readers familiar with the
causality and ICA literature as it is consistent with the
following argument: After observing x, we can construct
infinitely many generative models which have the same
marginal distribution of x. Any one of these models could

3Theorem 1 only applies to factorized priors; however, we
expect that a similar result can be extended to non-factorizing
priors.

be the true causal generative model for the data, and the
right model cannot be identified given only the distribution
of x (Peters et al., 2017). Similar results have been obtained
in the context of non-linear ICA (Hyvarinen & Pajunen,
1999). The main novelty of Theorem 1 is that it allows the
explicit construction of latent spaces z and ẑ that are com-
pletely entangled with each other in the sense of (Bengio
et al., 2013). We note that while this result is very intuitive
for multivariate Gaussians it also holds for distributions
which are not invariant to rotation, for example multivariate
uniform distributions.

While Theorem 1 shows that unsupervised disentanglement
learning is fundamentally impossible for arbitrary genera-
tive models, this does not necessarily mean it is an impossi-
ble endeavour in practice. After all, real world generative
models may have a certain structure that could be exploited
through suitably chosen inductive biases. However, Theo-
rem 1 clearly shows that inductive biases are required both
for the models (so that we find a specific set of solutions)
and for the data sets (such that these solutions match the true
generative model). We hence argue that the role of inductive
biases should be made explicit and investigated further as
done in the following experimental study.

4. Experimental design
Considered methods. All the considered methods augment
the VAE loss with a regularizer: The �-VAE (Higgins et al.,
2017a), introduces a hyperparameter in front of the KL reg-
ularizer of vanilla VAEs to constrain the capacity of the
VAE bottleneck. The AnnealedVAE (Burgess et al., 2017)
progressively increase the bottleneck capacity so that the
encoder can focus on learning one factor of variation at the
time (the one that most contribute to a small reconstruc-
tion error). The FactorVAE (Kim & Mnih, 2018) and the
�-TCVAE (Chen et al., 2018) penalize the total correla-
tion (Watanabe, 1960) with adversarial training (Nguyen
et al., 2010; Sugiyama et al., 2012) or with a tractable but
biased Monte-Carlo estimator respectively. The DIP-VAE-I
and the DIP-VAE-II (Kumar et al., 2017) both penalize the
mismatch between the aggregated posterior and a factorized
prior. Implementation details and further discussion on the
methods can be found in Appendix B and G.

Considered metrics. The BetaVAE metric (Higgins et al.,
2017a) measures disentanglement as the accuracy of a linear
classifier that predicts the index of a fixed factor of variation.
Kim & Mnih (2018) address several issues with this metric
in their FactorVAE metric by using a majority vote classifier
on a different feature vector which accounts for a corner
case in the BetaVAE metric. The Mutual Information Gap
(MIG) (Chen et al., 2018) measures for each factor of vari-
ation the normalized gap in mutual information between the
highest and second highest coordinate in r(x). Instead, the
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Modularity (Ridgeway & Mozer, 2018) measures if each
dimension of r(x) depends on at most a factor of variation
using their mutual information. The Disentanglement metric
of Ridgeway & Mozer (2018) (which we call DCI Disentan-
glement for clarity) computes the entropy of the distribution
obtained by normalizing the importance of each dimension
of the learned representation for predicting the value of a
factor of variation. The SAP score (Kumar et al., 2017) is
the average difference of the prediction error of the two most
predictive latent dimensions for each factor. Implementation
details and further descriptions can be found in Appendix C.

Data sets. We consider four data sets in which x is ob-
tained as a deterministic function of z: dSprites (Higgins
et al., 2017a), Cars3D (Reed et al., 2015), SmallNORB (Le-
Cun et al., 2004), Shapes3D (Kim & Mnih, 2018). We
also introduce three data sets where the observations x are
stochastic given the factor of variations z: Color-dSprites,
Noisy-dSprites and Scream-dSprites. In Color-dSprites, the
shapes are colored with a random color. In Noisy-dSprites,
we consider white-colored shapes on a noisy background.
Finally, in Scream-dSprites the background is replaced with
a random patch in a random color shade extracted from the
famous The Scream painting (Munch, 1893). The dSprites
shape is embedded into the image by inverting the color of
its pixels. Further details on the preprocessing of the data
can be found in Appendix H.

Inductive biases. To fairly evaluate the different ap-
proaches, we separate the effect of regularization (in the
form of model choice and regularization strength) from the
other inductive biases (e.g., the choice of the neural architec-
ture). Each method uses the same convolutional architecture,
optimizer, hyperparameters of the optimizer and batch size.
All methods use a Gaussian encoder where the mean and the
log variance of each latent factor is parametrized by the deep
neural network, a Bernoulli decoder and latent dimension
fixed to 10. We note that these are all standard choices in
prior work (Higgins et al., 2017a; Kim & Mnih, 2018).

We choose six different regularization strength, i.e., hyper-
parameter values, for each of the considered methods. The
key idea was to take a wide enough set to ensure that there
are useful hyperparameters for different settings for each
method and not to focus on specific values known to work
for specific data sets. However, the values are partially based
on the ranges that are prescribed in the literature (including
the hyperparameters suggested by the authors).

We fix our experimental setup in advance and we run all the
considered methods on each data set for 50 different random
seeds and evaluate them on the considered metrics. The
full details on the experimental setup are provided in the
Appendix G. Our experimental setup, the limitations of this
study, and the differences with previous implementations
are extensively discussed in Appendices D-F.

5. Key experimental results
In this section, we highlight our key findings with plots
specifically picked to be representative of our main results.
In Appendix I, we provide the full experimental results with
a complete set of plots for different methods, data sets and
disentanglement metrics.

5.1. Can current methods enforce a uncorrelated
aggregated posterior and representation?

While many of the considered methods aim to enforce a
factorizing and thus uncorrelated aggregated posterior (e.g.,
regularizing the total correlation of the sampled representa-
tion), they use the mean vector of the Gaussian encoder as
the representation and not a sample from the Gaussian en-
coder. This may seem like a minor, irrelevant modification;
however, it is not clear whether a factorizing aggregated
posterior also ensures that the dimensions of the mean rep-
resentation are uncorrelated. To test the impact of this, we
compute the total correlation of both the mean and the sam-
pled representation based on fitting Gaussian distributions
for each data set, model and hyperparameter value (see
Appendix C and I.2 for details).

Figure 1 (left) shows the total correlation based on a fitted
Gaussian of the sampled representation plotted against the
regularization strength for each method except Annealed-
VAE on Color-dSprites. We observe that the total correlation
of the sampled representation generally decreases with the
regularization strength. One the other hand, Figure 1 (right)
shows the total correlation of the mean representation plot-
ted against the regularization strength. It is evident that the
total correlation of the mean representation generally in-
creases with the regularization strength. The only exception
is DIP-VAE-I for which we observe that the total correlation
of the mean representation is consistently low. This is not
surprising as the DIP-VAE-I objective directly optimizes the

Figure 1. Total correlation based on a fitted Gaussian of the sam-
pled (left) and the mean representation (right) plotted against reg-
ularization strength for Color-dSprites and approaches (except
AnnealedVAE). The total correlation of the sampled representation
decreases while the total correlation of the mean representation
increases as the regularization strength is increased.

Can	current	methods	enforce	an	uncorrelated	representa2on?	
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Modularity (Ridgeway & Mozer, 2018) measures if each
dimension of r(x) depends on at most a factor of variation
using their mutual information. The Disentanglement metric
of Ridgeway & Mozer (2018) (which we call DCI Disentan-
glement for clarity) computes the entropy of the distribution
obtained by normalizing the importance of each dimension
of the learned representation for predicting the value of a
factor of variation. The SAP score (Kumar et al., 2017) is
the average difference of the prediction error of the two most
predictive latent dimensions for each factor. Implementation
details and further descriptions can be found in Appendix C.

Data sets. We consider four data sets in which x is ob-
tained as a deterministic function of z: dSprites (Higgins
et al., 2017a), Cars3D (Reed et al., 2015), SmallNORB (Le-
Cun et al., 2004), Shapes3D (Kim & Mnih, 2018). We
also introduce three data sets where the observations x are
stochastic given the factor of variations z: Color-dSprites,
Noisy-dSprites and Scream-dSprites. In Color-dSprites, the
shapes are colored with a random color. In Noisy-dSprites,
we consider white-colored shapes on a noisy background.
Finally, in Scream-dSprites the background is replaced with
a random patch in a random color shade extracted from the
famous The Scream painting (Munch, 1893). The dSprites
shape is embedded into the image by inverting the color of
its pixels. Further details on the preprocessing of the data
can be found in Appendix H.

Inductive biases. To fairly evaluate the different ap-
proaches, we separate the effect of regularization (in the
form of model choice and regularization strength) from the
other inductive biases (e.g., the choice of the neural architec-
ture). Each method uses the same convolutional architecture,
optimizer, hyperparameters of the optimizer and batch size.
All methods use a Gaussian encoder where the mean and the
log variance of each latent factor is parametrized by the deep
neural network, a Bernoulli decoder and latent dimension
fixed to 10. We note that these are all standard choices in
prior work (Higgins et al., 2017a; Kim & Mnih, 2018).

We choose six different regularization strength, i.e., hyper-
parameter values, for each of the considered methods. The
key idea was to take a wide enough set to ensure that there
are useful hyperparameters for different settings for each
method and not to focus on specific values known to work
for specific data sets. However, the values are partially based
on the ranges that are prescribed in the literature (including
the hyperparameters suggested by the authors).

We fix our experimental setup in advance and we run all the
considered methods on each data set for 50 different random
seeds and evaluate them on the considered metrics. The
full details on the experimental setup are provided in the
Appendix G. Our experimental setup, the limitations of this
study, and the differences with previous implementations
are extensively discussed in Appendices D-F.

5. Key experimental results
In this section, we highlight our key findings with plots
specifically picked to be representative of our main results.
In Appendix I, we provide the full experimental results with
a complete set of plots for different methods, data sets and
disentanglement metrics.

5.1. Can current methods enforce a uncorrelated
aggregated posterior and representation?

While many of the considered methods aim to enforce a
factorizing and thus uncorrelated aggregated posterior (e.g.,
regularizing the total correlation of the sampled representa-
tion), they use the mean vector of the Gaussian encoder as
the representation and not a sample from the Gaussian en-
coder. This may seem like a minor, irrelevant modification;
however, it is not clear whether a factorizing aggregated
posterior also ensures that the dimensions of the mean rep-
resentation are uncorrelated. To test the impact of this, we
compute the total correlation of both the mean and the sam-
pled representation based on fitting Gaussian distributions
for each data set, model and hyperparameter value (see
Appendix C and I.2 for details).

Figure 1 (left) shows the total correlation based on a fitted
Gaussian of the sampled representation plotted against the
regularization strength for each method except Annealed-
VAE on Color-dSprites. We observe that the total correlation
of the sampled representation generally decreases with the
regularization strength. One the other hand, Figure 1 (right)
shows the total correlation of the mean representation plot-
ted against the regularization strength. It is evident that the
total correlation of the mean representation generally in-
creases with the regularization strength. The only exception
is DIP-VAE-I for which we observe that the total correlation
of the mean representation is consistently low. This is not
surprising as the DIP-VAE-I objective directly optimizes the

Figure 1. Total correlation based on a fitted Gaussian of the sam-
pled (left) and the mean representation (right) plotted against reg-
ularization strength for Color-dSprites and approaches (except
AnnealedVAE). The total correlation of the sampled representation
decreases while the total correlation of the mean representation
increases as the regularization strength is increased.
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We want to develop an unsupervised deep generative model that, using samples from X only, can
learn the joint distribution of the data x and a set of generative latent factors z (z 2 RM , where
M � K) such that z can generate the observed data x; that is, p(x|z) ⇡ p(x|v,w) = Sim(v,w).
Thus a suitable objective is to maximise the marginal (log-)likelihood of the observed data x in
expectation over the whole distribution of latent factors z:

max
✓

Ep✓(z)[p✓(x|z)] (1)

For a given observation x, we describe the inferred posterior configurations of the latent factors z by
a probability distribution q�(z|x). Our aim is to ensure that the inferred latent factors q�(z|x) capture
the generative factors v in a disentangled manner. The conditionally dependent data generative
factors w can remain entangled in a separate subset of z that is not used for representing v. In order
to encourage this disentangling property in the inferred q�(z|x), we introduce a constraint over it by
trying to match it to a prior p(z) that can both control the capacity of the latent information bottleneck,
and embodies the desiderata of statistical independence mentioned above. This can be achieved if
we set the prior to be an isotropic unit Gaussian (p(z) = N (0, I)), hence arriving at the constrained
optimisation problem in Eq. 2, where ✏ specifies the strength of the applied constraint.

max
�,✓

Ex⇠D

⇥
Eq�(z|x)[log p✓(x|z)]

⇤
subject to DKL(q�(z|x)||p(z)) < ✏ (2)

Re-writing Eq. 2 as a Lagrangian under the KKT conditions (Kuhn & Tucker, 1951; Karush, 1939),
we obtain:

F(✓,�,�;x, z) = Eq�(z|x)[log p✓(x|z)] � � (DKL(q�(z|x)||p(z)) � ✏) (3)

where the KKT multiplier � is the regularisation coefficient that constrains the capacity of the latent
information channel z and puts implicit independence pressure on the learnt posterior due to the
isotropic nature of the Gaussian prior p(z). Since �, ✏ � 0 according to the complementary slackness
KKT condition, Eq. 3 can be re-written to arrive at the �-VAE formulation - as the familiar variational
free energy objective function as described by Jordan et al. (1999), but with the addition of the �
coefficient:

F(✓,�,�;x, z) � L(✓,�;x, z,�) = Eq�(z|x)[log p✓(x|z)] � � DKL(q�(z|x)||p(z)) (4)

Varying � changes the degree of applied learning pressure during training, thus encouraging different
learnt representations. �-VAE where � = 1 corresponds to the original VAE formulation of (Kingma
& Welling, 2014). We postulate that in order to learn disentangled representations of the conditionally
independent data generative factors v, it is important to set � > 1, thus putting a stronger constraint
on the latent bottleneck than in the original VAE formulation of Kingma & Welling (2014). These
constraints limit the capacity of z, which, combined with the pressure to maximise the log likelihood
of the training data x under the model, should encourage the model to learn the most efficient
representation of the data. Since the data x is generated using at least some conditionally independent
ground truth factors v, and the DKL term of the �-VAE objective function encourages conditional
independence in q�(z|x), we hypothesise that higher values of � should encourage learning a
disentangled representation of v. The extra pressures coming from high � values, however, may
create a trade-off between reconstruction fidelity and the quality of disentanglement within the learnt
latent representations. Disentangled representations emerge when the right balance is found between
information preservation (reconstruction cost as regularisation) and latent channel capacity restriction
(� > 1). The latter can lead to poorer reconstructions due to the loss of high frequency details when
passing through a constrained latent bottleneck. Hence, the log likelihood of the data under the learnt
model is a poor metric for evaluating disentangling in �-VAEs. Instead we propose a quantitative
metric that directly measures the degree of learnt disentanglement in the latent representation.

Since our proposed hyperparameter � directly affects the degree of learnt disentanglement, we would
like to estimate the optimal � for learning a disentangled latent representation directly. However, it is
not possible to do so. This is because the optimal � will depend on the value of ✏ in Eq.2. Different
datasets and different model architectures will require different optimal values of ✏. However, when
optimising � in Eq. 4, we are indirectly also optimising ✏ for the best disentanglement (see Sec.A.7
for details), and while we can not learn the optimal value of � directly, we can instead estimate it
using either our proposed disentanglement metric (see Sec. 3) or through visual inspection heuristics.
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covariance matrix of the mean representation to be diagonal
which implies that the corresponding total correlation (as
we measure it) is low. These findings are confirmed by our
detailed experimental results in Appendix I.2 (in particular
Figures 8-9) which considers all different data sets. Further-
more, we observe largely the same pattern if we consider the
average mutual information between different dimension
of the representation instead of the total correlation (see
Figures 26-27 in Appendix J).

Implications. Overall, these results lead us to conclude
with minor exceptions that the considered methods are effec-
tive at enforcing an aggregated posterior whose individual
dimensions are not correlated but that this does not seem
to imply that the dimensions of the mean representation
(usually used for representation) are uncorrelated.

Figure 2. Rank correlation of different metrics on Noisy-dSprites.
Overall, we observe that all metrics except Modularity seem mildly
correlated with the pairs BetaVAE and FactorVAE, and MIG and
DCI Disentanglement strongly correlated with each other.

5.2. How much do the disentanglement metrics agree?

As there exists no single, common definition of disentangle-
ment, an interesting question is to see how much different
proposed metrics agree. Figure 2 shows the Spearman rank
correlation between different disentanglement metrics on
Noisy-dSprites whereas Figure 12 in Appendix I.3 shows the
correlation for all the different data sets. We observe that all
metrics except Modularity seem to be correlated strongly on
the data sets dSprites, Color-dSprites and Scream-dSprites
and mildly on the other data sets. There appear to be two
pairs among these metrics that capture particularly similar
notions: the BetaVAE and the FactorVAE score as well as
the MIG and DCI Disentanglement.

Implication. All disentanglement metrics except Modular-
ity appear to be correlated. However, the level of correlation
changes between different data sets.

5.3. How important are different models and
hyperparameters for disentanglement?

The primary motivation behind the considered methods is
that they should lead to improved disentanglement. This
raises the question how disentanglement is affected by the

Figure 3. (left) FactorVAE score for each method on Cars3D.
Models are abbreviated (0=�-VAE, 1=FactorVAE, 2=�-TCVAE,
3=DIP-VAE-I, 4=DIP-VAE-II, 5=AnnealedVAE). The variance is
due to different hyperparameters and random seeds. The scores are
heavily overlapping. (right) Distribution of FactorVAE scores for
FactorVAE model for different regularization strengths on Cars3D.
In this case, the variance is only due to the different random seeds.
We observe that randomness (in the form of different random
seeds) has a substantial impact on the attained result and that a
good run with a bad hyperparameter can beat a bad run with a
good hyperparameter.

model choice, the hyperparameter selection and randomness
(in the form of different random seeds). To investigate this,
we compute all the considered disentanglement metrics for
each of our trained models.

In Figure 3 (left), we show the range of attainable Factor-
VAE scores for each method on Cars3D. We observe that
these ranges are heavily overlapping for different models
leading us to (qualitatively) conclude that the choice of hy-
perparameters and the random seed seems to be substantially
more important than the choice of objective function. These
results are confirmed by the full experimental results on all
the data sets presented in Figure 13 of Appendix I.4: While
certain models seem to attain better maximum scores on
specific data sets and disentanglement metrics, we do not
observe any consistent pattern that one model is consistently
better than the other. At this point, we note that in our study
we have fixed the range of hyperparameters a priori to six
different values for each model and did not explore addi-
tional hyperparameters based on the results (as that would
bias our study). However, this also means that specific mod-
els may have performed better than in Figure 13 (left) if we
had chosen a different set of hyperparameters.

In Figure 3 (right), we further show the impact of random-
ness in the form of random seeds on the disentanglement
scores. Each violin plot shows the distribution of the Fac-
torVAE metric across all 50 trained FactorVAE models for
each hyperparameter setting on Cars3D. We clearly see that
randomness (in the form of different random seeds) has a
substantial impact on the attained result and that a good
run with a bad hyperparameter can beat a bad run with a
good hyperparameter in many cases. Again, these findings

Do	different	methods	for	quan2fying	disentanglement	agree?	

Challenging Common Assumptions in the Unsupervised Learning of Disentangled Representations

(a) DIP-VAE-I trained on dSprites. (b) �-VAE trained on Noisy-dSprites.

(c) FactorVAE trained on Color-dSprites. (d) FactorVAE trained on Scream-dSprites.

(e) AnneaeledVAE trained on Shapes3D. (f) �-TCVAE trained on SmallNORB.

(g) Reconstructions for a DIP-VAE-II trained on Cars3D.

Figure 7. Reconstructions for different data sets and methods. Odd columns show real samples and even columns their reconstruction. As
expected, the additional variants of dSprites with continuous noise variables are harder than the original data set. On Noisy-dSprites and
Color-dSprites the models produce reasonable reconstructions with the noise on Noisy-dSprites being ignored. Scream-dSprites is even
harder and we observe that the shape information is lost. On the other data sets, we observe that reconstructions are blurry but objects are
distinguishable.

Noisy-dSprites	
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Figure 2. Rank correlation of different metrics on Noisy-dSprites.
Overall, we observe that all metrics except Modularity seem mildly
correlated with the pairs BetaVAE and FactorVAE, and MIG and
DCI Disentanglement strongly correlated with each other.

5.2. How much do the disentanglement metrics agree?

As there exists no single, common definition of disentangle-
ment, an interesting question is to see how much different
proposed metrics agree. Figure 2 shows the Spearman rank
correlation between different disentanglement metrics on
Noisy-dSprites whereas Figure 12 in Appendix I.3 shows the
correlation for all the different data sets. We observe that all
metrics except Modularity seem to be correlated strongly on
the data sets dSprites, Color-dSprites and Scream-dSprites
and mildly on the other data sets. There appear to be two
pairs among these metrics that capture particularly similar
notions: the BetaVAE and the FactorVAE score as well as
the MIG and DCI Disentanglement.

Implication. All disentanglement metrics except Modular-
ity appear to be correlated. However, the level of correlation
changes between different data sets.

5.3. How important are different models and
hyperparameters for disentanglement?

The primary motivation behind the considered methods is
that they should lead to improved disentanglement. This
raises the question how disentanglement is affected by the

Figure 3. (left) FactorVAE score for each method on Cars3D.
Models are abbreviated (0=�-VAE, 1=FactorVAE, 2=�-TCVAE,
3=DIP-VAE-I, 4=DIP-VAE-II, 5=AnnealedVAE). The variance is
due to different hyperparameters and random seeds. The scores are
heavily overlapping. (right) Distribution of FactorVAE scores for
FactorVAE model for different regularization strengths on Cars3D.
In this case, the variance is only due to the different random seeds.
We observe that randomness (in the form of different random
seeds) has a substantial impact on the attained result and that a
good run with a bad hyperparameter can beat a bad run with a
good hyperparameter.

model choice, the hyperparameter selection and randomness
(in the form of different random seeds). To investigate this,
we compute all the considered disentanglement metrics for
each of our trained models.

In Figure 3 (left), we show the range of attainable Factor-
VAE scores for each method on Cars3D. We observe that
these ranges are heavily overlapping for different models
leading us to (qualitatively) conclude that the choice of hy-
perparameters and the random seed seems to be substantially
more important than the choice of objective function. These
results are confirmed by the full experimental results on all
the data sets presented in Figure 13 of Appendix I.4: While
certain models seem to attain better maximum scores on
specific data sets and disentanglement metrics, we do not
observe any consistent pattern that one model is consistently
better than the other. At this point, we note that in our study
we have fixed the range of hyperparameters a priori to six
different values for each model and did not explore addi-
tional hyperparameters based on the results (as that would
bias our study). However, this also means that specific mod-
els may have performed better than in Figure 13 (left) if we
had chosen a different set of hyperparameters.

In Figure 3 (right), we further show the impact of random-
ness in the form of random seeds on the disentanglement
scores. Each violin plot shows the distribution of the Fac-
torVAE metric across all 50 trained FactorVAE models for
each hyperparameter setting on Cars3D. We clearly see that
randomness (in the form of different random seeds) has a
substantial impact on the attained result and that a good
run with a bad hyperparameter can beat a bad run with a
good hyperparameter in many cases. Again, these findings

Random	seeds	have	a	huge	impact!	
A	good	run	with	a	bad	hyperparameter	can	
beat	a	bad	run	with	a	good	hyperparameter		
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Are	there	universally	good	hyperparameters?	
Challenging Common Assumptions in the Unsupervised Learning of Disentangled Representations

Figure 15. Score vs hyperparameters for each score (column) and data set (row). There seems to be no model dominating all the others
and for each model there does not seem to be a consistent strategy in choosing the regularization strength.
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Can	we	find	good	hyperparameters	using	unsupervised	metrics?		

Rank	correla:on	between	model	rankings		
using	unsupervised	scores	and	disentangling	scores		

Challenging Common Assumptions in the Unsupervised Learning of Disentangled Representations

Figure 4. (left) FactorVAE score vs hyperparameters for each score on Cars3d. There seems to be no model dominating all the others
and for each model there does not seem to be a consistent strategy in choosing the regularization strength. (center) Unsupervised scores
vs disentanglement metrics on Shapes3D. Metrics are abbreviated ((A)=BetaVAE Score, (B)=FactorVAE Score, (C)=MIG , (D)=DCI
Disentanglement, (E)=Modularity, (F)=SAP). The unsupervised scores we consider do not seem to be useful for model selection. (right)
Rank-correlation of DCI disentanglement metric across different data sets. Good hyperparameters only seem to transfer between dSprites
and Color-dSprites but not in between the other data sets.

are consistent with the complete set of plots provided in
Figure 14 of Appendix I.4.

Finally, we perform a variance analysis by trying to predict
the different disentanglement scores using ordinary least
squares for each data set: If we allow the score to depend
only on the objective function (treated as a categorical vari-
able), we are only able to explain 37% of the variance of the
scores on average (see Table 5 in Appendix I.4 for further
details). Similarly, if the score depends on the Cartesian
product of objective function and regularization strength
(again categorical), we are able to explain 59% of the vari-
ance while the rest is due to the random seed.

Implication. The disentanglement scores of unsupervised
models are heavily influenced by randomness (in the form
of the random seed) and the choice of the hyperparameter
(in the form of the regularization strength). The objective
function appears to have less impact.

5.4. Are there reliable recipes for model selection?

In this section, we investigate how good hyperparameters
can be chosen and how we can distinguish between good
and bad training runs. In this paper, we advocate that that
model selection should not depend on the considered dis-
entanglement score for the following reasons: The point of
unsupervised learning of disentangled representation is that
there is no access to the labels as otherwise we could incor-
porate them and would have to compare to semi-supervised
and fully supervised methods. All the disentanglement met-
rics considered in this paper require a substantial amount
of ground-truth labels or the full generative model (for ex-
ample for the BetaVAE and the FactorVAE metric). Hence,
one may substantially bias the results of a study by tun-
ing hyperparameters based on (supervised) disentanglement
metrics. Furthermore, we argue that it is not sufficient to fix
a set of hyperparameters a priori and then show that one of
those hyperparameters and a specific random seed achieves
a good disentanglement score as it amounts to showing the

existence of a good model, but does not guide the practi-
tioner in finding it. Finally, in many practical settings, we
might not even have access to adequate labels as it may
be hard to identify the true underlying factor of variations,
in particular, if we consider data modalities that are less
suitable to human interpretation than images.

In the remainder of this section, we hence investigate and
assess different ways how hyperparameters and good model
runs could be chosen. In this study, we focus on choosing
the learning model and the regularization strength corre-
sponding to that loss function. However, we note that in
practice this problem is likely even harder as a practitioner
might also want to tune other modeling choices such archi-
tecture or optimizer.

General recipes for hyperparameter selection. We first
investigate whether we may find generally applicable “rules
of thumb” for choosing the hyperparameters. For this, we
plot in Figure 4 (left) the FactorVAE score against different
regularization strengths for each model on the Cars3D data
set whereas Figure 16 in Appendix I.5 shows the same plot
for all data sets and disentanglement metrics. The values
correspond to the median obtained values across 50 random
seeds for each model, hyperparameter and data set. Overall,
there seems to be no model consistently dominating all
the others and for each model there does not seem to be a
consistent strategy in choosing the regularization strength to
maximize disentanglement scores. Furthermore, even if we
could identify a good objective function and corresponding
hyperparameter value, we still could not distinguish between
a good and a bad training run.

Model selection based on unsupervised scores. Another
approach could be to select hyperparameters based on un-
supervised scores such as the reconstruction error, the KL
divergence between the prior and the approximate posterior,
the Evidence Lower BOund or the estimated total corre-
lation of the sampled representation (mean representation
gives similar results). This would have the advantage that

(A)=BetaVAE	Score,	(B)=FactorVAE	Score,	(C)=MIG			
(D)=DCI	Disentanglement,	(E)=Modularity,	(F)=SAP	
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Figure 18. Disentanglement scores on dSprites vs other data sets. Good hyperparameters only seem to transfer consistently from dSprites
to Color-dSprites.
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Figure 4. (left) FactorVAE score vs hyperparameters for each score on Cars3d. There seems to be no model dominating all the others
and for each model there does not seem to be a consistent strategy in choosing the regularization strength. (center) Unsupervised scores
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Disentanglement, (E)=Modularity, (F)=SAP). The unsupervised scores we consider do not seem to be useful for model selection. (right)
Rank-correlation of DCI disentanglement metric across different data sets. Good hyperparameters only seem to transfer between dSprites
and Color-dSprites but not in between the other data sets.

are consistent with the complete set of plots provided in
Figure 14 of Appendix I.4.

Finally, we perform a variance analysis by trying to predict
the different disentanglement scores using ordinary least
squares for each data set: If we allow the score to depend
only on the objective function (treated as a categorical vari-
able), we are only able to explain 37% of the variance of the
scores on average (see Table 5 in Appendix I.4 for further
details). Similarly, if the score depends on the Cartesian
product of objective function and regularization strength
(again categorical), we are able to explain 59% of the vari-
ance while the rest is due to the random seed.

Implication. The disentanglement scores of unsupervised
models are heavily influenced by randomness (in the form
of the random seed) and the choice of the hyperparameter
(in the form of the regularization strength). The objective
function appears to have less impact.

5.4. Are there reliable recipes for model selection?

In this section, we investigate how good hyperparameters
can be chosen and how we can distinguish between good
and bad training runs. In this paper, we advocate that that
model selection should not depend on the considered dis-
entanglement score for the following reasons: The point of
unsupervised learning of disentangled representation is that
there is no access to the labels as otherwise we could incor-
porate them and would have to compare to semi-supervised
and fully supervised methods. All the disentanglement met-
rics considered in this paper require a substantial amount
of ground-truth labels or the full generative model (for ex-
ample for the BetaVAE and the FactorVAE metric). Hence,
one may substantially bias the results of a study by tun-
ing hyperparameters based on (supervised) disentanglement
metrics. Furthermore, we argue that it is not sufficient to fix
a set of hyperparameters a priori and then show that one of
those hyperparameters and a specific random seed achieves
a good disentanglement score as it amounts to showing the

existence of a good model, but does not guide the practi-
tioner in finding it. Finally, in many practical settings, we
might not even have access to adequate labels as it may
be hard to identify the true underlying factor of variations,
in particular, if we consider data modalities that are less
suitable to human interpretation than images.

In the remainder of this section, we hence investigate and
assess different ways how hyperparameters and good model
runs could be chosen. In this study, we focus on choosing
the learning model and the regularization strength corre-
sponding to that loss function. However, we note that in
practice this problem is likely even harder as a practitioner
might also want to tune other modeling choices such archi-
tecture or optimizer.

General recipes for hyperparameter selection. We first
investigate whether we may find generally applicable “rules
of thumb” for choosing the hyperparameters. For this, we
plot in Figure 4 (left) the FactorVAE score against different
regularization strengths for each model on the Cars3D data
set whereas Figure 16 in Appendix I.5 shows the same plot
for all data sets and disentanglement metrics. The values
correspond to the median obtained values across 50 random
seeds for each model, hyperparameter and data set. Overall,
there seems to be no model consistently dominating all
the others and for each model there does not seem to be a
consistent strategy in choosing the regularization strength to
maximize disentanglement scores. Furthermore, even if we
could identify a good objective function and corresponding
hyperparameter value, we still could not distinguish between
a good and a bad training run.
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Figure 20. Statistical efficiency (accuracy with 100 samples ÷ accuracy with 10 000 samples) based on a logistic regression versus
disentanglement metrics for different models and data sets. We do not observe that higher disentanglement scores lead to higher statistical
efficiency.
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efficiency.
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Does	data	efficiency	increase	as	disentangling	increases?	

“While	prior	work	successfully	applied	disentanglement	methods	such	as	β-VAE	
on	a	variety	of	downstream	tasks,	it	is	not	clear	to	us	that	these	approaches	and	
trained	models	performed	well	because	of	disentanglement.”	

Locatello	et	al.	2019	“Challenging	Common	AssumpRons	in	the	Unsupervised	Learning	of	Disentangled	RepresentaRons		
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Part II: Disentangling
disentanglement
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Disentangling disentanglement

Disentangling disentanglement in variational auto-encoders - Mathieu et al. 2019

I Generalize disentanglement as a decomposition of the latent space into two
factors:

I a.) latent encodings of data having appropriate amount of overlap
I b.) aggregate encoding of the data conforming to a desired structure.

I β-VAE is simply optimizing the standard VAE ELBO with an exponentially
annealed prior and regularized variance of the encoding distribution (degree of
overlap).

I Special case: with gaussian prior and encoding distribution, the β-VAE
optimizes the standard VAE ELBO with a

√
β-scaled latent space.

I Decomposition enforcing objective allows direct control over a.) degree of overlap
and b.) conformation to posterior.
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Two factors of decomposition
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Deconstructing the β-VAE

I β-VAE objective

Lβ(x) = Eqφ(z|x) [log pθ(x | z)]− βKL(qφ(z | x)||p(z))
I Hoffman et al. 2017 show that the β-VAE has an implicit prior of
r(x) = qφ(z)(1−β)p(z)β .

I Theorem 1. The β-VAE target Lβ(x) an be interpreted in terms of the standard
ELBO, L(x;πθ, β, qφ), for an adjusted target πθ,β(x, z) , pθ(x | z)fβ(z) with
annealed prior fβ(z) , pθ(z)

β/Fβ as

Lβ(x) = L(x;πθ,β , qφ) + (β − 1)Hqφ + logFβ

where Fβ ,
∫
z
pθ(z)

βdz is constant given β, and Hqφ is the entropy of qφ(z | x).

I Proof.

Lβ(x) = Eqφ(z|x) [log pθ(x | z)] + βHqφ + βEqφ(z|x) [log pθ(z)]

= Eqφ(z|x) [log pθ(x | z)] + (β − 1)Hqφ +Hqφ

+Eqφ(z|x)

[
log pθ(z)

β − logFβ
]

+ logFβ

= Eqφ(z|x) [log pθ(x | z)]−KL(qφ(z | x)||fβ(z)) + (β − 1)Hqφ + logFβ

= L(x;πθ, β, qφ) + (β − 1)Hqφ + logFβ
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Special Case: Gaussian VAEs

I If pθ(z) = N (z; 0,Σ) and qφ(z | x) = N (z;µφ(x), Sφ(x)), then,

Lβ(x; θφ) = L(x, θ′, φ′) +
β − 1

2
log |Sφ′(x)|+ c

where θ′ and φ′ represent rescaled networks such that

pθ′(x | z) = pθ(x | z/
√

(β))

qφ′(z | x) = N (z;µφ′(x), Sφ′(x))

µφ′(x) =
√
βµφ(x)

Sφ′(x) = βSφ(x)

I Noting c’s irrelevance to the optimization, we see that β-VAE in the Gaussian case
corresponds to optimizing the standard ELBO with a

√
B-scaled latent space with

maximum entropy regularization.

I This is formalized by showing equivalence of stationary points of those two
objectives (Corollary 2).
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Enforcing VAE Decomposition

I Decomposition of VAE latent space into two factors

I a.) an “appropriate” level of overlap in the latent space – ensuring that the
range of latent values capable of encoding a particular datapoint is neither
too small, nor too large. This is, in general dictated by the stochasticity of
the encoder.

I b.) the aggregate encoding qφ(z) matching the prior pθ(z) where the latter
expresses the desired dependency between latents.

Lα,β(x) = Eqφ(z|x) [log pθ(x | z)]− βKL(qφ(z | x)||p(z))− αD(qφ(z), p(z))
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Priors for axis-aligned disentangling: iso-
versus aniso-tropy (α = 0)

I Anisotropic priors (not rotationally invariant) confer better disentangling, especially
if the degree of anisotropy is learned.
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Priors for axis-aligned disentangling:
Student’s. T α = 0

2D Student’s T Distribution

I Reducing ν incurs minor reconstruction penalty, while conferring better
disentangling, until ν is too low and we see effects of heavy tails.
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Tweaking knobs α and β while learning
pinwheels with a clustered prior

I increasing β (α = 0) increases overlap through encoder increased encoder variance,
and the aggregate posterior does not have to match the prior pθ(z) as β →∞.

I increasing α (β = 0) forces the aggregate posterior to be the prior.
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Learning sparse disentangled latents using a
sparse prior

I Sparsity is most effectively induced by changing the prior to be more sparse, rather
than increasing β.

I The use of a sparse prior induces far less reconstruction loss than is caused by
increasing β.
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Summary

I Unsupervised learning of disentangled representations is impossible without using
inductive bias.

I We should not expect axis-aligned disentangled latents by enforcing the aggregated
posterior to be an isotropic gaussian.

I By decomposing characterization of the latent space into fullfillment of two
features

I degree of overlapping representations
I conformation of aggregated posterior to the desired structure

and directly controlling these features through Lagrange multipliers in the learning
objective, we can obtain better disentangled representations than more naive
approaches (e.g. β-VAE).
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